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Abstract
The bond-valence model has recently been expanded to include a directional component, the vectorial bond-valence sum, which is useful for characterizing non-centrosymmetric distortions involving
lone-pair and second-order Jahn-Teller effects. Here we show that the bond-valence sum and vectorial
bond-valence sum are equivalent to monopole and dipole terms in a multipole expansion of the bond
valence incident to an atom. We then extend the multipole expansion to include a quadrupole term,
which describes the ellipsoidal deviation from spherical symmetry of the bonding environment, and is
useful for characterizing centrosymmetric distortions, such as those caused by first-order Jahn-Teller
effects. These distortions follow characteristic patterns in valence space, which depend upon factors
that include the d-orbital configuration and size of the transition metal involved. This extended approach, called the Valence Multipole Model, should prove useful for modeling molecular and crystal
structures, including those associated with spin transitions.
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Introduction
Molecular modeling has become increasingly important for
exploring the physical and chemical properties of materials,
including both known minerals and minerals hypothesized to
exist in the mantle (Cygan 2001; Stixrude 2001). Quantum
mechanics (QM) provides a powerful theoretical framework
for understanding structure-property and structure-reactivity
relationships, but direct application of the theory is often too
computationally expensive for the large numbers of atoms
and the longer simulation times frequently needed to simulate
geochemically significant materials and processes. Therefore,
classically derived methods like molecular mechanics (MM)
are often used to reduce computational expense.
MM methods treat systems of atoms as “balls on springs,”
where bond lengths and bond angles between particular atom
types are given an ideal value, and simple energy cost functions
are assigned for deviations from those ideal values. This approach
to partitioning the potential energy surface is fraught with difficulties. One pervasive problem is that no single ideal value for
bond lengths and bond angles exists (Rappé and Casewit 1997;
Hinchliffe 2003), so MM methods tend to predict structures with
unrealistically high symmetry (Comba et al. 2009). Furthermore,
ideal bond lengths and angles depend strongly on coordination
number (Rappé and Casewit 1997; Hinchliffe 2003; Comba et
al. 2009). MM force fields often address this by treating two
atoms of the same element with different coordination numbers, as fundamentally different atom types; but this solution
precludes simulating chemical reactions involving coordination
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number changes. Furthermore, bond lengths and angles can
also be strongly coupled (Rappé and Casewit 1997; Hinchliffe
2003; Comba et al. 2009). MM force fields sometimes include
higher-order terms to correct for such multi-body effects, but
this complicates the potential energy model, multiplying the
number of adjustable parameters and requiring the computation
to keep track of more complicated spatial relationships than
the traditional atom-pair distances and bond angles (Hinchliffe
2003; Cramer 2004).
It would be useful, therefore, to develop mathematically
simpler methods for mimicking multi-body effects in force fields.
The bond-valence model (BVM) is an obvious choice to address
at least part of this problem, and in fact, bond-valence terms have
been included in a few MM force fields and related molecularscale models (Lufaso and Woodward 2001; Adams and Swenson
2002; Grinberg et al. 2002, 2004; Cooper et al. 2003; Adams et
al. 2004; Shin et al. 2005; Adams and Rao 2009, 2014; Liu et
al. 2013a, 2013b; Takenaka et al. 2013). The BVM (see Theory
section below) posits that bond lengths can be converted into
“bond valence” units using a simple, empirically calibrated
equation, and that the valence of all bonds incident to an atom
should ideally sum to exactly cancel out the atomic valence
(i.e., oxidation number) of that atom. (Essentially, the BVM
is a method for relating bond length to bond order.) This rule,
called the “valence-sum rule,” is usually obeyed quite closely
in real crystal structures, and anomalous structures are almost
always unstable (Brown 2002). This instability suggests there is
an energy penalty for deviation from this ideal. An energy cost
function based on deviation from the valence-sum rule, however,
would be different than typical pair-wise or multi-body terms
in MM force fields, because it would be a multi-body term that

