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ABSTRACT

We present results of static lattice energy and vibrational energy calculations for the 12
garnet end-members in the system (Ca,Mg,Mn,Fe);(Al,Cr,Fe),Si;O,,. The structure of the
end-member phases was first simulated with the aid of expressions of the Novak-Gibbs
type followed by a distance least-squares treatment (DLS), with an appropriate choice of
the ionic radii of the cations in the crystal structure. The high-P garnet structure was
simulated with the assumption that cation-to-O distances obey the generalizations of Ha-
zen and Finger (1979, 1982). Polyhedral compressibilities were modified to account for
the P dependency of bulk modulus. The resulting bulk moduli are in satisfactory agreement
with experimental observations and are internally consistent. The thermal expansion of
the various end-members was derived from linear polyhedral expansivities, in a fashion
analogous to that used to determine compressibility, by structural simulation and DLS
refinements.

Compressibilities of garnet end-members are shown to be consistent with the usual
exponential form of short-range pair potentials, with a hardness factor ranging from 0.45
to 0.51 A and averaging approximately 0.48 A. Adopting the Huggins-Mayer formulation
of repulsive terms (constant hardness factor p = 0.48 for the family of isostructural com-
pounds) and assuming initially repulsive radii to be equal to the crystal radii, it is shown
that the preexponential b factors closely obey the Born-Mayer generalization (repulsive
factor, b, constant in the same family of compounds). Static energies of the common
compounds were then solved with the assumption of full ideality (i.e., p and b constant in
the family of isostructural salts) and for the appropriate repulsive radii. Because the static
energies of the 12 garnet end-members are rigorously coplanar in the chemical space of
interest, in light of the Born-Haber-Fayans thermochemical cycle, the repulsive energies
of the six uncommon end-members (hence the bulk static energy and the corresponding
enthalpy at reference state) were readily obtained by application of the combined Huggins-
Mayer and Born-Mayer approach. Heat capacities and entropies for all end-members were
determined by following the guidelines of the Kieffer model, adjusting the lower cut-off
frequency of the optical continuum w, 4, such that the calorimetric third-law entropy (after
correction for anharmonicity and magnetic spin) is reproduced and at the same time
conforming to the low-7T" C; calorimetric data. A complete set of thermodynamic param-
eters is given for all 12 garnet end-member components.

INTRODUCTION

Garnets have been a subject of intense investigation,
mainly because of their importance in influencing mantle
chemistry and their thermobarometric implications in
solid = solid equilibria. Both types of study require, how-
ever, an internally consistent and complete data set to
avoid error-progression effects such as those described by
Kohn and Spear (1991). In this paper we examine the
implications for the garnet database arising from interi-
onic static potential calculations and from vibrational
calculations. The garnets considered in this study are con-
fined to the system (Ca,Mg,Mn,Fe);(AlCr,Fe),Si,0,,.
Twelve end-members occur in the system (Table 1). Pure
end-members are nonexistent in nature, but all of them
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have been synthesized in the laboratory. The first six gar-
nets in Table 1 are denoted here as “common” garnets
and make up the aluminous group and the calcic group.
Most of the physical and thermochemical investigations
were focused on these groups. The last six garnets in the
table are termed “uncommon” garnets because they are
present only in small proportions in natural compounds
or not found at all (e.g., iron chromium garnet and man-
ganese chromium garnet; Fursenko 1981). Thermochem-
ical data are lacking for the members of this group. How-
ever, interest in them has increased, especially because of
the role played by knorringite in mantle-garnet solid
mixtures (Irifune et al. 1982). Moreover, calderite and
khoharite are present in the modal compositional repre-
sentation of some high-pressure garnets (Rickwood 1969;
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TaBLE 1. Garnet end-members in the system
(Ca,Mg,Mn,Fe);(Al,Cr,Fe),Si;0;, and refinements for
garnet compounds under various T-P conditions

Ref.
Ref. (lattice
Name no. Formula param.)

Pyrope 1 Mg:ALLSi;0;, a

Almandine 2 Fe,Al,Si;0,, b

Spessartine 3 Mn;Al,Si,0,, b

Grossular 4 Ca,yAl,Siy0,, a

Uvarovite 5 Ca,Cr,S5i;0,, [¢]

Andradite 6 Ca,Fe,Si,0y, a

Knoringite 7 Mg,Cr,Si; 04, d

Calderite 8 Mn,Fe,Si,0,, e

Skiagite 9 Fe;Fe,Si;0,, f

Khoharite 10 Mg,Fe,Si;0,. g

Manganese chromium garnet 11 Mn,Cr,Si,0,, h

Iron chromium garnet 12 Fe;Cr,Si;0,, h

End-members (room T7-P)

Pyrope ijak

Almandine ILk,m

Grossular n,oa

Andradite p,a,q

Crystals at high P

Pyrope rs,t

Spessartine rs

Andradite st

Grossular s, r

Crystals at high T

Pyrope u v

Grossular u

Andradite v

Note: References are as follows: a = Novak and Gibbs (1971), b =
Skinner (1956), ¢ = Hukenholtz and Knittel (1975), d = Irifune et al. (1982),
e = Lattard and Schreyer (1983), f = Karpinskaya et al. (1983), g =
McConnell (1966), h = Fursenko (1981), i = Zemann and Zemann (1961),
j = Gibbs and Smith (1965), k = Armbruster et al. (1892), | = Prandl (1971),
m = Woodland and O’Neill (1993), n = Abraham and Geller (1958), o =
Prandl (1966), p = Quareni and De Pieri (1966), @ = Woodland and Ross
(1994), r = Meagher (1975), s = Rakai (1975), t = Hazen and Finger (1989),
u = Hazen and Finger (1978), and v = Armbruster and Geiger (1993).

Sobolev 1974). The presence of these uncommon garnets
in natural mixtures makes it important to account for
their energy contributions as components of a solid mix-
ture.

Since Menzer (1926) established the crystal structure
of garnets, several determinations and refinements have
been made (Table 1). The garnet type structure is de-
scribed by the /a3d space group. Its body-centered cell
contains eight formula units of the form X,Y,Z,0,,, where
X, Y, and Z are cations occupying the special positions
¢, a, and d, respectively, with no degrees of freedom,
whereas O anions are in the general position /4, with three
degrees of positional freedom (in this study X is divalent,
Y is trivalent, and Z = Si*+). The arrangement of the O
anions around the X, Y, and Z cations forms three types
of coordination polyhedra (Fig. 1): a dodecahedron around
the X cation, an octahedron around Y, and a tetrahedron
around Z. The labeling of the ions adopted here in iden-
tifying the nonequivalent distances in the asymmetric unit
(Si-0, Y-O, X1-0, X2-0, 01-02, 01-04, 01-05, Ol-
07, 04-06, 04-07, and O7-08) is that of Novak and

Ficure 1.
distances utilized in the structural simulation and the adopted
O labeling.

Part of the unit cell of garnets showing equivalent

Gibbs (1971), which was also followed by Meagher (1975),
Hazen and Finger (1978), and Basso (1985) (Table 2).

SIMULATION OF GARNET STRUCTURE UNDER
DIFFERENT P-T CONDITIONS

Gnevushev et al. (1956) estimated the lattice parameter
of garnets from the type of cations present in the struc-
ture. Since then, many other linear regression equations
have been proposed, such as that of Bertaut and Forrat
(1957) using Goldschmidt radii, McConnell (1966) using
Arens radii, and Novak and Gibbs (1971) using Shannon
and Prewitt (1969) radii. Novak and Gibbs (1971), using
multiple regression analysis, derived linear equations giv-
ing the O positional parameters as a function of the X,
Y, and Z cation radii. This method was later extended
by Hawthorne (1981) to many oxide garnets, and by Bas-
so (1985) to hydroxide garnets. In this study, we use Bas-
s0’s equation relating the crystallographic parameters to
the chemical compositions to predict the lattice param-
eter, the O positional parameters, and the nonequivalent
distances in the asymmetric unit. As shown in Table 2,
both the O positional parameters and the nonequivalent
distances in the asymmetric unit may be expressed as
functions of the mean cation radii in the X, Y, and Z
sites. The lattice parameter is expressed as a function of
the metal-O bond lengths in the structure. The polyhedral
edge distances between nonequivalent i-j O atoms are
derived from the same type of equations by geometry
operations. The predictions of lattice parameters and in-
teratomic distances from the constituent cation radii are
not as accurate as those demanded by most lattice-energy
calculation methods, but they are an essential step for the
optimization technique that follows.
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TaBLe 2. Coordinate positions of O atoms as labeled in Figure TasLe 3. lonic radii of Shannon and Prewitt (1969) and
1 and equations relating structural parameters of Shannon (1976) compared with the garnet crystal
garnets to cation radii radii and repulsive radii derived in this study
Equivalent lonic radii (A)
O atoms Position in the cell (Shannon and Garnet Repulsive radii
Prewitt 1969; crystal radii (A) at
o1 Xy 2z Cations Shannon 1976) A p=048A
02 X, =Y, % -z
03 Va—X,Z2— %, % —y Mg?+ 0.89 0.8905 0.8833807
04 Va—z,—-x,V2+Yy Fe2+ 0.92 0.9295 0.9362677
05 zZ—YVo,x, Vo -y Mnz2+ 0.96 0.9852 0.9693163
06 Va+ x,z— Y%, Va+y Caz+ 1.12 1.1200 1.1363852
o7 Yas—2z,Va+y Y+ x AR+ 0.535 0.5350 0.5256711
08 zZ—-V2,x,V2—y Cra+ 0.615 0.6270 0.7280560
3
Equation for O fractional coordinates gle, : 8(2525 ggggg 32251 070
X, = 0.0258R, + 0.0093R, — 0.0462R, + 0.0171 0z 1.40 1.4000 1.40

Y, = —0.0261R, + 0.0261AR, — 0.0310R, + 0.0514
Z, = —0.0085R, + 0.0323R, — 0.0237R; + 0.6501

Equation for metal-O distances

X,-O = 0.558R, + 0.298R, + 0.244R, + 1.477
X-O = 0.702R, + 0.083R, + 1.673

Y-O = 0.154R, + 0.754R, + 0.132R, + 1.316
Z-0 = 1.026R; + 1.366

Equation for lattice parameters
a, = 8/5{3(X1-0)%/2 + 2(X2-0)2 + 7(Y-0)?/5 + 3(Z-0)/2 + {[3(X1-O)/2
+ 2(X2-0p + 7(Y-0)3/5 + 3(Z-0)4/2) — 20[(X1-Op —~ (Z-Op]* — 5[(X1-
0)2 — 4(X2-0p2 + 2(Y-OF + (Z-0pP1/4 — B[(X1-0 — 2(Y-0F + (Z-
Oy

Simulation at P =1 bar, T = 298.15 K

The underlying principle of the method is that a struc-
ture can be determined solely by its interatomic distances
when the number of nonequivalent distances in the struc-
ture is greater than the number of adjustable parameters.
Therefore, if one can predict these nonequivalent dis-
tances for a given structure, then one can use these dis-
tances as ‘“‘observations” in a distance least-squares re-
finement (DLS). The DLS procedure is an interaction
technique that adjusts the positional parameters of the
ions and the lattice parameters in the structure until the
discrepancy between the predicted distances (observa-
tions) and the simulated ones is minimized. This method
wa first developed by Meier and Villiger (1969), who found
that each distance in the trial structure model must have
a proper statistical weight. The inclusion of proper weights
allows a satisfactory reproduction of the experimental
structures. An updated version of the procedure is adopt-
ed here, DLS-76 by Baerlocher et al. (1977), which is an
extension of the previous versions of Meier and Villiger
(1969) and Guigas (1975). The function to be minimized
is expressed by

m

R= E W_IZ [Dj(calc) - Dj(pred)]2 1

Jj=1

where W, is the weight assigned to the observable, Dy
is the calculated distance, derived from lattice parameter
and O positional parameters through symmetry opera-
tions, Dy,.q is the predicted distance transferred to DLS
from Table 2 equations, and the summations are extend-
ed over all the (m) distances in the asymmetric unit.

Note: All figures must be kept as significant to avoid rounding errors.

As mentioned above, Meier and Villiger (1969) found
it necessary to assign a weighting factor to input distances
in order to simulate, with sufficient accuracy, the ob-
served values. Distances with large weight factors vary
little during refinements, whereas distances with low
weight factors may vary substantially. Baur (1971, 1972,
1977, 1981), therefore, proposed a weighting scheme in
which the W, factor is proportional to Pauling’s bond
strength (Pauling 1960) for the cation-anion distances. In
this study, we assumed W, o = 1.0, Wy, = 0.5, and W,
= (.25, whereas the weight for the O-O distances was set
arbitrarily at 0.07 (see Baur 1971, 1972, 1977, 1981). The
weighting scheme led to a satisfactory reproduction of the
grossular lattice parameter, using Shannon’s (1976) ionic
radii of Ca+, Al*+, Si*+, and O?>~. The ionic radii of Mg?*,
Fe**, Mn?+, Cr3+, and Fe** had to be modified slightly
with respect to Shannon and Prewitt’s (1969) and Shan-
non’s (1976) values (cf. Table 3) to match the structure
of pyrope (Mg?*), almandine (Fe2+), spessartine (Mn2+),
uvarovite (Cr3+), and andradite (Fe**+) (Table 4). We
considered these modified radii to be more pertinent to
the garnet structure and adopted them to derive the struc-
tures of the six uncommon garnets (Table 4, lower part).

Because the determination of the crystal radii in garnet
depends upon the choice of appropriate reference struc-
tures we wish to stress that, besides the references listed
in Table 1, additional data have been produced on the
various natural and synthetic garnet end-members that
are common. Unfortunately, consistency between data
sets is poor. For example, cell-edge determinations for
pyrope at room T-P conditions range from 11.452 to
11.462 A (Haselton and Westrum 1980; Geiger et al.
1989a, 1989b; O’Neill et al. 1991; Armbruster et al. 1992;
Ganguly et al. 1993); for almandine the cell-edge values
range from 11.521 to 11.529 A (Robie et al. 1967; Hsu
1968; Kawasaki and Matsui 1977; Chatillon-Colinet et
al. 1983; Armbruster et al. 1992; Anovitz et al. 1993;
Woodland and O’Neill 1993); for andradite proposed cell
edges span 12.058-12.064 A (Gustafson 1974; Liou 1974;
Suwa et al. 1976; Robie et al. 1987; Armbruster and
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TaBLE 4. Structural parameters of garnets
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Lattice param.

O positional param.

Compounds Observed Predicted” Simulated** X Yo' FA
Pyrope 11.459 11.4431 11.4591 0.03291 0.05033 0.65364
Almandine 11.526 11.5143 11.5263 0.03960 0.04925 0.65330
Spessartine 11.621 11.6154 11.6210 0.03545 0.04770 0.65281
Grossular 11.845 11.8578 11.8453 0.03902 0.04399 0.65163
Uvarovite 11.996 11.9916 11.9962 0.03982 0.04664 0.65463
Andradite 12.058 12.0499 12.0583 0.04016 0.04772 0.65588
Knoringite — 11.5806 11.6040 0.03387 0.05290 0.65676
Calderite — 11.8105 11.8288 0.03672 0.05137 0.65715
Skiagite — 11.7107 11.7320 0.03529 0.05288 0.65769
Khoharite — 11.6405 11.6637 0.03427 0.05395 0.65806
Manganese chromium garnet — 11.7514 11.7683 0.03635 0.05030 0.65588
Iron chromium garnet — 11.6511 11.6720 0.03489 0.05183 0.65640

Note: The sources of the observed data are listed in Table 1.

* Values obtained from Basso’s (1985) equation for lattice parameters (input values).

** Values obtained after DLS refinement of input data.

TABLE 5. Experimental bulk moduli of common garnet end-

members :
Garnets K* Ko+ Method Ref.
Pyrope 1.90 XR a
1.73 us b
1.71-1.76 XR c
1.75 XR d
1.71-1.75 BS e
1.79 XR f
1.728 BS q
1.658 us g
1.682 us h
1.73 us i
Almandine 1.68 XR a
1.75-1.80 XR ¢
1.76-1.68 XR p
1.800 XR j
1.801 us g
1.779 us b
1.779 us i
1.76-1.79 BS e
Spessartine 1.742 us b
1.723 us g
1.74 BS e
1.788 BS r
Grossular 1.76 XR k
1.704 US, XR m
1.684 BS r
1.705 us g
1.691 us b
1.60-1.69 bl e
Uvarovite 1.62 BS n
1.40-1.45 us b
1.34-1.68 BS e
Andradite 1.57 BS n
1.59 XR f
1.379 us b
1.37-1.43 BS e

Note: References are as follows: a = Takahashi and Liu (1970), b =
Babuska et al. (1978), c = Sato et al. (1978), d = Levien et al. (1978), e
= Leitner et al. (1980), f = Hazen and Finger (1989), g = Isaack and
Graham (1976), h = Bonczar et al. (1977), i = Sumino and Nishizawa
(1978), ] = Bassett and Takahashi (1974), k = Weaver et al. (1976), m =
Halleck (1973), n = Bass (1986), p = Yagi et al. (1987), g = O'Neil et al.
(1991), and r = Bass (1989). Abbreviations are as follows: XR = X-ray
compression method, US = ultrasonic method, and BS = Birillouin-scat-
tering method.

* Direct measurement of end-member (synthetic or natural).

** Derived value from measurements of intermediate compound.

Geiger 1993; Woodland and Ross 1994). The crystal radii
adopted here are pertinent to the selected reference struc-
tures (Table 1). The simulated structures thus bear the
same range of uncertainty resulting from the comparison
of values in the literature; however, full internal consis-
tency between the simulated end-member is obtained.

Simulation at high P

The experimental compressibility data for the six com-
mon garnets are summarized in Table 5. The elastic prop-
erties of garnets were determined by several authors using
either acoustic (ultrasonic resonance, Brillouin scattering)
or static compression methods. Some of the measure-
ments were obtained from natural samples, from which
extrapolations were made by various workers to estimate
the elastic properties of the end-members, as shown in
Table S. Fortunately, direct measurements were also made
on each of the six common end-member or nearly end-
member garnets (>95% pure, synthetic or natural end-
members). For a given polyhedron in the garnet structure,
the variation of metal-O bond distance with pressure is
described by the linear compressibility parameter, §,, as

Dy = Dpexp[—8,(P — Py)). 2

Furthermore, g, is linked to the zero-pressure polyhedral
bulk modulus, K,, through

B = K5'/3. (3)

Polyhedral bulk moduli are, however, expected to vary
with P. Among the existing formulations in this regard,
we found that polyhedral compressibilities are best de-
scribed by a modified Tait’s expression, first applied by
Grover et al. (1973) to simple metals:

c+ VO/Vex cAV
c+1 Vs

K, =K, 4
where c is a fitting constant.

By application of Equations 2—4, we calculated, at var-
ious P, all independent interionic distances in the asym-



OTTONELLO ET AL.: PARAMETERIZATION OF ENERGY IN GARNETS

Oi T T T T T T
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Ficure 2. Compressional behavior of pyrope. M and B solid
curves are, respectively, first-order Murnagham and first-order
Birch fittings of the experimental data according to Bonczar et
al. (1977). Dashed lines outline the results of structural simula-
tion using Grover et al. (1973) equation for different values of
the slope coefficient C. The results of a constant polyhedral com-
pressibility model are also shown for comparison.

metric unit of pyrope and refined the input values by the
DLS treatment. We adopted for this purpose the poly-
hedral bulk moduli of Hazen and Finger (1982) (Koye0
= 1.3 Mbar; Kyao = 2.2 Mbar; Ky5.0 = 3.0 Mbar). As
shown in Figure 2, the compressional behavior of pyrope
is reproduced within experimental uncertainties up to
more than 300 kbar by choosing the value of 2.0 for the
adjustable ¢ parameter.

On the basis of the observations of Grover et al. (1973)
for simple metals, we assumed the slope coefficient, ¢, to
be constant for all isostructural compounds. Moreover,
because polyhedral bulk moduli were available for only
Si-O (tetrahedron), Al-O (octahedron), and Mg-O, Ca-O
(dodecahedron), we calculated the remaining polyhedral
bulk moduli of interest through an empirical relationship
relating polyhedral compressibilities to the charge of the
cation at the center of polyhedron Z_, to the charge of
ligand (Z,), and to its metal-ligand bond distances (D..,)
(Hazen and Prewitt 1977; Hazen and Finger 1979, 1982):

Z.Z,S?

Di_.

K, = 17.5(x0.2) )
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where S? is an empirical term for the relative ionicity of
the bond (S? = 0.5 for oxides and silicates). The bulk
modulus and its first and second derivative were calcu-
lated with the use of the EOS listed in Table 6 and the
P-V relations obtained for various compounds.

Table 7 summarizes the results of our calculations rel-
ative to the compression of garnet and includes the six
uncommon garnets for which experimental data are scanty
or lacking. The results of calculations for common garnet
components are consistent with experimental indica-
tions, although the calculated bulk moduli of uvarovite
and andradite are somewhat higher than the literature
values (cf. Tables 7 and 5). Figure 3 shows how first-order
Birch-equation model parameters conform to the high-P
experimental data of Leger et al. (1990) for uvarovite.
According to Leger et al. (1990), experimental compres-
sion studies on garnets at high-P conditions are affected
by anisotropic stress effects in solid pressure-transmitting
media (<0.9% of relative volume difference). On the ba-
sis of their experimental results and assuming a bulk
modulus K, of 1.65 Mbar, Leger et al. (1990) indicated a
pressure derivative of 4.7 + 0.7 for uvarovite. As shown
in Figure 3 our model calculations conform rather well
to the uncorrected experimental observations, whereas
the compressional behavior suggested by Leger et al.
(1990) to account for anisotropic stress (dashed line in
Fig. 3) implies a volume that is more markedly P depen-
dent. In any case, given that anisotropic stress effects are
undetectable at <100 kbar, our calculated bulk modulus
is consistent with the experimental results in the low-P
region.

Simulation at high T

The mean linear polyhedral thermal expansion in the
T range 20-1000 °C (@,q) in O-based polyhedra is re-
lated to the charge of the central cation and the coordi-
nation number (#) through the empirical equation (Hazen
and Prewitt 1977)

1000 = 329<075 - %) x 10-8(°CY), (6)

Metal-to-O bond distances may be described at various
T by
Dy = Drexpl—a(T — Ty)l. N

Thus, we may derive from Equations 6 and 7 and by

TaBLE 6. Equations of state adopted in compressibility calculations

Equation Acronym Form
First-order Birch BE1 Z = %(X™® — XR)[1 + Ya(n — 4)(X* — 1)]
Second-order Birch BE2 Z = %(X” — X1 + a(n — 4)X* — 1) + %[143 + On(n — 7) + p}X* — 1)}
First-order Munaghan ME1 Z=9"(X"—1)
Second-order Munaghan ME2 Z = [2X0 - 2% — 1)]{(n?2 — 2¢)*[ X" 2% + 1] — X - 2% — 1]}, (2 = 2 ¢)
Keane KE Z = [p®lr* + SPIX+ — 1] = [¢fr* + ¢)In X, (—7* < ¢ < 0)
Born Mie BME Z = 3[Xn+ — X=](p — 1)
Born Mayer BMYE Z = 3{X* exp[(—r/p)(X~* — 1)] — X**}[(r/p) — 2]2

Note: Z = (P — Py)/Ky, 1 = Kb, ¢ = KK3, and X = Vy/V.
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TABLE 7. Isothermal bulk modulus and its pressure derivative
for garnet end-members in the range P = 0-300
kbar (25 °C) obtained with the fictive compression
model

Compound K, Kb K3 X x 104

Pyrope

BE1 1.77604 4.78350 1.30

ME1 1.78085 4.56623 2.50

BE2 1.78023 4.60247 -0.59978 2.30

ME2 1.77947 4.62373 —0.59993 2.00

KE 1.76854 4.59606 2.50

BME 1.77672 7.25925 1.40

BMYE 1.77563 9.67061 1.10

Almandine

BE1 1.83655 4.79524 1.20

ME1 1.84130 4.58191 2.30

BE2 1.84050 4.61990 —0.59900 2.10

ME2 1.83990 4.63960 —0.60000 1.90

KE 1.83670 4.59140 2.30

BME 1.83726 7.29469 1.30

BMYE 1.83610 9.70365 1.10

Spessartine

BE1 1.79731 4.83288 2.40

ME1 1.80222 4.61226 3.90

BE2 1.80143 4.64989 —0.59900 3.60

ME2 1.80085 4.66941 —0.60000 3.30

KE 1.79181 4.63689 3.90

BME 1.79805 7.40000 2.60

BMYE 1.79693 9.80764 2.30

Grossular

BE1 1.67284 4.88739 1.40

ME1 1.67801 4.65022 2.90

BE2 1.67729 4.68640 —0.60000 2.60

ME2 1.67667 4.70722 —0.60000 2.40

KE 1.66667 4.68011 2.90

BME 1.67370 7.54733 1.60

BMYE 1.67249 9.96224 1.30

Uvarovite

BE1 1.74317 4.97674 3.40

ME1 1.74851 4.73545 5.50

BE2 1.74775 4,77285 —0.59900 5.10

ME2 1.74717 4.79261 —0.60000 4.80

KE 1.74852 4.73515 5.50

BME 1.74421 7.79868 3.70

BMYE 1.74299 10.20348 3.30

Andradite

BE1 1.72559 4.90995 2.20

ME1 1.73080 4.67448 4.00

BE2 1.73013 4.70962 —0.59900 3.70

ME2 1.73385 4.66248 —0.50272 5.20

KE 1.73079 4.67448 4.00

BME 1.72646 7.61347 2.50

BMYE 1.72532 10.02130 2.10

Knoringite

BE1 1.87573 4.84250 1.80

ME1 1.88054 4.62767 3.20

BE2 1.87991 4.64967 —0.24550 3.10

ME2 1.87916 4.68521 —0.59900 2.70

KE 1.86501 4.66300 3.20

BME 1.87642 7.43236 2.00

BMYE 1.87527 9.83566 1.70

Calderite

BE1 1.81769 482315 2.00

ME1 1.82253 4.60545 3.40

BE2 1.82041 4.66029 —-0.59798 3.20

ME2 1.82117 4.66285 —0.59944 2.90

KE 1.80965 4.63582 3.40

BME 1.81841 7.37421 2.20

BMYE 1.81734 9.77909 1.90

Skiagite
BE1 1.86692 4.76181 0.56
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TABLE 7.—Continued

Compound K, K} Ky X2 x 10
ME1 1.87152 4.55478 1.40
BE2 1.87071 4.59268 —0.59712 1.20
ME2 1.87012 4.61253 ~0.59998 1.00
KE 1.85412 4.59587 1.40
BME 1.86756 7.20140 0.65
BMYE 1.86644 9.60920 0.49
Khoharite
BE1 1.85660 4.79862 2.70
ME1 1.86086 4.59516 4.10
BE2 1.86006 4.63345 —0.59987 3.80
ME2 1.85951 4.65237 —0.60000 3.60
KE 1.84557 4.63252 4.10
BME 1.85680 7.33299 2.90
BMYE 1.85575 9.73702 2.60
Manganese chromium garnet
BE1 1.85174 4.89417 3.00
ME1 1.85671 4.67195 4.60
BE2 1.85613 4.70559 —0.59560 4.30
ME2 1.85087 4.77763 —0.50776 7.40
KE 1.84455 4.70400 4.70
BME 1.85258 7.57399 3.30
BMYE 1.85148 9.97493 2.90
Iron chromium garnet
BE1 1.90211 4.83062 1.50
ME1 1.90682 4.61968 2.60
BE2 1.90509 4.66410 ~0.59987 6.70
ME2 1.90548 4.67659 —0.59951 2.20
KE 1.89083 4.65793 2.60
BME 1.90281 7.40000 1.60
BMYE 1.90176 9.79821 1.40

Note: Acronyms are defined in Table 6. Precisions are reported as x?
summation over 31 P values (step = 10 kbar).

application of trigonometric rules and DLS treatment,
the mean thermal expansion of the phase in the T range
of interest, in a fashion analogous to that already seen for
the P effect on the structure. Equation 6 furnishes, how-
ever, only a rough estimate of mean linear thermal ex-
pansion in a restricted T range, and we know from ex-
periments that thermal expansion is a nonlinear function
of T. Concerning garnets, the existing thermal expansion
data represent a T dependence of the type (Skinner 1956)

1/d
Qyr = —(-—V> =qa, + o,T + a, T2 8)

v\aT/,

We therefore assumed that linear thermal expansion co-
efficients for the various polyhedra obey a T dependence
of this type and assigned to the different cations in the
different coordination states «, values consistent with
Equation 6 and with values in the literature (see Hazen
and Finger 1982; Table 6-3). Initial estimates were then
adjusted with a trial-and-error procedure until satisfac-
tory reproduction of experimental data was achieved.

Results of the calculations are listed in Table 8. As
illustrated in Figure 4, the thermal expansion coefficients
derived in this work for common garnets agree with the
experimental data within the limits of experimental un-
certainties (which are rather large, especially at low T, see
Skinner 1956). In the case of pyrope, calculated low-T
thermal expansion coefficients are more consistent with
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Ficure 3. Compressional behavior of uvarovite. The solid
curve is the first-order Birch EOS calculated in this study (see
Table 10).

the experimental observations of Suzuki and Anderson
(1983) and approach the values of Skinner (1956) at high-
er T. Calculated thermal expansion values for grossular
are more consistent with the data of Isaak et al. (1992)
than with the results of Skinner (1956), especially in the
low T (25-100 °C) and high 7" (1100-1400 °C) ranges.
Calculated low-T thermal expansions for andradite are
consistent with the experiments of Armbruster and Geig-
er (1993) and agree with the experimental observations
of Skinner (1956) at high 7. For spessartine and alman-
dine, the reproduction of the data of Skinner (1956) is
rather satisfactory, disregarding the somewhat higher val-
ues obtained in the low-T range. Concerning the numer-
ical solution, as already noted, «, terms of polyhedral
linear thermal expansion are consistent with tabulated
values (Hazen and Finger 1982). In particular, the «, val-
ue obtained for BMg2+ is identical to the mean linear
thermal expansion term observed by Meagher (1975) in
pyrope; the a, values obtained for B1iCa?*, EIFe3+ AP+,
and ©ICr3>+ are close to the tabulated low limit of the
mean linear thermal expansion values of Hazen and Fin-
ger (1982). Values of o, and «, were unique for all cations
in all coordination states, corresponding to 1.0 x 10-°
and —0.1, respectively.

STATIC ENERGY AND ENTHALPY

The lattice energy of a solid at a given P-T condition
can be considered, in the static approximation, as com-
posed of coulombic (E,), repulsive (E,), dispersive (Ey,
E,,), and crystal-field stabilization terms (E,;) resulting
from the sum of pair interactions among all ions in the
crystal:

Upr = Ec,P,T + Er,P,T + Edd,P,T + Edq,P,T + chs,P,T

=2 2 ZZCy+ 2 2 byC

=1 j=i =1 j=i

+ 2 2 dd,Cy + Z X da,Cle

=1 j=i =1 =i

+ ) ofs,C. &)
i=1

TaBLE 8. Volume thermal expansion coefficients for common
and uncommon compositional terms of garnets
compared with experimental regressions

ag X o, X
Compound 10°K-" 10°K-2 aK Ref.

Pyrope 2431 5649 -0.2205 1
2.311 5956 04538 2
2.244 9.264 -0.1761 3

Almandine 1.781 11.558 —0.2000 1
1.776  12.140 -0.5071 2

Spessartine 2.962 2398 —0.8122 1
2.927 2726 -—-1.1560 2

Grossular 2.224 5272 -0.4119 1
1.951 8.089 -0.4972 2
2.610 3390 -07185 4

Uvarovite 2.232 5761 -02329 1

Andradite 2.208 6.019 -0.2005 1
2.103 6.839 -—0.2245 2
1.869 9909 -0.1486 5

Knoringite 2.894 2.9642 -0.7748 1

Calderite 2.898 3.7316 —-0.5455 1

Skiagite 2.336 7.0286 -0.2950 1

Khoharite 2.626 5.3687 —0.4521 1

Manganese chromium garnet 2.862 4.0015 —-0.5160 1

Iron chromium garnet 2.584 3.7865 -—0.4282 1

BIMg2+ 1.300 1.0 -0.1

BIFg2+ 1.200 1.0 -0.1

BiMn2+ 1.400 1.0 -0.1

®iCa2+ 1.100 1.0 -0.1

BIAR+ 0.700 1.0 =01

B3+ 0.800 1.0 -0.1

€IFgs+ 0.800 1.0 -0.1

g+ 0.200 1.0 -0.1

Note: Volume thermal expansion polynomia for andradite, pyrope, and
grossular were obtained from Armbruster and Geiger (1993), Suzuki and
Anderson (1983), and isaak et al. (1992), respectively, by a nonlinear
minimization procedure on the reported experimental observations. Ref-
erences are as follows: 1 = this work, 2 = Skinner (1956), 3 = Suzuki and
Anderson (1983), 4 = Isaak et al. (1992), 5 = Armbruster and Geiger (1993).
In the lower part of the table are listed the adopted polyhedral linear thermal
expansion coefficients.

The double summations in Equation 9 comprise all the
n ions in the asymmetric unit, whereas the last term is
limited to first neighbors (#') in a cation-to-ligand (/) field.
The structural factors C5, C;, C&, Cds, and Ci reflect the
dependency of the various static potentials over the in-
terionic distance; they are geometrically related to cell
edges and atom positional parameters and can be evalu-
ated with the aid of rapidly converging automated rou-
tines performing direct summation (to account for partial
charge overlap) and Ewald’s summation over the recip-
rocal space (Catti 1978, 1981). Expanding the coefficients
of the various forms of energy along the guidelines out-
lined in previous publications (Ottonello 1987, 1992; Ot-
tonello et al. 1990, 1992; Della Giusta and Ottonello 1993)
and accounting for the fact that the lattice energy of a
substance at the P,, T, reference condition must obey the
energy balance imposed by the Born-Haber-Fayans ther-
mochemical cycle, one obtains

> > B.bexp (r,- i r,-) Cy

=1 =i P

i
s

Es,, + 6Ep,, + 12E,4

i=1
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Ficure 4. Isobaric thermal expansion of the common garnet end-members by structural simulation in comparison with the

experimental data. The various thermal expansion coefficients are listed in Table 11.
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where b = repulsive factor of the substance; r,, r; = re-

pulsive radii of the i and j ions, respectively; p = hardness
factor of the family of compounds; Es, = sublimation
energy of the metal m; E,,, = dissociation energy of
molecular O,; E,, = electron affinity of atomic O; E,,,
= jonization energy of the metal m; H};, » = enthalpy of
formation from the elements at reference conditions; Z,,
Z, = formal ionic charges for i and j ions, respectively; «;,
a, = free ion polarizabilities; E,, E, = mean excitation
energies; 1., n,; = effective electrons; e = electronic charge;
Z., = effective charge of the ligand; @, = mean of the
radial distance for the d electrons of the ith cation; D, =
metal-to-ligand interionic distance; §; = maximum split-
ting of t,, orbital levels for the ith cation; ¢, = energy
splitting between the two lowest t,, for the ith cation; and
R = gas constant.

TasLE 9. Magnitudes involved in the Born-Haber-Fajans cycle of end-member garnets

Mg?* Fe2* Ca?+ Mn2+ Cr3+ AR+ Fe3+ Sit+ 0z
Polarizability (A) 0.069 0.6875 0.511 0.499 0.33 0.0419 0.234 0.0255 1.694
Excitation (eV) 58.65 22.98 38.41 25.27 38.25 89.97 42.00 125.05 19.90
Outer electrons 8 6 6 5 3 8 5 8 8
Polarizable electrons 2.123 3.247 6.742 2.849 2.617 3.033 3.905 3.566 6.000
Effective electrons 4121 4414 7.344 3.775 2.802 4.926 4419 5.341 6.928
lonization energy (eV) 22.67 24.08 17.98 23.07 54.25 53.24 54,72 103.08
Sublimation energy (eV) 1.52 4.33 1.83 3.04 4.10 3.25 4.33 4.56
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All the variables on the right side of Equation 10 are
experimentally known (Table 9), as are the structural co-
efficients of the static potentials after an appropriate
structural simulation and DLS treatment, as previously
discussed. Equation 10 then allows a parameterization of
the coefficients of the repulsive (short-range) potential in
the chemical space of interest. The enthalpy values are
available only for the common end-members (see Table
10). Nevertheless, these end-members contain all the types
of atoms present in the system. Static energy calculations
for the six common garnet end-members were then made
using the various values of the hardness factor, p, at T,
P. reference conditions, assuming repulsive radii to co-
incide with the mean crystal radii in the structure. This
choice is consistent with the concept of effective distri-
bution radius (EDR) as defined by the limit of lowest
electron density between neighboring ions and with the
quantum-mechanical short-range potential for closed-shell
atoms (Zener 1931). Table 11 lists the static energy terms
consistent with the adopted values of H?;. ,, which in
most cases correspond to calorimetric estimates. For this
purpose, we note that serious discrepancies become ap-
parent in the comparison of all the proposed values in
the literature for a single component (1o = 52.1 kJ/mol
for pyrope, 23.9 kJ/mol for almandine, 23.3 kJ/mol for
spessartine, 31.2 kJ/mol for grossular, and 11.0 kJ/mol
for andradite). These high l¢ values correspond to about
8% of H?;. », in the worst case and are ascribable to the
high degree of eutaxy of the phase, which makes short-
range disorder and intrinsic defects crucial in determining
its static energy (Ottonello et al. in preparation). As shown
in Table 12 and in Figure 5, repulsive energies of the
various compositional terms may be parameterized un-
der various hardness conditions. Nevertheless, only a
specific b-p couple is appropriate in describing the in-
crease of static energy owing to compression. For each
end-member, the static lattice energy was then deter-
mined under various compression states with the b-p
couples determined at T,, P, reference condition, and the
appropriate hardness factor was selected by application
of the equality

v
Upr, = Uspory — J:/ PdV. (1)

(]

Results of the calculations are listed in Tables 13 and
14.' As we see in Figure 6, the increase of static energy
with pressure is quite sensitive to the hardness factor p.
Moreover, a constant value of p is appropriate only with-
in a restricted P range and, for all end-member phases, p
increases monotonically with increasing P. The adopted
(empirical) functional form of short-range repulsive po-
tentials thus requires a hardness factor that is itself a
functicn of P, a fact that has never been pointed out hith-

' A copy of Tables 13 and 14 may be ordered as Document
AM-96-610 from the Business Office, Mineralogical Society of
America, 1015 Eighteenth Street, Suite 601, Washington, DC
20036, U.S.A. Please remit $5.00 in advance for the microfiche.
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TasLE 10. Enthalpy of formation from the elements at 7, =
298.15 K, P, = 1 bar, for common garnet end-

members
—Hi,
Compound (kJ/mol) Reference
Pyrope 6368.41 Karpov and Kashik (1968)
6290.76" Charlu et al. (1975)
6283.32 Holland and Powell (1990)
6270.71 Ostrovskii (1990)
6224.12 Kiseleva (1976)
Mean 6287.46
s.d. 521
Almandine 5334.31 Viellard (1982)
5328.58 Zen (1973)
5322.83 Fed'kin (1970)
5319.0 Yakoviev and Vozianova (1983)
5310.0 Bhattacharya (1986)
5305.281 Karpov et al. (1976)
5303.61 Karpov and Kashik (1968)
5301.8 Karpov et al. (1971)
5301.51 Ostrovskii (1990)
5280.0 Karpov et al. (1977)
5275.47 Chatillon-Colinet et al. (1983)
5275. Chatterjee (1987)
5272.0 Harlow and Newton (1992)
5267.85 Holland and Powell (1990)
5267.8 Woodland and Wood (1989)
5267.216 Berman (1990)
5265.5 Berman (1988)
5261.3* Anovitz et al. (1993)
Mean 5292.17
s.d. 23.9
Spessartine 5686.934* Boeglin (1981)
5686.66 Karpov and Kashik (1968)
5646.454 Viellard (1982)
Mean 5673.34
s.d. 233
Grossular 6657.12 Ostrovskii (1990)
6656.7 Robie et al. (1978)
6643.36 Barin et al. (1977)
6638.3 Holland and Powell (1990)
6632.76* Charlu et al. (1978)
6573.21 Karpov and Kashik (1968)
Mean 6633.57
s.d. 311
Uvarovite 6034.58* Kiseleva (1977)
Andradite 5778.125 Helgeson et al. (1978)
5769.7 Zhang and Saxena (1991)
5769.36 Ostrovskii (1990)
5763.376 Taylor and Liou (1978)
5761.6 Holland and Powell (1990)
5758.85* Robie et al. (1987)
5747.01 Kiseleva et al. (1972)
5746.63 Viellard (1982)
Mean 5761.8
s.d. 11.0

Note: s.d. = standard deviation.
* Adopted values in the parameterization of short-range repulsive energy
terms.

erto to our knowledge, because of the limited P range
investigated either experimentally or computationally.
We assumed then, that the short-range static energy of
the common garnets is consistent with a simple Huggins-
Mayer formulation (p constant within a family of salts
and preexponential factor b variable from salt to salt in
the isostructural family of compounds) and derived the
appropriate preexponential factors consistent with the
operative assumption of repulsive radii coincident with
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TaBLE 11. Static energy terms for the 12 garnet end-members in the system
Com- Ao
pound Eoy o, U E E Ey Ea En
1 59269.2 —6290.8 —65560.0 —77060.6 12287.8 —~599.8 —-187.4 0.0
2 60487.6 —5261.3 —65749.0 —76916.7 12328.7 —769.6 —253.4 -138.0
3 59822.8 —5686.9 —65509.8 —76704.9 12097.9 —684.2 —218.6 0.0
4 57997.4 —-6632.8 —64630.2 —76148.6 12360.9 —645.3 -197.2 0.0
5 58356.4 ~6034.6 —64391.0 —75446.1 12396.7 —660.6 —209.1 —472.0
6 58489.9 —5758.9 —64248.8 —~75160.5 11779.0 —660.5 —206.8 0.0
7 59628.2 -5576.1 —65204.4 —76294.3 12390.4 —623.9 —204.5 —472.0
8 60315.3 —4719.8 —65035.1 —75661.1 11556.8 -701.7 —229.1 0.0
9 60980.1 —4276.2 —65256.4 —75856.7 11783.8 —-783.5 —262.0 -138.0
10 59761.7 —5299.5 —65061.2 —75981.6 11750.0 —626.5 —203.1 0.0
1 60181.8 —5007.1 —65188.9 —75965.8 12182.0 -701.5 -231.7 —472.0
12 60846.7 —4555.3 —65402.0 —~76162.5 12420.4 —784.6 —265.3 —610.0

Note: The lattice energy is consistent with the adopted values of H?;, », for common garnets (compounds 1-6) through Born-Haber-Fayans calculations
(Euw). B terms are consistent with an estimated electron affinity for O of —720 kJ/mol (Greenwood 1970). Lattice energy and enthalpy of uncommon
end-members were derived from single-ion repulsive factors in the framework of the Huggins-Mayer approach at p = 0.48 A. Crystal-field stabilization
energy contributions were maintained constant for the various transition ions because of the contrasting evidences concerning fifth-order dependency
of the cation-to-ligand distance. All listed energy terms are in kilojoules per mole. Reference numbers are in Table 1.

the crystal radii in the structure. The resulting preexpo-
nential factors for the six salts in the garnet family were
in the neighborhood of two and not dissimilar from each
other [b = 2.017 (£0.045 x 10! J/mol); see Table 12].
When one adopts the Huggins-Mayer approach, the
preexponential factor for each salt in the family of com-
pounds reduces to an arbitrary constant, as discussed by
Tosi (1964) and Tosi and Fumi (1964) (see Eq. 5.10 in
Tosi 1964). Hence, we adopted for the six common end-
members a common b factor corresponding to the aver-
age of the values valid for the various salts in the Hug-
gins-Mayer generalization. We forced, in this way, the
common garnet end-members to obey an ideal condition
as far as the repulsive energy is concerned, i.e., a common
b and common p factor in the family of salts (or, in other
terms, a combined Huggins-Mayer, Born-Mayer ap-
proach) and derived the repulsive radii appropriate to
such an ideal condition (Table 3). The energetic signifi-
cance of this simplification is displayed in Figure 7: The
b factor in the Huggins-Mayer approach may be consid-
ered as a dispersion of the intercept values in a logarith-
mic plot of first-neighbor repulsive energies vs. interionic

TaBLE 12. The b-p couples consistent with the derived values
of E, (Huggins-Mayer generalization, see also

Table 11)

Com- °

pound  0.45 0.46 0.47 0.48 0.49 0.50 0.51

1 2.0096 2.0024 1.9944 1.9856 1.9761 1.9659 1.9551
2 2.0267 2.0193 2.0111 2.0022 1.9926 1.9823 1.9714
3 1.9979 1.9907 1.9827 1.9740 1.9645 1.9544 1.9437
4 2.0407 2.0341 2.0267 2.0184 2.0095 1.9998 1.9895
5 21279 21196 2.1106 2.1008 2.0903 2.0792 2.0675
6 2.0509 2.0425 2.0333 2.0235 2.0131 2.0021 1.9905
Mean 2.0422 2.0347 2.0264 2.0174 2.0076 1.9972 1.9862
s.d. 0.0462 0.0457 0.0453 0.0449 0.0446 0.0442 0.0438

Note: Reference numbers as in Table 1; bisinJ x 10" and p is in
angstroms; s.d. = standard deviation.

first-neighbor distance. Because the static energies of the
12 garnet end-members are rigorously coplanar in the
chemical space of interest, the enthalpy of formation from
the elements, at reference conditions, is readily derived
by application of Equation 9, all coefficients of the short-
range interaction being parameterized by the six common
compositional terms.

We wish to emphasize that to our knowledge there is
no other way, besides detailed quantum-mechanical cal-
culations, to estimate the enthalpy of formation of gar-
nets from first principles because, being the phase near
eutaxy, first-neighbor interionic energies are extremely
variable from salt to salt in the family of isostructural
compounds (see Table 15). This extreme sensitivity of

22
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Ficure 5. Relationship between preexponential repulsive
factor b and hardness factor p for common garnet end-members.
The horizontal and vertical dashed lines mark the point of com-
plete ideality (in terms of the Born model), which may be at-
tained by an appropriate selection of repulsive radii.
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FiGure 6. Increase of the static energy of garnet end-mem-
bers with pressure, on the basis of the interionic potential model
for different values of the hardness factor p and comparison with
EOS calculations (solid lines).

interionic potentials to an atom’s positional parameters
also has profound consequences for the precision of the
calculated interaction parameters in mixture.

HEAT CAPACITY AND ENTROPY

It is fairly well established from several studies that
garnets have 25 Raman active modes (3A,,, 8 E;, and 14
F,) and 17 infrared-active modes (all of the same type,
F,,). From studies on synthetic and natural garnets, Tarte
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and Deliens (1973), Moore et al. (1971), and Farmer
(1974) demonstrated a correlation between bands of spe-
cific frequency and the polyhedra in the crystal structure.
The interpretation of the vibrational spectra allowed the
assignment of the bands in the high-frequency region (800-
1000 cm ) to Si-O stretching vibrations of the SiO, tet-
rahedra; the bands in the frequency range 500-600 cm !
to the deformation of the SiO, tetrahedra under the in-
fluence of the cation species in the neighboring octahedra;
and the bands under 500 cm~! to complex lattice vibra-
tions. From the observed vibrational spectra of garnets,
we derived the heat capacity at constant volume C,, and
the harmonic entropy S, according to Kieffer’s model
(Kieffer 1979a, 1979b, 1979¢, 1980, 1982). This model
considers three acoustic modes (shear modes S1 and S2,
and longitudinal mode P), which are approximated by a
sine function (S, “dispersed acoustic function”; cf. Kief-
fer 1979c¢). The rest of the modes (3s — 3, with s = num-
ber of atoms in the primitive unit cell) are optic. In the
case in which some unit of the structure can be isolated
(e.g., Si0O, tetrahedra), some of the vibrational frequen-
cies can be represented by Einstein oscillators, with ¢,
¢, . . . as a fraction of the total modes, through the Ein-
stein function E,z. The rest of the optic modes are con-
sidered to belong to an optic continuum, between lower,
w,, and higher, w,, cut-off frequencies, represented by the
function K, ,,. This simplification of the dispersion waves
allows a representation of the vibrational spectrum (fre-
quency distributions). The resulting spectrum is regarded
as the sum of the three acoustic frequencies at w,, w,, and
w,;, added to the optic frequency distributions at «, and
w,, which delimit the optic continuum, and the isolated
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FiGure 7. Site-repulsive energy in common garnet end-members according to the Huggins-Mayer (A) and ideal (B) formulation.
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TasLe 15. First-neighbor interaction energies for the 12 garnet end-members

lons  End-m. E, E, Eu Es = X1-01 Y1-04 Si-O1 01-02
Mg-O 1 —68262.52 3251.67 -31.73 -8.39 2.1969
7 ~-87724.96 3106.02 —30.02 —7.80 2.2240
10 —67523.64 3047.50 —20.34 -7.57 2.2354
Fe?t-O 2 —67756.28 3456.40 —213.90 —79.83 -138.0 2.2184
9 —67070.88 3238.28 —-197.78 —72.09 —138.0 2.2570
12 —67260.88 3301.29 —202.41 -74.29 —138.0 2.2455
Ca-O 4 —65648.96 4129.05 —147.86 —44.13 2.3247
5 —65295.08 3937.66 —139.98 -41.1 2.3519
6 —64953.72 3860.89 —-136.84 —39.93 2.3634
Mn-O 3 —67087.56 3452.29 —149.11 -52.35 2.2494
8 —66463.44 3232.99 —137.94 —47.31 2.2880
1 —66633.16 3295.49 —141.10 —48.72 2.2765
Al-O 1 —72268.50 1857.65 —20.29 -10.96 1.8906
2 —72028.26 1828.85 —28.69 —10.68 1.8967
3 ~71713.68 1791.75 —27.88 -10.29 1.9054
4 ~71060.34 1703.28 —26.01 -9.41 1.9265
Fe*+-0 6 —68953.50 1869.35 -85.92 —39.88 2.0245
8 —69668.58 1968.55 -102.63 —43.45 2.0334
9 -69921.00 2011.46 —105.54 -45.00 1.9947
10 -70116.24 2042.66 -107.67 —46.15 1.9886
Cr-0 5 —69690.72 2259.22 —81.56 —36.85 —472.0 1.9956
7 —70714.62 2466.96 —91.62 -42.70 —472.0 1.9596
1 —70234.80 2377.75 —87.28 —40.16 —472.0 1.9745
12 —70506.78 2429.57 —89.79 —41.63 —472.0 1.9657
Si-0 1 —146972.48 2111.21 ~45.11 —22.02 1.6327
2 —146729.76 2103.45 —45.02 —22.00 1.6327
3 —146437.84 2093.37 —44.90 -21.98 1.6328
4 —145961.44 2072.19 —44.64 —21.94 1.6329
5 ~145662.72 2057.11 —44.48 -21.92 1.6328
6 —145159.84 2051.78 —44.43 -21.93 1.6327
7 —146384.40 2093.33 ~44.91 -21.99 1.6327
8 —145819.52 2070.53 —44.64 -21.95 1.6327
9 —146018.64 2080.23 —44.77 -21.98 1.6327
10 —146182.40 2086.58 ~-44.83 —-21.97 1.6327
11 —145975.36 2077.15 —44.72 —21.97 1.6327
12 —146195.04 2086.35 -44.83 —21.98 1.6327
0-0 1 112409.12 4904.10 —493.30 —146.04 2.4916
2 111981.68 4762.62 —478.76 —140.52 2.5016
3 111446.12 4580.74 —460.24 —133.75 2.5164
4 110473.68 4220.98 —424.10 —-121.48 2.5528
5 109690.44 3883.50 —390.74 ~-108.83 2.5470
6 109002.44 3762.48 —379.01 —104.67 2.5450
7 111350.80 4537.63 —456.66 -131.95 2.4879
8 110175.44 4102.29 —412.99 —-116.07 25103
9 110616.84 4274.07 —430.36 -122.33 2.4963
10 110973.12 4406.04 —443.81 —127.34 2.4867
1 110505.04 4228.76 —425.29 —120.45 25118
12 110973.96 4403.18 —442.94 —126.82 2.4976

Note: Energies are in kilojoules per mole. Closest-approach distances (in angstroms) are also listed. Reference numbers as in Table 1.

Einstein oscillators at wg, and wg,. In this representation  with

the heat capacity at constant V is given by 2
w
R 3 1 X=17 (16)
Co==2 Sy + 3nR(1 -N- q)Kx,,Xu + 3nRgE,,
Z = (12) where w = angular frequency; ## = h/2x (where h is Planck’s
constant); N = nZ = number of atoms in the primitive
where cell; and ¢ = total proportion of vibrational modes as-
3 Ay . cribed to Einstein’s oscillators.
S = (3) " [arcsin(X/ X)]PX?e? dX (13) The expression for the corresponding third-law har-
*o\w) o (X2 — X)VeX — 1)2 monic entropy is
x 20% R({2\ & (7 [arcsin(X/X)PX dX
KX],XH = f Xer dX (14) §= 3_<_> 2 f ! 2 (2 1/21)]x _
n (X, — X)X — 1)? Z\w) o S (X X?)\e 1)
Xie¥e 3R(2\ & (¥ [arcsin(X7X)]? )
Bu =@ —1p a3 “z‘(?) ZJ, “w-xyn md e
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TasLe 16. Parameters of the Kieffer model for the calculation of C, and harmonic entropy for the 12 garnet end-members
Cell V Den-
Molar V gfw (cm® x  sity Vi Ver o Vn Op W  wa Wy W Wik w.‘_',g_l Wy E1

Compound  (cm?) Q) 10%)  (glem?) (km/s) (km/s) (km/s) (km/s) (K) (em~"¥em~")em—")(cm~") (cm~") (cm~") (cm~") m1/m2 (cm~"){cm™)
Pyrope 113.268 403.127 752.353 356 505 5.05 896 562 793 73 73 130 149 1157 124.0 638 1.519 975 875
Almandine  115.272 497.753 765.667 4.32 468 468 842 521 731 68 68 122 117 1032 784 635 3.491 975 875
Spessartine 118,137 495.026 784694 419 48 48 847 534 743 69 69 121 113 996 — 631 3.434 965 865
Grossular 125.110 450.452 831.014 36 543 543 931 602 821 74 74 126 180 1522 1419 619 2.505 950 850
Uvarovite 129.953 500.481 863.179 3.85 489 489 86 544 733 71 71 124 170 1437 — 609 2.505 930 830
Andradite 131.981 508.183 876.654 3.85 485 485 851 539 723 70 70 123 132 1116 121.2 589 2.505 925 825
Knoringite 117.619 453.156 781.256 3.85 4.51 451 825 503 701 64 64 118 139 1079 — 628 1519 955 855
Calderite 124,588 552.757 827.546 4.44 422 422 767 47 642 59 59 108 65 572 - 600 3.434 940 840
Skiagite 121.554 555.484 807.395 457 41 41 762 458 631 58 58 108 69 608 — 695 3.491 950 850
Khoharite 119.444 460.858 793.376 3.86 4.47 447 816 498 690 64 64 116 101 784 — 608 1.519 950 850
Manganese

chromium

garnet 122,686 545.055 814.913 444 426 426 776 475 652 60 60 109 103 906 — 621 3.434 945 845
Iron

chromium

garnet 119.699 547.782 795.071 458 4.14 414 771 462 640 659 59 110 107 943 — 625 3.491 955 855

Note: wiy  is the lower cut-off frequency of the optic continuum optimized on the basis of the experimental value of entropy at T = 298.15 °C. See

the text for the significance of the other terms.

3 The acoustic cut-off frequencies w,, w,, and w; were de-
3R<1 T3 q) “ rived from transverse and longitudinal velocities (V)
+ Xdx through
Xu - X] Xi (eX - 1)
67{2N 1/3
3 — — 0
3R<l -3 q) " @ = Vil V"< ZV> (20)
- ———-————f In(1 — e~*) dX
X, - X X where K, is the maximum wave vector, the modulus of
3RgX, which corresponds to the radius of a sphere of the same

~ 3RgIn(l — e~*). (17)

(eXE —

1)

[Eq. 17 differs from the analogous expression in Kieffer
(1979¢) in having the difference of integration limits at
denominators of third and fourth terms on the right.] The
relevant input parameters of the model for the various
end-members are listed in Table 16. The cut-off acoustic
frequencies w,, w,, and w;, the mean sound velocity, Vy,
and the Debye temperature, #,, were derived from the
known acoustic properties of garnets. The velocities Vygy
came from Isaack and Graham (1976) for pyrope, al-
mandine, spessartine, and grossular and from Bass (1986)
for uvarovite and andradite. Because the elastic anisot-
ropy parameter, A, of the various (isotropic) substances
is close to 1,

- Cn - C12
2Cu

It was assumed that the transverse velocities, V5, and Vy,,
and the longitudinal velocity, V5, are equal to those of
the Voigt-Reuss-Hill determinative method (Vigss, Vrses
respectively). The average sound velocity, V,, was de-
rived from the equation of Anderson (1963), which is
valid for isotropic materials:

—1/3
1/ 1 1 1
= — t+ — + — .
P HV& : V;)]

A (18)

(19)

volume as that of the Brillouin zone in reciprocal space;
N, is Avogadro’s number; Z is the number of formula
units per unit cell; and V is the volume of the primitive
unit cell.

Following the guidelines of Kieffer (1980), two Einstein
oscillators were selected to represent the stretching modes
of the tetrahedron in the band-frequency region of 800-
1000 cm~!, The first oscillator, E,, has a ¢, value of 15%
of the total modes, and the second one, E,, has a g, of
5% of the total modes. Table 16 shows E, and E, fre-
quencies for each end-member. Values relevant to py-
rope, almandine, spessartine, grossular, and andradite are
from Kieffer (1980). The Einstein oscillators for uvarov-
ite were placed at 930 and 830 cm !, respectively (Moenke
1961; Tarte 1965; Farmer 1974).

Upper and lower cut-off frequencies in the optic con-
tinuum (w, and w,, respectively) are needed in Function
14. The adopted upper cut-off limits for almandine, spes-
sartine, grossular, and andradite are from Kieffer (1980).
The value of w, for pyrope was adjusted from that used
by Kieffer (1980) to 638 cm~! (Bokreta 1992), and the
value for uvarovite was set at 609 cm~! (Moenke 1961;
Tarte 1965; Farmer 1974). The w, limit is the most crit-
ical parameter for the estimation of macroscopic ther-
modynamic functions. Values of w, at K = 0 (center of
the Brillouin zone) on the basis of infrared spectra are
related to those at K = K, through
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Ficure 8. Comparison of isobaric heat capacity of pyrope,
calculated according to Kieffer’s model, with low-T7" calorimetric
data.
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n,

where m, and m, are the reduced masses of the ions (O
and “heavy” cation, respectively, in our case; see Kieffer
1980). The wg,,, values for pyrope, almandine, spessar-
tine, grossular, and andradite are from Kieffer (1980). For
uvarovite a value of 170 cm~! for w,,., was estimated
from the spectrum of Moore et al. (1971), and the cor-
responding w, x,.. was obtained by application of Equation
21.

The model parameters for the uncommon garnet end-
members were obtained by Bokreta (1992) through linear
regression involving the atomistic properties of the ele-
ments and are here so retained. Expressions 13—-15 and
the various terms in Equation 17 were then calculated by
Gaussian integration. Values of the nondimensionalized
frequencies w, g, were adjusted from the initial input val-
ues by a trial-and-error procedure to obtain a match be-
tween the calculated values of S}, and experimental third-
law entropy values at 7' = 298.15 K, P = 1 bar. Correc-
tions were made for a magnetic-spin entropy contribution
of the form

S,,=RInQg+ 1) (22)

where ¢ is 3/2 for Cr3+, 5/2 for Mn?+ and Fe3+, 2 for
Fe?+, and for anharmonicity, according to

Pyrope
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]
£
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:6. —o—Newton et al.(1977)
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—— This work
350
300
350 550 750 950 150 1350 1550 175
Tk

Ficure 9. Comparison of heat capacity of pyrope at constant
P, calculated according to Kieffer’s model, with high-T calori-
metric data.
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Ficure 10. C,predictions for almandine on the basis of Kief-
fer’s model in comparison with experimental data.

T
S = f Va2K, dT. (23)
0
Our procedure is operationally different from the one in-
dicated by Kieffer (1980), who fitted calculated C,, at 100
K to the calorimetric C, after subtraction of the contri-
bution from thermal expansion:

Cp=Cp + TV a3K,,. 24)

Figure 8 shows how calculated C, values for pyrope com-
pare with the low-T calorimetric measurements of Has-
elton and Westrum (1980). Adopting the initial guess val-
ue of w4, (115.7 cm~'; see Table 16) leads to an entropy
estimate at 7, = 298.15 of 272.15 J/(mol-K) (268.834
harmonic + 3.316 anharmonic). Because the calorimetric
value is 266.27, the initial guess value of w, g, is too low
and must be increased to 124.0 cm~! to match the calor-
imetric datum. As we see in Figure 8, the resulting C, in
the low-T region also compares better with calorimetric
values after adjustment of the nondimensionalized fre-
quency at the limit of the Brillouin zone. In Figure 9,
model predictions for pyrope are compared with high-T
calorimetric data of Newton et al. (1977) and Tequi et al.
(1991), indicating a reasonable agreement with this last
source. The model calculations for almandine with the
initial guess value of w x,, = 103.2 cm~! lead t0 Syqs =
322.051 J/(mol-K) (279.625 harmonic + 2.28 anhar-
monic + 40.146 magnetic), which is rather low in com-
parison with the calorimetric value (342.6; Anovitz et al.
1993). To fit the calorimetric third-law entropy, w, k..., must

Grossular
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350 » Haselton and Westrum {1980)
= 30 —Thfs work {Kmax)=152.2
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FiGure 11. C, predictions for grossular on the basis of Kief-

fer’s model in comparison with experimental data.
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Ficure 12. C, predictions for andradite on the basis of Kief-
fer’s model in comparison with experimental data.

0 100 200 300 400

be lowered to 78.4 cm~'. As shown in Figure 10, the
calculated heat-capacity function obviously does not re-
produce the effects of the antiferromagnetic-paramagnet-
ic lambda transition experimentally observed at 8.7 K;
the high-T estimates are, however, not far from the ca-
lorimetric measurements after magnetic spin + anhar-
monicity corrections. The model estimates for grossular
agree very well with the low-T experimental data of Has-
elton and Westrum (1980) (Fig. 11). To match the calor-
imetric entropy [Syes15 = 260.12 J/(mol-K); Haselton and
Westrum 1980], w,4,.. must be lowered to 141.9 cm™!
from the initial guess value of 152.2 cm~! (Table 16).
The initial estimate for andradite gave S,5,s = 323.714
J/(mol-K) (290.744 harmonic + 3.174 anharmonic +
29.796 magnetic) in comparison with the experimental
third-law value of 316.4 J/(mol-K) (Robie et al. 1987).
To match this value, w, ., must be increased to 121.2
from the initial 111.6 cm~'. The resulting C, curve (Fig.
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12) at high T remains, however, slightly lower with re-
spect to adiabatic shielding and differential scanning ca-
lorimetric values. Because there are no sufficiently accu-
rate calorimetric values with which to compare the
remaining compositional terms, we retained the initial
guess value of w ., resulting from Relationship 21. We
present in Table 17 the complete results for all 12 end-
members of interest in this study. As a result of the fitting
procedure the accuracy of the proposed standard-state
entropy value would be approximately 7 J/(mol-K) for
Fe-free components.

SUMMARY AND CONCLUSIONS

This contribution was not intended to fulfill the am-
bitious goal of solving garnet energetics but simply to
focus attention on the deep interconnection existing
among thermophysical parameters, which cannot be
treated, as is often done, as mutually independent fitting
variables.

One can parameterize the cohesive energy (U) for a
cubic solid in the framework of the Born model by com-
paring the experimentally observed pressure-volume re-
lationship (P-V)) in a wide range of P conditions with the
corresponding U and V variations at constant tempera-
ture (7). Under hydrostatic pressure

oF
P=- (c’i_I/) (25)
where F is the Helmholtz free energy:
F(V, T)=U() + Fu(V, T). (26)

In the harmonic approximation the vibrational part of
the Helmholtz free energy of the solid (F.;,) does not de-

TABLE 17. Third-law entropy and heat-capacity function for the various garnet end-members in comparison with calorimetric

values
Cor=A+ BT+ CT2+ DT ™"+ EPR
Name Formula S, S Shnag S Ax 102 Bx10 Cx10°% Dx 10 Ex10° T range Ref.
Pyrope Mg.Al,Si,0,, 262.967 3316 0 266.283 8.7293 —-1.4750 —4.7243 -8.6643 4.1084 298.15-mp. 1
266.27 8.025 -0.958 —23.52 —-7.2877 0 350-1000 2,3
8.72988 -1.3744 0.045 —8.7943  3.3408 820-1300 4
Almandine Fe,ALSi;O,, 300.136 2.280 40.146 342562 8.7094 —1.6067 —1.6953 ~-85176 5.2364 298.15-m.p. 1
342.6 2.9274 3.4652 —72.099 0.7163 15.317  400-1000 5
Spessartine MnsAlSi;O,, 283.960 2.845 44.694 331499 8.7486 —1.4680 47045 -—8.6060 4.0201 298.15-m.p. 1
Grossular Ca,Al,Si;0;, 257.830 2295 O 260.125 87296 —1.4846 —4.6095 —8.6330 3.9643 298.15-m.p. 1
260.12 2
Uvarovite Ca,Cr,8i;0,, 260.659 3.098 23.053 286.81 87266 —1.4730 —3.1499 -—85940 4.0649 298.15-m.p. 1
Andradite Ca,Fe,Si;0,, 283.455 3.174 29.796 316.425 87479 —-1.4858 3.4215 —8.6066 4.1040 298.15-mp. 1
316.4 8.0924 -07025 -6.789 —7.403 0 300-1000 6
Knoringite Mg,Cr,Si;0;, 279.186 2.931 23.053 305.17 8.7557 —1.4656 —4.5706 —8.6212 4.0758 298.15-m.p. 1
Calderite Mn,Fe.Si;0,, 336.223 3.875 74.490 414588 8.7683 —1.4606 6.9140 -8.5977 4.1656 298.15-m.p. 1
Skiagite Fe;Fe.Si;0,, 296.613 3.316 69.942 369.871 87074 —1.4476 —4.0045 —8.6526 4.3207 298.15-m.p. 1
Khoharite Mg,Fe,Si;0,, 311.215 3.406 29.796 344.417 87616 —1.4715 5.2712 —8.6516  4.2446 298.15-m.p. 1
Manganese
chromium
| garnet Mn,Cr,Si;0,, 296.140 3.904 67.747 367.791 8.7736 -1.4637 52303 -8.6415 42123 298.15-mp. 1
ron
chromium
garnet Fe,Cr.Si;0,, 291.425 3.331 63.199 357.955 8.7447 —1.4813 15757 -—8.5953 4.0796 298.15-m.p. 1

Note: References are as follows: 1 = this work, 2 = Haselton and Westrum (1980), 3 = Newton et al. (1977), 4 = Tequi et al. (1991), 5 = Anovitz
et al. (1993), 6 = Robie et al. (1987). Temperature is in kelvins. Entropy and the heat-capacity function are in joules per mole-kelvin.
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TasLE 18. Thermodynamic properties of end-member garnets according to the present study

C, [J/(mol-K)]

H S G v

Compound (kJ/mol) {J/(mol-K)] (kJ/mol) (cm?) A x 102 B x 10
Pyrope —6290.760 266.283 —6370.152 113.268 8.7293 —1.4750
Almandine -6261.300 342.562 —5363.435 115.272 8.7094 -1.6067
Spessartine —5686.934 331.499 ~5785.770 118.137 8.7486 —1.4680
Grossular —-6632.760 260.125 —6710.316 125.110 8.7296 —1.4846
Uvarovite —6034.580 286.810 ~6120.092 129.953 8.7266 —1.4730
Andradite —5758.850 316.425 —5853.193 131.981 8.7479 ~1.4858
Knoringite —5576.077 305.170 —5667.064 117.619 8.7557 —1.4656
Calderite —4719.777 414.588 —4843.386 124.588 8.7683 —1.4606
Skiagite —4276.224 369.871 —4386.501 121.554 8.7074 —1.4476
Khoharite —5299.472 344.417 —5402.160 119.444 8.7616 —1.4715
Manganese chromium garnet —5007.081 367.791 -5116.737 122.686 8.7736 —1.4637
Iron chromium garnet —4555.256 357.955 —4661.980 119.699 8.7447 -1.4813

pend explicitly on the volume. This fact and the further
assumption that F,, is a purely 7-dependent function
lead to the Hildebrand equation of state (EOS):

aU
FY7an —P + Tak, 27N
U 2 K1 1

VW = K, + TK}KY + K, K%). (28)

Neglecting the vibrational contribution to the thermo-
dynamic functions of the solid (i.e., treating the solid as
purely static, cf. Tosi 1964) or operating at constant T
reduces Equations 27 and 28 to the simple form

aU
Sv="P (29)
U

Ve =Ko (30)

The development of a structural model for garnets based
on Novak-Gibbs~type expressions, appropriate crystal
radii, and DLS refinement allows the evaluation of the
compressional behavior and the thermal expansion of the
various end-members in the system (Ca,Mg,Mn,Fe),;(Al,
Cr,Fe),Si0,0,,. After definition of EOS parameters, the
compressional work was equated to the increase of inter-
nal energy when operating at constant 7. It was thus shown
that all end-members in the above system have short-
range repulsive energies consistent with a hardness factor
p in the range 0.45-0.51 A. For a given component it was
shown that the p factor cannot be assumed to be constant
for a wide P range. Adopting (within the approximations
of the method) a common p factor (0.48 A) for all com-
pounds in the family of salts (Huggins-Mayer approach)
and assuming, as a first approximation, t