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Abstract
The accuracies of two different approaches to model thermodynamic mixing properties of solid 

solutions are explored using the rutile-cassiterite solid solution as an example. Both methods employ an 
expansion of the configurational enthalpy in terms of pairwise interactions energies. In the first method 
the partition function is directly computed from the excess energies of all Ti/Sn configurations within a 
2 × 2 × 4 supercell. In the second method the free energy of mixing is calculated by a thermodynamic 
integration of the thermally averaged enthalpies computed with the Monte Carlo method using an 
8 × 12 × 16 supercell. The phase relations derived from Monte Carlo simulations agree well with the 
available experimental data, under the condition that the free energy is corrected for the effect of the 
excess vibrational entropy. The direct calculation of the partition function provides reasonable phase 
relations only when the configurational entropy is corrected to be consistent with the ideal mixing 
in the high-temperature limit. Advantages and drawbacks of the both approaches are discussed. The 
findings are generally applicable to models of isostructural solid solutions.
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Introduction
Rutile-based solid solutions are important as geothermometers. 

The concentrations of certain trace elements, such as Zr, in rutile 
serve as indicators of the formation temperatures of its host rock 
(Cherniak et al. 2007; Watson et al. 2006; Zack et al. 2004a, 
2004b). Rutile is also one of the main mineral phases of synroc, the 
synthetic ceramics proposed for nuclear waste storage (Ringwood 
et al. 1979a, 1979b; Xu and Wang 2000; Zhang et al. 2001). Solid 
solutions with the rutile structure also attract attention as promising 
candidate materials for photocatalytic and photoelectrochemical 
energy conversion (Carp et al. 2004; Fujishima and Honda 1972). 
The photocatalytic and semiconducting properties of TiO2 can be 
modified by doping with various elements. Hence, it is important 
to understand the thermodynamic properties of this solid solution, 
and it is well suited as a benchmark to test different modeling 
approaches aimed at elucidating the properties of isostructural 
solid solutions.

In this study, various state-of-the-art modeling approaches are 
applied to predict the extent of the miscibility gap in the rutile-
cassitertite solid solution. The main focus is on methodical issues. 
Thermodynamic functions, which determine the stability of a solid 
solution, could be computed with methods of statistical mechanics 
if the energy spectrum of possible configurations of exchangeable 
atoms is known with sufficient detail. In essence, a model must 

provide the possibility to evaluate the energy and the Boltzmann 
weight of any configuration of exchangeable atoms within a 
supercell of a reasonably large size. However, practically, this 
detailed configuration-dependent information can be obtained only 
by computations based on first principles, while a direct sampling 
of all configurations within a large supercell (i.e., the computation 
of their energies ab initio) is currently not feasible. In general, two 
main strategies are used to overcome this problem. One strategy is 
to directly compute the energies of all configurations, but within 
a supercell of manageable (smaller) size. The alternative way is 
to take a sufficiently large supercell, explicitly compute a small 
set of configurations and employ an interpolation method with 
which the energy of any configuration can be approximately es-
timated. For the second alternative there are two further options. 
Using an interpolation equation one can calculate the energies 
of all configurations and directly compute the partition function 
(Becker et al. 2000; Prieto et al. 2000), or apply a Monte Carlo 
(importance sampling) algorithm to compute approximately the 
equilibrium enthalpy of mixing and then evaluate the free energy 
indirectly by a thermodynamic integration (Bosenick et al. 2001; 
Dove 2001; Myers 1998; Reich and Becker 2006; Warren et al. 
2001). One of the aims of this study is to compare the advantages 
and disadvantages of the last two approaches.

We adopt the following strategy. At first we explicitly compute 
the excess energies of 20 specially chosen structures within a 2 
× 2 × 4 supercell (32 cations) using density functional theory 
(DFT). Then we employ an interpolation method known as the 
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