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INTRODUCTION

Transient and equilibrium microstructures in non-convex 
elastic systems depend critically on the non-local character of 
the elastic interactions (Khatchaturyan 1983; Eshelby 1959; Salje 
1993) Textures such as tweed, stripe, and layer structures are 
often the result of the long-ranging correlations of elastic interac-
tions while boundary conditions play a crucial role in the elastic 
response of a materials (Khatchaturyan 1983; Ball and James 
1987; Bratkovsky et al. 1996). In geophysics the main task of 
understanding seismic velocities in terms of mineral assemblies 
does not usually involve a detailed analysis of microstructures 
and focuses on the already difÞ cult task to estimate volume 
averaged bulk and shear moduli at high temperatures and pres-
sures. The two major approaches are, Þ rst, the calculation of the 
averaged elastic response function based on its values for the 
individual mineral phases. The second approach is experimen-
tal, e.g., by hot-pressing mineral assemblies and measure their 
elastic properties under plausible thermodynamic conditions. For 
the former, a multitude of approaches have been developed as 
described extensively by Milton (2002). Averages are mostly ex-
pressed in simple analytical forms such as the Hashin-Shtrikman 
bounds and the Voigt-Reuss-Hill averages (Hashin and Shtrikman 
1963; Hill 1963). The Hashin-Shtrikman bounds are based on 
the assumption that each phase in the composite is in its mini-
mum energy state and is described by a positive deÞ nite energy 
function. Therefore, this approach does not apply to materials 
in the vicinity of phase transformations (for elastic instabilities, 
see Salje 1993). In addition, more speciÞ c schemes have been 
developed. The shear-lag approach has seen a multitude of ver-
sions, which are all best justiÞ ed for Þ brous inclusions rather 
than in case of rocks where the individual mineral grains have 
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low aspect ratios (Ji and Zhao 1994; Hull and Clyne 1996). The 
more accurate but complex Eshelby approach is almost absent in 
geophysical literature although popular with physicists (Eshelby 
1959). While the rationale of and, often, the justiÞ cation for 
averaging schemes varies widely, they reproduce experimental 
Þ ndings reasonably well. Experimental approaches are difÞ cult 
(e.g., Ji et al. 1993) and may not allow direct extrapolations to 
geophysically relevant conditions while more progress was made 
for mono-mineral assemblies, such as olivine, using complex 
response functions (Faul and Jackson 2005). While the most 
promising way forward is to evaluate both the real and imaginary 
part of the elastic and anelastic response (Jackson et al. 2002; 
Harrison et al. 2004) it is apparent that even for the most simple 
binary systems the neglect of non-local and surface terms poses a 
problem which can lead to serious errors. It is the purpose of this 
paper to propose a simple scaling approach, which may amend 
the situation in so far as surface effects may be included in a 
simple extension of existing theories. It is left to future work to 
elaborate exact solutions for speciÞ c geometrical situations while 
it is hoped that the proposed parameterization can incorporate 
such effects satisfactorily.

SCALING OF THE VOLUME FRACTION

Fundamental to all averaging schemes is the assumption that 
the independent variable of the averaging schemes is the volume 
fraction of each phase. In practice, all analytical functions depend 
on a volume fraction f where the total volume V in a two-phase 
mix with speciÞ c volumes V1 and V2 is given by 

V = f V2 + (1 � f) V1, 0 < f <1.  (1)

Note that f is not an expansion parameter (see schemes in Mil-
ton 2002) where averages could be seen as perturbations of the 
elastic properties of the individual phases. In fact, it is not obvious * E-mail: ekhard@esc.cam.ac.uk


