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AssrRAcr

A Raman spectroscopic study was performed in a diamond-anvil cell to measure the
optical vibrational modes of corundum as a function of pressure up to 20 GPa. The
integrals concerning the optic continuum in Kiefer's model can be calculated as the weighted
sum of each mode in the continuum. Thus, on the basis of Kieffer's model and the ex-
perimental results of this study, thermodynamic parameters such as heat capacity, entropy,
thermal expansion coefrcient, and Gruneisen parameter for corundum at various pressures
and temperatures were determined. The contribution to the heat capacity of corundum
approaches the classic (Dulong-Petit) limit in the interior of the Earth beneath a depth of
50 km.

INrnonucrroN

The theoretical vibrational spectrum of corundum,
AlrOr, was studied extensively. The space group of co-
rundum is D!, with Z : 2 per unit cell. The Al atoms are
octahedrally coordinated with two layers of O atoms. Ex-
cept for three acoustic modes, the irreducible represen-
tations for the optical modes in the crystal arc 2A," I
2A," + 3Ar, + 2A2" + 5Ee + 4E".

Among these optical modes, 2A," and 3Ar"are neither
Raman active nor infrared active. On the other hand, the
seven Raman-active modes (2A,, + 5Er) and six infrared-
active modes (2A2" + 4E,) were detected in previous ex-
periments (Porto and Krishnan, 1967; Gervais and Pi-
r iou.1974).

Raman spectroscopic studies provide information about
lattice vibration for an understanding of the thermody-
namic properties of solids. Although a detailed lattice dy-
namics analysis has been conducted (Iishi, 1978), not
many Raman measurements of corundum have ever been
completed because of the much weaker intensity of co-
rundum (the Raman effect is l0-3 times weaker than that
of diamond; see Porto and Krishnan,1967). Such a mea-
surement becomes even more difficult if it is performed
at high pressure; hence, only a few experimental mea-
surements with a pressure of up to I GPa have been
reported (Shin et al.,1976; Watson et al., 1981).

The thermal properties in the interior of the Earth are
directly related to the heat capacities of its constituent
minerals at various high-temperature and high-pressure
environments. Although for a long time the classic point
of view has been used to deal with the problem, one ques-
tion has always remained: to what extent does high pres-
sure affect the thermal properties of minerals (Anderson,
1989)? The authors herein attempt to answer the question
as it concerns corundum.

Ktnrppn's MoDEL

Kieffer's model has been used successfully in the cal-
culation of the thermodynamic parameters of various
minerals since it was first proposed more than ten years
ago (Kief fer ,  1979a,1979b,1979c,  1980,  1982,  1985).
The fundamental basis of this model is the partitioning
of the contribution of lattice vibrations by using three
frequency distributions for three mode groups: the acous-
tic, the optic continuum, and the Einstein modes. For the
three acoustic modes in a crystal,

S@) : (3N t/ 4' Q/ r)3 { [sin-'(c.r/r.r,)]' /l(r? - d')o'l ] ( l)

where \ is Avogadro's number, Zisthe number of mol-
ecules in the Bravais unit cell (two for corundum), and co,
is the maximum frequency for each mode. For the optic
continuum. therefore.

A thermodynamic calculation for corundum at atmo-
spheric pr"rru.. was performed by McMillu" u;JIi;;, 8(a'):3N"n '{[l - (l/s) - q]/@"- u')] (2)

(1987) using Kieffer's model, and the results are in good where c.r, and <.ru are the lower and upper frequency limits
agreement with experimental observation. However, such in the optic continuum, respectively, n is the number of
a study at hlgh pressure has not yet been reported. atoms in the chemical formula (five for corundum), s :
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n.Z is the total number of atoms in a Bravais unit cell
(ten for corundum), and 4 is the proportion of Einstein
vibrational modes (zero for corundum). Similarly for
Einstein modes,

S@):3qNnn'[D(<o - <,r",,)] (3)

where D(c,r - c,r".,) is the 6 function for the Einstein fre-
quency <,r",,. However, in Kiefer's model the Einstein
modes are defined as those vibrations that can be consid-
ered as the internal modes, such as molecule-like vibra-
tions, and their frequencies are much higher than those
observed in the Debye frequency range, which is related
to the Si-O and O-H stretching vibrations in silicates and
hydrous minerals, respectively (Kieffer, 1980, 1982). In
the case of corundum, <,ro (around 1295 cm-t, see Kieffer,
1980) is higher than all observed frequencies, hence no
contribution from Einstein modes should be considered,
and therefore q is zero.

According to Kieffer's model, all the thermodynamic
parameters are expressed as the summation of the con-
tributions from these three groups of modes. As an ex-
ample, the heat capacity at constant volume Crand en-
tropy S is calculated by

Cn: (3N"k/s) 2S,(:r,)

+ 3N"k.F - (l/s) - qf'K,(x,,x")

+ 3N"k42,8,(x".,) (4)

S:(3\k/s)>&("'c,)

+ 3NAk.[ - (l/s) - ql'K,(x',x,)

+ 3N"kq2E,(+,,) (5)

where the summations in Equations 4 and 5 are taken for
three acoustic modes, and S,, Sr, Kr, Kr, Er, and 8. are
the contribution functions from the acoustic, the optic
Cohtinuum, and the Einstein modes, respectively. These
functions are defined by

s,(x,) : (2/i, 
I" {lsin-t(x/x,)12.x2.e'

+ I@? - ,z1ttz.(e - l)ll a-x

rx,-J" {[sin-'(:r/x,)]':'[n(l - e-')]

+ [(x? - ,z)rtz.(d - l)]] dr (7)

r\
K,(x,, :r") : 

J", {x'z-e/I@" - x,).(e - lfl} dx (g)

rxr
Kr(x,, x") : 

),, {x/l(x" - x,)-(d - l)'l} dx
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f'"- | {[n(l - e.)]/(x" - x,)] ax (9)
Jx l

Er(x.,,) : x?,;exp(x".)'z[exp(x",,) - l]' (10)

Er(x",,): {x",'/lexp(x.,,) - l]'}

- lnl - exp(-n.,)] (l l)

where x : ho:/kT, x, : ho+/kT, x': ho4/kT, x": hos"/kT,
x.., : ha".,/kT, h is Planck's constant, k is Boltzmann's
constant, and Z is temperature. It is noteworthy that (l)
the values of S,(4) listed in the reference (Table I in
Kieffer, 1979q, and Table 5 in Kieffer, 1985) are three
times greater than their exact values, and (2) the expres-
sion of Kr(x,, x") in the same reference (Eq.27 in Kiefer,
1979c) was misprinted with the omission of the term (:r"
-  \ ) .

From all the integrals listed above, it is evident that in
this model the contributions from the acoustic and Ein-
stein modes are taken into account individually, whereas
the contributions from the optic modes are considered as
a uniform packet, the optic continuum (Kieffer, 1979c).
The thermodynamic properties that can be derived from
these vibrational modes depend only on the lower and
upper frequencies (x, and x") and are independent ofall
other mode frequencies between these two frequency lim-
its. However, there are several thermodynamic parame-
ters, such as the Gruneisen parameter 7, that can be in-
dividually related to each mode. It is also important to
understand the contribution of each mode in the optic
continuum. For such a purpose, we have shown that if
the whole frequency range in optic modes is divided into
several subintervals, Kieffer's integral, {, equals the
weighted sum of the same integral over the subintervals
(see Appendix), and that

(r2)

where the summation is taken over all subintervals (i :

I to k), and rry: x, - xr, wi: xi+r - x,. Then, the con-
tribution of each mode in the optic continuum is counted
individually. In the present study, the numerical calcu-
lation also shows the validity of Equation 12.

ExprnrprnrvrAl, REsuLTs oN CoRUNDUM
I.'P TO 20 GPA

High-pressure Raman spectroscopic experiments were
performed in a diamond-anvil cell (DAC). The diamond
anvils (type Ia) used were h carats with a l6-side culet
and a 600 prm flat. The gasket with the original thickness
of 250 pm was preindented to about 50 pm, and the sam-
ple chamber was 150 pm in diameter. The corundum
powder used in the present work was the X-ray diffrac-
tion reference-standard material and was purchased from
the National Bureau of Standards, U.S. Department of

K,: (2 w,'$.,)/w

:{,,, I:,'" F@d,} f ,
fx ,

S,(x,) : (2/r)3 | llsin-L(x/x,)12'x2'e'
V U

+ l(x? - x2)t/2-(ex - l)'l) d,x
(6)
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Fig. l. Experimental records of the Raman spectra of corun-
dum at various pressures.

Commerce, Washington, DC. The average grain size of
the sample was 0.3 pm. The powder sample was pre-
pressed into a disk about 30 pm thick. A piece of a sample
cut from the disk was loaded into the sample chamber.
A 4:1 methanol-ethanol solution was used as the pressure
medium. In this experiment, pressure was measured by
averaging at least three pieces of ruby chips in various
areas in the sample chamber using the ruby fluorescence
method (Mao et al., 1986; Xu et al., 1987). During the
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Fig.2. Variation of Raman mode frequencies with pressure.

experiment, the hydrostatic condition was found to be
well maintained when the pressure was under l0 GPa.

Raman measurements were performed in a modular
X-Y Dilor system coupled to a CCD detector. A 514.5
nm laser beam, used as an excitation source (Innova 90
Ar+ laser, made by Coherent Company), was focused to
about 5 pm on the sample in the DAC. The power of the
laser source was 300-500 mW, and the recording time of
each Raman spectrum was 20-60 min. The precision in
frequency was in the range of I cm-'. Details of the ex-
perimental procedures can be found in Xu et al. (1990)
and Huang et al. (1995).

In the present work, a total of seven Raman-active
modes were detected at atmospheric pressure, as shown
in Figure l. However, the weak peak, E' at 451.2 cm-l
did not appear in high-pressure experiments; thus, only
six modes could be measured up to 20 GPa. The results
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TraLe 1. The experimental data of mode frequencies at various pressures and comparisons with other reported data on @rundum

Frequency (cm 1)

P (GPa) E" AEE"&E"

0.0
o.7
1 . 4
2.2
2.7
3.9
4.8
6.0
7 Q

8.6
9 .1
9 .8

1 1 . 0
12.4
14.8
16.6
20.0

Parameter

377.9
379.5
380.6
381.3
382.7
384.8
384.1
387.1
388.1
388.9
389.5
390.9
392.3
396.0
397.3
400.3
406.6

416.6
416.6
418.4
420.3
421.7
423.3
427.5
429.6
432.1
433.8
434.6
436.0
438.8
439.6
443.0
445.3
451.6

429.5
432.5
434.5
437.8
438.8
441.3
442.8
447.4
451.1
455.4
456.0
457.2

451.2 575.9
578.3
579.5
583.3
583.9
586.3
590.9
593.7
597.7
598.9
600.9

644.4
645.8
649.4
652.1
655.0
658.8
663.3
666.8
671.2
675.4
677.2
679.5
685.3
689.6
694.1
701.5

749.9
753.1
754.9
760.5
763.4
766.9
770.3
776.7
783.5
783.9
790.2
793.4

801.4

(@r)0, cm '

doldP, cm-1/GPa
^Yt

(oi)" ,  cm-'" '*

do,/dP, cm '/GPa--
(o,)., cm-'t
do,/dP, cm-'/GPat

378.4
1.335
0.992

378

378.7'1.37

418.5
1.703
1 .148

418
2.3

417.4
2. '11

430.6
2.794
1.731

432
1 . 7

430.2
2.95

451.2

451
1 . 0

448.7
1.66

576.4
2.760
1.283

578
1 . 8

576.7
2.77

645.2
3.481
1.485

645
2.7

644.6

750.6
4.218
1 .517

751
5.0

750.0
4.8

. Porto and Krishnan (1967).
'- Shin et al. (1976).
t Watson et al. (1981 ).

are shown in Figures I and2 and are listed in Table l.
Table I also shows that the measured mode frequencies
and their pressure dependencies are in good agreement
with findings from previous works (Porto and Krishnan,
1967; Shin etal.,1976:' Warson et al., 1981).

THnnuooyNAMrc pRopERTrEs oF CoRUNDUM AT
HIGH TEMPENATURE UP TO 18OO K

Corundum, in Kieffer's model, is a very interesting ma-
terial because of the absence of the Einstein mode. In
addition, the Debye temperature of corundum (1026 K)
is significantly higher than that of most other rock-form-
ing minerals. Hence, the anharmonic effect should not be
of importance when the temperature is not too high.

In the present work, the authors attempted to use Kief-
fer's model to calculate various thermodynamic proper-
ties of corundum in high-temperature and high-pressure
environments. In these calculations, the data of the
acoustic modes were taken from those recommended by
Kieffer (1979c). For the optic continuum (xr, x,), we used
three distribution functions in the calculations: (l) with-
out any subinterval in the range of 300-750.6 cm I, as
recommended by Kieffer (1979c); (2) with six subinter-
vals  bounded at  300,  378.4,418.5,430.6,  576.4,645.2,
and 750.6 cm '; and (3) with five subintervals identical
to those in (2) except for the low limit (300 cm-'). Those
three distributions were denoted as Mr, M2, and M. and
are schematically shown in Figure 3. The calculations for
M, and M, were possible because Equation l2 was con-
firmed mathematically as shown in the Appendix. In the

present study, the shift of optic frequencies with temper-
atures darl62, is ignored for following reason: According
to findings by Richet et al. (1993), the values of DcoldZof
corundum are approximately -0.01 to -0.005 cm-1/K,
which are negligible. The initial input parameters for the
calculation are listed in Table 2, and the values of dc.r/6P
are listed in Table l. Therefore, using Kieffer's model,
the heat capacity at constant volume, Cr, and entropy, t
at atmospheric pressure up to 1800 K is calculated di-
rectly according to Equations 4 and 5.

Gruneisen parameters

As described by Kieffer (1982), the Gruneisen param-
eter (7) was taken as the summation of contributions from
the three groups

^ Y : 7 " .  1 7 " p i ^ Y e ( l  3)

and the ̂ yu,,,yop, and TE are defined as the weighted average
of each of their respective vibrational modes, t^.: (,y^.r/
Cr.,) t ("1,.,r/Cr.r) I (1^".r/Cn,),,yo, : @or,,o/C4ro) + . . .
I (7"o,*"/Cy.y"), and 7, : (ft,r"/Cr.r") + . . . + (y.,*./Cr,*.),
where N" and N" are the number of optic and Einstein
modes, respectively. N. varies according to the choice of
distribution; itis2,7, and 6, respectively, in distributions
of M,, Mr, and M.. N" is the total number of Einstein
modes; for corundum, N. is zero.

Part of the numerical results are listed in Table 3 and
plotted in Figures 4 and 5. One can see that at ambient
conditions, there are no large differences between the cal-
culated Gruneisen parameters using distributions M, and
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TABLE 3, Parameters of the equation of state of corundum at
vanous pressures

v"(P)'
P (cm3/mol)

B
(10 ./K)

c
(1 0-o/K1

0.1 MPa
10.0 GPa
20.0 GPa
30.0 GPa
50 0 GPa

100.0 GPa

25.554 01827 + 0.0028 0.1891 + 0.0133
24.641 0.1733 + 0.0030 0.2026 + 0.0139
23.872 0.1643 + 0.0031 0.2142 ! 0.0144
23.212 0.1554 + 0.0032 0.2249 + 0.0150
22.123 0.1393 + 0.0034 0.2427 + 0.0159
20.214 0.1051 r 0.0036 0.2776 + 0.0172

3

o 100 200 300 400 500 600 700 800 900 1000

Wavenumber (cm-t;
Fig. 3. Three frequency distributions of corundum used in

the present study. They are denoted as M,, Mr, and Mr.

M3, with,y close to the experimental value of 1.22-1.33
(Anderson, 1989; SchreiberandAnderson, 1966). On the
other hand, the rather small "y value of 0.98 calculated
from M, was found. Therefore, we believe that the M,
and M, distributions are more acceptable. Consequently,
M, is used as a working distribution in calculating other
thermodynamic properties for corundum in our subse-
quent study. Similar results obtained in all three distri-
butions showed that it is not necessary to develop a more
refined model, as suggested from the work on MgSiOr-
ilmenite (Hofmeister and Ito. 1992).

TABLE 2. Initial parameters for calculations on corundum

.  Xu (1987).

Thermal expansion

At ambient conditions, the measured values of the
thermal expansion coemcients, a, are between 1.632 x
l0 5 (Schreiber and Anderson, 1966) and 2.21 x l0-5
(Touloukian etal.,1977; Zouboulis and Grimditch, l99l).
From the calculated Gruneisen parameter 7, the thermal
expansion a is calculated directly from

a : 7 . c r . v / K r . (14 )

The value of the calculated thermal expansion coemcient,
1.403 x t0-s, is a little smaller than the experimental
data listed above. However, it is a stable solution regard-
less of which of the a values is used as the initial input
parameter shown in Table 2. The a, thus determined, is
consistent in Kieffer's system.

The calculated value of a is acceptable for two reasons.
First, the difference between the calculated value and the
experimental data is small, especially taking into account
the difficulty of the measurement in high-temperature en-
vironments and the error usually introduced during such
experiments. Second, the calculated a value in this study
is a physically realistic result that approaches zero at a
very low temperature, as shown in Figure 5.

Heat capacity at a constant pressure, C,

The heat capacity at constant pressure, Cr, as a func-
tion of temperature up to 1800 K is also determined on
the basis ofthe relationship

Cp:  Cv( l  + otD. ( l  5)

The results are listed in Table 3. The experimental data
(see McMillan and Ross, 1987) and the calculated values

dldr
( K ' )

dldP
( G P a ' )

Molar Y(cm3/mol)
Y of a unit cell (A3)
Directionally averaged acoustic velocities (km/s):

Bulk modulus, K,(GPa)

lJr

tl2

U3

25.554'
84.866'
6.12t
6.59

10.85
255.0-

2.13 x 10-5" '

-2.9 x 10-at
-2.9 x 1o-o
-3.7 x 10-1
-0.023+

0.00221f
0.00221
0.00527
4.068'

- Xu (1 987).
" Touloukian et al. (1977) and Zouboulis and Grimditch (1991).
t Schreiber and Anderson (1966).
t McMillan and Ross (1987)-
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Fig. 4. Comparison of the calculated (solid lines) and exper-
imental (open squares) heat capacities (CJ and entropies (.f) of
corundum at atmospheric pressure and temperatures up to 1800 IC

using various distributions (M,, Mr, and Mr) on C, and
S are in excellent agreement, as reported previously (Mc-
Millan and Ross, 1987). For simplicity, only the results
calculated using distribution M, are compared with the
experimental data (Fig. 4). The minor difference in the
high-temperature region between the experimental data
and calculation of C. is due to the departure of the ex-
perimental data from the theoretically accepted value
(Dulong-Petit value). Such behavior was considered as
anharmonicity (Gillet et al., 1991; Fiquet et al., 1992;
Reynard and Guyot, 1994), which can be accounted for
using anharmonic parameters. However, as described by
Richet et al. (1993) for corundum, the anharmonic con-
tributions from various Raman-active modes are, indeed,
competing and thus cancel each other. The actual anhar-
monic behavior should be found from the other (non-
Raman-active) modes.

TrnnuoovNAMlc pRopERTrEs oF coRUNDLtM AT
HIGH PRESSURE UP TO lOO GPA

The contribution of pressure to thermodynamic prop-
erties, such as heat capacity from the acoustic mode, has
a dual effect. First, the material reduces its molar volume,
thereby increasing the Z* and K* under compression
(see Kiefer, 1979c); in addition, the experimental results
show that the frequencies of various modes, u' (hence,
x,), normally increase with pressure. Both effects result in
a decrease in Kiefer's integral S', which in turn results
in a decrease in the value of Cr. Similarly, the contribu-
tions to Cn resulting from the optic modes are affected
less by pressure as their frequencies increase.

On the basis of the justification of Kieffer's model, this
calculation can be extended to a much higher pressure

0 500 1000 1500 2 l

Temperature (K)

Fig. 5. Comparison ofthe calculated (solid lines) and exper-
imental (open squares) coeftcient of thermal expansion (a) and
Gruneisen parameter (7) for corundum at atmospheric pressure
and temperatures up to I 800 K. Thermal expansion approaches
zero when temperature is close to zero.

region. Although several research groups (Cynn et al.,
1990; Marton and Cohen, 1994;Zhang and Bukowinski,
1994) predicted the transformation from corundum phase
to RhrO, (II) phase in the pressure regions of 62,86-91,
and 110-160 GPa, respectively, the experimental data
show that corundum is not likely to exhibit a phase tran-
sition up to 175 GPa (Xu, 1987; Jephcoat et al., 1988).
The heat capacity (G), entropy (,S), Gruneisen parameter
("y), and thermal expansion coeffflcient (a) at high pressure
up to 100 GPa are calculated accordingly and shown in
Figure 6.

The condition that the thermodynamic parameters of
Cr, S, and a decrease while 7 and a'K increase mono-
tonically with pressure is physically reasonable. In Figure
7, the calculated Gruneisen parameter 7 at various pres-
sures and temperatures is plotted against y/V2eE. A rela-
tionship similar to this exists for the change of the Grun-
eisen parameter with temperature and pressure, except in
the case ofthe change occurring below room temperature.
This means that a new mechanism might be needed to
account for the discrepancy in the region.

hBnrcrroN oF EeUATIoN oF srATE oF
CORUNDUM AT HIGH P INO T

From the definition of thermal expansion, a: (l/V)'
(6V/67)p. Volume, V, at any temperature is determined
by

0 1 0 2 0 3 0 4 0 5 0

v: vrr, * j 'r{v.o ar. ( l  6)
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Fig. 6. Thermodynamic parameters of corundum up to 100

GPa at 298 K.

Obviously, volume Zis determined by iterating Equation
16. More specifically, the volume at 298 K, Vrrr, at var-
ious pressures can be used as the initial (first cycle) ap-
proximation of the right side of the equation, followed
by the first solution V from the left side of Equation 16
as the second approximation. After three to four cycles,
a stable solution can thus be determined. Figure 8 shows
that a stable solution is obtained at atmospheric pressure
after three iterations, although the second iteration is close
enough to the final solution. This is, indeed, the equation
of state at atmospheric pressure up to 1800 K. Using the
same procedure, the equations of state of corundum up
to 1800 K can be expressed with good accuracy as

v(T,P): Voe).0 + BZ + Cr') (r7)
where Zo(P) is the volume of corundum at room tem-
perature and various pressures determined experimen-
tally (Xu, 1987). In Table 3, the parameters of the equa-
tion of state (B and C in Equation 17) are listed at

0 7 5 0 9 0 9 5 1 0 5

YN,,,
Fig. 7. Gruneisen parameter ,y as a function of the volume

of corundum by pressure (small squares) and temperature (large
squares). It is evident that the hypothesis that the Gruneisen
parameter is solely a function of volume ( Iz) is correct except in
low-temperature conditions.
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Fig. 8. The calculated equation of state of corundum up to
1800 K at atmospheric pressure. There is a comparison between
the experimental data (open squares) and calculated data (solid
line). The small squares represent the calculated data in the sec-
ond cycle ofEquation 16. They approximate the final result (sol-
id line).
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Fig. 9. Heat capacity of corundum approaches its classic
(Delong-Petit) value in the interior ofthe Earth at depths of50
km or more.

atmospheric pressure, 10, 20,30, 50, and 100 GPa, re-
spectively.

Although Figure 5 shows a large difference in thermal
expansion, a, between the calculated values and the ex-
perimental data, the largest discrepancy in V/Yro, at at-
mospheric pressure is only about lolo at atmospheric pres-
sure up to 1800 K, as presented in Figure 8.

Trrn surus oF coRUNDUM rN THE
E.l,ntu's INTERToR

Figure 9 shows the possible temperature and pressure
conditions at different depths beneath the Earth's surface
(Poirier, l99l), as well as the calculated heat capacity of
corundum at various depths up to 800 km. It is interest-
ing to observe that at depths of50 km or more, the heat
capacity of corundum approaches its classic limit (the
Dulong-Petit value). Our results show that for a material
such as corundum with a relatively high Debye temper-
ature, the temperature at 50 km already makes it behave
as a classic material despite pressure. In fact, other ma-
terials with a lower Debye temperature would be even
more likely to behave as classic materials. Hence, the
effect of pressure on heat capacity is much weaker than
that of temperature.

We thus conclude that the thermal properties of min-
erals in the interior of the Earth may be estimated from
the classical point of view with sufficient accuracy, pro-
vided that the effect of pressure on the constituting min-
erals is of the same magnitude as that which occurs in
corundum.
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AppBNprx Tnn pnoPnntY on
KlnrrBn's FUNcrroN 4

Kiefer's function Kfxr, x") for heat-capacity calcula-
tion is defined as the integral for the optic mode in the
interval [x', x,], i.e.,

f"
K,(x,, x"): | {(x,'e")/l(x" - x,)(exp(x) - l)l} d-r.

Jx,

I-nt F(x): x2ex/(ex - l)' then

rr"
K/x,. x"): ),. lF(x)/(x" - x')ld-r.

If the interval [x', n] is partitioned into k subintervals as

fxr, x,l, [xr, xr], ...,!xu, x,], i t may be confirmed that,
for any function F(;c), the integral equals the weight sum-
mation of every sub-Kiefer integral in its subintervals,
namely: wi: x,+r - xi, 'r l  : xu - .xr, and
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K1,(x,, x,n): I::' lF(x)/(x,*, - 4)l dJr

: 
I::' rF(x) dxt/w,

2 w;K1.,:, f' '-' 
F(x) dx

: ji' rat dx: K, w


