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Ansrnlcr

Generalized thermobarometry uses measured partial molar free-energy functions com-
puted from standard state properties, activity models, and measured compositions, along
with the linear dependence of the solutions to these functions at equilibrium to estimate
pressure, temperature, and partial molar free energies of individual mineral end-members.
Such problems are often inconsistent, i.e., there are no values of pressure and temperature
that simultaneously satisfu all the equations. These inconsistencies result from errors in
the measured partial molar free-energy functions and may be classified into random errors
(those that can be modeled as arising from a statistical population) and systematic errors
(those that cannot). Because the systematic error may dominate, exploratory data analysis
is an essential step in the interpretation of thermobarometry results. Several complemen-
tary techniques may be used to provide insight into the sensitivity of estimated pressures
and temperatures to systematic errors in the measured partial molar free-energy functions
for individual end-members.

The number of equations is small, and there are usually only one to three fewer un-
knowns than equations; hence, statistical methods desigrred to investigate inconsistencies
in large data sets cannot be readily applied. However, several procedures can be used to
guide interpretation of the results of thermobarometric calculations. (l) Examination of
residuals provides a direct indication of relative misfit of the measured partial molar free-
energy functions to the theoretical values of chemical potential at equilibrium. The intrin-
sic correlation of residuals in small data sets limits the utility of this approach. (2) Contours
of the sum of squares of residuals illustrate the covariance and overall reliability of the
least-squares solution to the problem. Assigning actual confidence levels to contours re-
quires that the errors have statistical properties that may not exist in practice. (3) Case
deletion studies require that the equations be solved repeatedly, eliminating the equation
for each individual end-member in turn. Diagrams illustrating these results serve to con-
firm or refute the existence of end-members that are highly influential in determining best-
fit pressures and temperatures. (4) Perturbation analysis also requires the repeated solution
of the problem, but, instead of deleting individual end-members, their measured free-
energy estimates are perturbed by fixed amounts, and a new pressure and temperature are
determined. Displays ofthis kind provide quantitative estimates of the change in estimated
pressures and temperatures resulting from arbitrary perturbations in thermodynamic con-
stants and measured compositions.

Ixrnooucrrox
The application of thermobarometry to high-grade

metamorphic terranes is often complicated by retrogres-
sion or polymetamorphism, which makes it difficult to
be sure that measured mineral compositions correspond
to equilibrium conditions. The problem may be com-
pounded by systematic errors in the activity models and
thermodynamic constants used to compute pressures and
temperatures. In such cases, exploratory data analysis is
an important frrst step in the interpretation of the results
of the calculations. This paper illustrates extensions to
Gordon's (1992) formulation of the inverse chemical
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equilibrium problem to permit examination of the sen-
sitivity of pressure and temperature determinations to
systematic errors in the measured partial molar free-en-
ergy functions for individual end-members. The example
uses mineral analyses from assemblages in high-grade
gneisses of the Kisseynew sedimentary gneiss belt in the
Canadian shield.

Gnor,ocrclr, sETTING

The Kisseynew gneiss belt is a 150 x 300 km meta-
morphic complex in northern Manitoba and Saskatche-
wan that forms part of the Early Proterozoic Trans-Hud-
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Fig. l. Geological map and sample localities.

son orogen (Lewry and Stauffer, 1990). The rocks are
dominantly garnet + cordierite and potassium feldspar
+ sillimanite migmatites derived from greywacke and
shale turbidites and arenites, with subordinate anatectic
granitoids. Samples used in this study were collected as
part ofa 70-km north-trending transect that extends from
the File Lake area in the Flin Flon belt to the central part
of the gneiss belt (Fig. l). The study area has been mapped
in detail (Baldwin et al., 1979); a regional compilation
map is available (Manitoba Energy and Mines, 1988);
and the regional metamorphic history is reviewed in Gor-
don (1989).

The five samples discussed in this paper were selected
from a larger suite for which the following observations
can be made: Most of the samples examined contain as
major phases variable amounts of quartz, plagioclase,
garnet, biotite, cordierite, potassium feldspar, and silli-
manite, which is typical for upper amphiobolite facies
metapelites. Primary muscovite has been found only in
one sample (not included in this study) from the southern
part of the area. Although morphologically distinct gen-
erations of garnet, cordierite, and biotite occur in many
samples, this study is concerned with the earliest gener-

TaBLE 1. Plagioclase electron microprobe analyses and for-
mulae'

Samoleno. 31 70 66 64 42

Sample
no. 31 70 66 64 42

sio,
Tio,
Alr03
FeO
Mgo
MnO
CaO

Total

37.31 38.42

21.81 21.85
35.20 31.33
4.87 6.38

0.60
o.77 1.',12

99.96 99.70
2.971 3.015

2.047 2.021
2.3M 2.057
0.578 0.746

0.040
0.060 0.094

38.80 38.63 37.00
0.11 0.02

20.76 21.86 22.24
30.49 31.76 9.48
7.91 6.96 5.35
0.44 0.23 0.13
0.90 0.89 0.79

99.41 100.35 99.99
3.041 3.010 2.939
0.006 0.001
1.918 2.OO7 2.082
1.999 2.069 2.290
0.924 0.808 0.6i!3
0.029 0.015 0.009
0.076 0.074 0.067

si
Ti
AI
Fe
Mg
Mn
Ca

o

F{

sio,
Al,o3
CaO
Naro
KrO

Total

62.10
23.90
3.89
9.76
0.13

99.78
2.757
1.251
0.185
0.840
0.007

Si
AI
Ca
Na
K

61.15 64.09
25.03 22.64
6.31 5.25
8.04 8.02
0.17 0.23

100.70 1 00.23
2.700 2.821
1.302 1.175
0.298 0.248
0.688 0.684
0.010 0.013

62.01 62.01
24.19 23.92
5.83 3.99
7.46 9.76
0.31 0.13

99.80 99.81
2.749 2.754't.264 1.252
0.277 0.190
0.641 0.840
0.018 0-007

- Computed on basis of 12 O atoms.

ation of these minerals, Grtl, Crdl, and Btl. All these
samples contain quartz and sillimanite in addition to
grains of Grtl, Crdl, and plagioclase, from which elec-
tron microprobe analyses were obtained. Three of the
samples also contain Btl. Compositional data for these
phases are presented in Tables l-4.

The assumptions required to apply equilibrium ther-
modynamics to these samples are that (l) Qtz + Pl + Sil
+ Btl + Grtl + Crdl formed an equilibrium assem-
blage; (2) the present compositions of the cores of Btl,
Grtl, and Crdl grains were at equilibrium; and (3) the
present plagioclase composition is the same as that at
equilibrium with Btl + Crdl + Grtl. Although similar
assumptions are necessary in all thermobarometric stud-
ies, the complex textures in these rocks make the as-
sumptions less reliable than for lower-grade terranes. Be-
cause of that, it is important to investigate the effects of
the various assumptions on the resulting P-T estimates.

Enx.ons AND n>rpTnRAToRy DATA ANALYSTS

Two philosophies of error analysis are in common use
(Colclough, 1987). In the first approach, all errors are
considered to be random-that is, they arise from a single
stable statistical population for which a mean and vari-
ance can be estimated from measurements. If that phi-
losophy is adopted, then statistical theory provides
weighting criteria for determining unbiased and maxi-
mum-likelihood solutions to least-squares problems.

In the second approach, errors are considered to arise
from both random sources and systematic sources. Sys-
tematic sources of uncertainty cannot be treated as sam-
ples from a statistical population, and an error covariance
matrix cannot be estimated for them. Sources of system-
atic error in thermobarometric studies have been iden-
tified by Kohn and Spear (l99la, l99lb) and Holdaway
and Mukhopadhyay (1993), who elaborated on the kinds
of error for which statistical analysis is not appropriate.
These include systematic errors in thermochemical con-
stants and activity models, as well as operator error in

'Computed on basis of eight O atoms.
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TleLe 3. Biotite electron microprobe analyses and formulae*

9't5

sio,
Tio,
Alr03
FeO
Mgo
Naro
K.o

Total

35.68
5.34

16.00
16.47
10.43

9.54
93.46
2.742
0.309
1.449
1.059
1.195

0.935

36.82
3.68

16.32
15.76
12.05
0.01
9.75

94.39
2.782
0.209
1.453
0.996
1.357
0.001
0.940

sio,
Tio,
Alr03
FeO
Mgo
MnO
CaO
Naro
KrO

Total

Sample no.

35.98
3.45

17.95
1 9 . 1 1
9.78
0.30
8.24

94.81
2.726
0.197
1.603
1.211
1.104
0.045
0.796

' Computed on basis of 11 O atoms.

the choice of phases and portions of mineral grains mod-
eled as an equilibrium system.

In recognition of the second philosophy, this study is
intended to illustrate the advantages and pitfalls of sev-
eral exploratory data-analysis techniques applied to ther-
mobarometry problems to provide information on the
possible effects of systematic error. These are direct meth-
ods that allow the graphical analysis ofthe sensitivity of
the solutions to perturbations in the input measurements.
This approach allows geological experience, judgment, and
knowledge of details of the particular thermobarometric
study to be applied to the results and their interpretation.
In this sense, the approach follows Hoaglin et al. (1983,
p. l): "Good statistical practitioners have always looked
in detail at the data before producing summary statistics
and tests of hypotheses. . . . The emphasis is on flexible
probing of the data, often before comparing them to any
probabilistic model." Gordon's (1992) methodology for
generalized thermobarometry provides a particularly
convenient formulation for such exploratory analysis.

Lnlsr seuAREs

In Gordon's (1992) formulation, measured partial mo-
lar free-energy functions of the end-members of analyzed
phases are expressed as a set of equations in the un-
knowns pressure, temperature, and the theoretical equi-
librium chemical potentials of a set of compositionally
independent end-members. A particular problem is un-
derdetermined, exact, or overdetermined, depending on
the total number of end-members for which there are
measurements and the number of these that are compo-
sitionally independent. kast-squares solutions to over-
determined problems provide both optimal P-T deter-
minations and sets of residuals that provide a measure of
the misfit of the measured partial molar free-energy func-
tions to the equilibrium model. Appendix I provides de-
tails to the equations used in this study.

The least-squares procedure always provides a best so-
lution in a geometric sense, but it produces a minimum-
variance unbiased estimate of pressure and temperature

Tlele 4. Cordierite electron microprobe analyses and formu-
lae.

Sample
no. 31

Si
Ti
AI
Fe
Mg
Na
K

50.13 50.64 50.03 49.56 48.85
0.14 0.04

34.39 33.86 33.38 33.10 34.25
6.80 6.55 6.61 6.97 8.68
8.25 9.64 9.70 9.16 8.16
0.10 0.01
0.20 0.05 0.13

0.06 0.81
0.13 0.07 0.06

100.00 100.95 100.57 98.99 100.00
5.029 5.0270 5.005 5.031 4.948

0.0100 0.003
4.066 3.9620 3.936 3.961 4.089
0.571 0.5440 0.553 0.592 0.735
1.234 1.4270 1.447 1.386 't.232
0.008 0.0010
0.021 0.0050 0.014

0.0120 0.157
0.017 0.009 0.008

si
Ti
AI
Fe
Mg
Mn
Ca
Na
K

' Computed on basis of 1 I O atoms.

only if the problem is weighted by a known covariance
matrix of errors (Hamilton, 1964). Because this study is
exploratory in nature, and because systematic errors may
be more significant than random errors, no attempt was
made to estimate error covariance matrices, and the least-
squares calculations were can'ied out without weighting.
The results are presented in Table 5. They include the
best-fit temperature and pressure, values of the measured
partial-molar free-energy functions at the best-fit P and
?n, the theoretical chemical potentials, and the residuals
(differences between measured and theoretical chemical
potentials).

The sum of the squared residual (error) terms provides
a single measure of the degree of misfit of the data to the
equilibrium model. The smaller this term, the closer the
solution is to being exact. In the examples studied, sam-
ple 64 has an extremely small error sum of squares, in-
dicating that the measured partial molar free-energy func-

Tleu 5. Results of the least-squares solution of the thermo-
barometry problem for assemblages and composi-
tions in Tables 1-4

Sample 646670

Error sum of
squares (kJ'z)

rrc)
P(bars)

qtz
srl
an
alm
prp
grs
Fe-crd
Mg-crd
ann
phl

3.913 3.360 2.190
580 773 794

4308 5436 5607
Residuals g,lP,Tl - >p,(kJl
0.014 -0.260 -0.093

-0.267 0.104 0.270
0.694 -0.781 -0.860
0.761 0.134 -0.627

-0.663 -0.343 0.474
-0.231 0.260 0.287
-1.141 -0.854 -0.418

0.994 1.166 0.d46
0.435 0.196

-0.435 -0.196

0.0048 5.591
834 718

5594 47il

0.001 -0.301
0.009 0.457

-0.020 -1.744
-0.027 -o.u7

0.024 0.494
0.007 0.581
0.(X0 0.321

-0.036 0.209
0.634

-0.634
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Fig.2. Residuals in least-squares solutions. Sample nos. are

circled.

tions for each end-member provide values very close to
the theoretical equilibrium chemical potentials at the op-
timal P and T. This sample, however, gives an anoma-
lously high temperature estimate. The lowest temperature
estimate comes from sample 31, which has the largest
sum of squares aI 3.9 kJ2. The exploratory data proce-
dures discussed below provide important additional in-
sights for the interpretation ofthese results.

Ex,llvrrxarrot{ oF RESTDUAT-s

As might be expected for rocks with complex miner-
alogical histories, the P-Tresults in Table 5 show a con-
siderable range. However, all the residuals in partial mo-
lar free energy are < 1.8 kJ, and all but three are < I kJ.
They are comparable in magnitude with uncertainties in
tabulated thermochemical constants and activities based
on compositional measurement. For example, the pub-
lished uncertainty in the standard state Gibbs free energy
of formation of quartz is Ll kJ (Robie et al., 1979). Sim-
ilarly, because d[RZ ln(a)] : RT da/a, a l-kJ error in
measured partial molar free energy is approximately
equivalent to a l2o/o relative error in the activity of any
end-member at740"C. For ideal mixing on a single site
with multiplicity, n, a l-kJ error in partial molar free-
energy thus corresponds to a relative error in mole frac-
tion of 12/no/o at 740 "C.

Exploratory data analysis places a heavy emphasis on
examination of residuals to identify outliers, influential
observations, and high leverage points, e.g., the texts by
Belsley et al. (1980) and Cook and Weisberg (1982) and
the review papers by Chatterjee and Hadi (1986) and

Rousseeuw and van Tnmeren (1990), along with the ap-
pended commentaries. However, the utility of most sta-
tistical diagnostic tests in thermobarometry problems is
reduced by the relatively small number of equations to
be solved. Free-energy estimates can be determined only
for end-members for which there are thermochemical data
and activity models; hence, current thermobarometry
problems often have 12 or fewer equations and, more
importantly, are seldom overdetermined by more than
three equations.

Examination of residuals can be done by inspection
(Table 5) but more commonly by graphic display (Fig.
2). The purpose ofsuch plots is to reveal outliers and any
dependence ofthe variance ofthe residuals on the inde-
pendent variables. An important caveat is that residuals
in all least-squares problems are correlated, and, although
the effects become small as the number of observations
approaches infinity, they cannot be eliminated' In small
data sets, this intrinsic correlation can be overwhelming.
This phenomenon makes it difficult to interpret residuals
from small data sets simply by comparing their signs and
magnitudes. For example, correlated residuals can be de-
tected in Table 5 and Figure 2. In particular, the residuals
for annite and phlogopite are of opposite sign and iden-
tical magnitude. This effect depends on all equations in
the problem, not just the equations for which correlation
can be identified. For example, in contrast to the assem-
blages studied in this paper, the example problem in Gor-
don (1992) gives residuals for annite and phlogopite with
identical signs but different magnitudes.

For this reason, although Table 5 and Figure 2 canbe
used to identifo particularly large residuals (Fe-crd in
sample 31, Mg-crd in sample 70, an in sample 42), these
extreme values do not necessarily indicate that there is a
systematic error in the free-energy estimates for these
particular end-members. The case deletion and sensitiv-
ity analysis procedures described below provide more in-
formation for assessing the influence of errors for indi-
vidual species.

Cor.rrouns oF THE sLrM oF seuARFs

The least-squares algorithm finds an optimal pressure
and temperature at the minimum of the sum of the
squared error terms of the equations given in Appendix
l. Ifthe problem is repeatedly solved with pressure and
temperature fixed at other values, the resulting sum of
squares surface can be contoured. Such diagrams are
shown in Figure 3. The contours have been drawn at 5,
10, 15, and20 kJ2 above the minimum sum of squares
at each optimal solution. These plots provide significant
information for the interpretation of the least-squares re-
sults. First, the relative areas indicate the overall robust-
ness of the solution. Large areas such as those for samples
3l and 64 indicate solutions that are more sensitive to
perturbation than the solutions for samples 70,66, and,
42, Second, the shapes ofthe contours illustrate the rel-
ative sensitivity and correlation of the P-Z determina-
tions. The diagrams for samples 3l and 64 show a higher

-1-2
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degree of correlation between pressure and temperature
than the remaining samples and also show that temper-
ature is relatively poorly constrained by these biotite-free
samples. The large differences in the sum of squares for
samples 3l and 64 and the extreme values of temperature
that they produce can thus be understood as a result of
this effect.

If all the errors could be assumed to be random, con-
fidence regions for the fitted P and Tcould be represented
by contours ofconstant sum ofsquares. Confidence levels
can be assigned if the distribution function of the errors
is known or if the number of equations greatly exceeds
the number of parameters to be determined. Because these
requirements cannot be met in this study, meaningful
confidence levels cannot be assigned.

Casn oei,Buox

Many procedures in regression diagnostics rely on case
deletion methods, in which various sample statistics are
calculated with one or more cases (equations) deleted from
the original data set. I-arge changes in the problem's so-
lution identifu highly influential data points. Most ther-
mobarometry problems are overdetermined by only one
to three equations; hence, the problem may become exact
when cases are deleted. This precludes the use ofstatistical
measures of influence that require estimates of the vari-
ance of the errors. In problems that remain overdeter-
mined, the already small difference between the numbers
of unknowns and parameters to be estimated is further
reduced. For these reasons, sophisticated methods of data
analysis are not generally applicable to thermobarometric
work. The approach taken here is a simple graphical ex-
amination of the sensitivity of the P-T estimates to dele-
tion of the equation for each end-member in turn. Such a
procedure is useful if an investigator has some reason to
suspect that inconsistency in the equilibrium model is due
entirely to a systematic error in the partial molar free-
energy equation for a single end-member.

For the assemblages in this study, P-l"estimates deter-
mined with the successive deletion of equations for in-
dividual end-members are illustrated in Figure 4. These
diagrams have several interesting properties. First, the
deletion ofa particular equation does not always produce
the same P-Z difference for all samples. For example,
although the deletion of the equation for either biotite
end-member in samples 70, 66, and 62 generally results
in solutions with lower pressure and temperature, there
is no similar correlation for cordierite or garnet end-
members. Second, the estimated pressures are very sen-
sitive to the inclusion of quartz and, to a lesser extent,
sillimanite in the model equilibrium assemblage. This is
not a problem in these rocks, but it does show the im-
portance of these phases to the solutions. Most impor-
tantly, a comparison with the large residuals noted above
(Fe-crd in 31, Mg-crd in 70, and an in 42) shows that the
deletion of the equations for these suspicious end-mem-
bers would cause little change in the estimated pressures
and temperatures for those samples. This reinforces the

observation that interpreting the least-squares residuals
for small data sets must be done with caution.

In these high-grade rocks, Fe-Mg exchange after peak
metamorphism might have affected even the core com-
positions used in the calculations. The effect ofdiscarding
the equations for individual Fe or Mg end-members is
readily apparent in Figure 4. For any ofthe biotite-bear-
ing samples (70, 66, and 42), the elimination of either phl

or ann results in significantly lower temperature esti-
mates, whereas the elimination of Fe and Mg garnet end-
members produces changes that are dependent on the
specific assemblage. In spite of the reputation of cordi-
erite for causing difficulties in thermobarometry, rhe P-T
estimates are insensitive to the equations for the cordi-
erite end-members.

SnxsrrrvrrY To PERTURBATToNS

Case deletion effectively ignores the data for individual
measured partial molar free energies. A more precise
measure of sensitivity can be obtained by perturbing each
partial molar free-energy equation by a constant amount
and noting the effect this has on the solution. Plots ofthe
resulting set of perturbation vectors permit the visual
identification of end-members for which small changes
in measured thermodynamic properties or composition
produce large shifts in estimated pressures and tempera-
tures. These results can then be interpreted on the basis
of the details of each particular problem. Because appar-
ent free energies of solids are nearly linear over limited
pressure and temperature ranges, such displays can be
used to assess quantitatively the sensitivity ofP-Tdeter-
minations to measurement errors.

For the end-member in each assemblage, new least-
squares solutions were obtained by adding and subtracting
a constant number of kilojoules to the measured
partial molar free-energy functions for the individual
end-members. For purposes of illustration, a +2-kJ per-
turbation was chosen for all end-members, although these
values could be chosen on an individual basis. The results
are shown in Figure 5. Over a range of 200 K in temper-
ature and 2 kbar in pressure, the nonlinearity of the free-
energy equations produces no significant effect, so the new
pressure and temperature estimates fall on straight lines
and positive and negative perturbations ofthe same mag-
nitude produce equal and opposite effects. Changing the
value of the free-energy perturbation for any end-member
produces an equivalent change in the length ofthe per-

turbation vector.
An immediately obvious feature of Figure 5 is that the

P-Z estimates for assemblages that are overdetermined
by only one equation (31 and 64) are far more sensitive
to perturbations than those overdetermined by two equa-
tions (70, 66, and 42). Within each of these two groups
ofsamples, the free-energy perturbations produce nearly
identical efects. Note that for samples 70, 66, and 42,
the temperature estimates are relatively insensitive to 2-kJ
perturbations in free energies of any end-member, where-
as 2-kJ perturbations in qtz and sil free energies produce
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nearly isothermal 500-bar changes in estimated pres-
sures.

For this study, the most telling features of Figure 5 are
the diagrams for samples 3l and 64. These samples have
two characteristics in common: (l) they have no biotite
and hence are overdetermined by only one equation and
(2) their unperturbed P-Z estimates are at opposite ex-
tremes in both P-T and magnitudes of sums of squares.
Although all the perturbation vectors are large, those for
plagioclase are particularly pronounced. This indicates
that for these two assemblages a relatively small change
in the partial molar,free-energy function for an can make
a major change in the estimated pressure and tempera-
ture and the value of the sum of squares. The same ther-
mochemical data were used in all calculations; hence,
suspicion must fall on the compositions of plagioclase
used in the equations. For these samples it was assumed
that the present plagioclase composition was at equilib-
rium with the remaining phases. Figure 5 suggests that
this assumption has a major influence on the estimated
temperatures and may be the explanation for the anom-
alous temperatures estimated for these samples.

Drscussrox
In thermobarometric problems, the number of equa-

tions is small and very nearly equal to the number of
unknowns. In addition, the sources of error are common-
ly believed to include systematic effects. These two char-
acteristics preclude the use of most statistical techniques
designed for large data sets. In such cases, the scientific
judgment of the investigator is necessary to interpret the
results. The exploratory procedures described here per-
mit the visual examination of the effect of errors in in-
dividual free-energy estimates on P-T determinations.
This permits the recognition ofparticularly influential end-
members as well as providing a quantitative estimate of
the sensitivity of the solution to errors in thermodynamic
constants and chemical analyses.

For the samples in this study, exploratory data analysis
points to plagioclase composition as highly influential in
determining the results of the thermobarometric calcu-
lations. Conversely, the influence of cordierite end-mem-
bers on the results is shown to be small. These conclu-
sions can be used to guide further study of the
thermobarometry of these complex rocks.
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Appnrtox 1. C.lrcu,,lrroxs
In the samples studied, the equilibrium assemblage was taken

to be quartz + plagioclase + sillimanite + garnet + cordierite
+ biotite. For these phases, thermodynamic constants and mea-
sured or assumed compositions are available for the ten end-
members shown in the composition matrix in Appendix Table l.
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AppENDrx TABLE 1. End-member composition matrix Standard state apparent molar free energies (6,0) were comput-
ed using the apparent free-energy convention ofBerman (1988)
given by the equation

gl :  a , ,h l  -  Tsf

+ h l T - D - ( l n 7 - - l n Z " ) l

+ 2ktl(Tos - 7.os) + T(T-ot - T,-o5)l

- k,l(T-' - T,-') - (T/2)(7-z - T,-')l

_ klg_, _ T,_,) _ (7:/3)(7_t _ r,_,)

+ vl{(v,/3)(P3 - P) + (u,/2 - v,)(P'z - P!)

* [1 - z, 't v, )- vr(T - T,) + va(T - T,)2

+ (1 - P,)(Pv, + v' - 4)l(P - P,)j.

The required thermochemical data for end-members B quartz,

sillimanite, anorthite, grossular, pyrope, almandine, iron-cordi-
erite (anhydrous), magnesium-cordierite (anhydrous), annite, and
phlogopite were obtained from the June I 992 version ofthe data
base of Berman (1988).

The activity models used follow Berman and Brown (1984)
and hence have the general form RIln la,(P, 7)l: A' + BiT +
C,P where the constants A,, 8,, and C, were computed from the
measured compositions given in Tables 1-4. The following ac-
tivity models were used: for plagioclase, Fuhrman and Lindsley
(1988); for biotite, McMullin et al. (1991); for cordierite, ideal
mixing; and for garnet, Berman (1990). The partial molar free-
energy function for each end-member is the sum ofthe respec-
tive standard state function and activity function.

These relationships give rise to the ten nonlinear equations in
eight unknowns shown in Appendix Table 2. Because of system-
atic and random errors, the computed chemical potentials (rrt)
are not exactly equal to the measured apparent partial molar free
energies of formation lC,e, T') : ee, D + RI ln a,l at any P
and Z. An ordinary least-squares solution to these equations can
be determined by minimizing the sum of squares of the discrep-
ancies for each equation IE'e, D - )prl. These quantities are
known as residuals or errors. The calculations were carried out
using the Broyden-Fletcher-Goldfarb-Shanno quasi-Newton
method in the FMINS code in the Matlab Optimization Toolbox
(Grace, 1990).

qtz sil an alm prp
Fe- Mg-

grs crd crd ann phl

sio, 1
Al2o3 0
FeO 0
MgO 0
CaO 0
K.O 0
Hro 0

1
1
0
0
0
0
0

2 3 3 3 5 5 3 3
1 1 1 1 2 2 0 . 5 0 . 5
0 3 0 0 2 0 3 0
0 0 3 0 0 2 0 3
1 0 0 3 0 0 0 0
0 0 0 0 0 0 0 . 5 0 . 5
0 0 0 0 0 0 1 1

Note.'following Kretz (1983), the abbreviations for end-members begin
with lower-case letters.

The matrix in Appendix Table I has a rank ofsix; hence, any
six compositionally independent end-members form a basis, i.e.,
are sufrcient to describe the compositions of the remaining four.
In biotite-free assemblages, the total number of end-members is
eight, and a basis will contain only five end-members. In the ten
end-member problem, if sil, alm, grs, Fe-crd, ann, and phl are
chosen as a basis, the compositions of the remaining four end-
members are expressed as

qtz-- -4/s sil - 2/, alm * r/, Fe-crd

an:'/s sil - 2/,, prg t t/t grs + t/5 Mg-crd

PrP : 3/ s Mg-crd - 2/ s 9rP - a/r sil

Mg-crd : -2/z alm t 2/, prg + Fe-crd.

The stoichiometric coefficients in these equations also define
the relationships among the theoretical chemical potentials of all
the species at equilibrium; hence, although there are ten mineral
end-members in total, at equilibrium the chemical potentials of
only six end-members are sufficient to define all chemical poten-
tials in the system. In these problems, the basis set of end-mem-
bers was chosen using the algorithm described in Golub and Van
Loan (1989, p. 572) as QR with column pivoting.

For each end-member, there are measurements of thermody-
namic constants and mineral compositions such that the appar-
ent partial molar free energy of formation [9,(P, D: ee, n +
RIln a,(P, Z)l is known as a nonlinear function ofthe unknowns
P and T. At equilibrium, each function should equate to the
unknown theoretical chemical potential of the respective end-
member, p,.

AppENDrx TABLE 2. Equilibrium equations

9"'(P' 7')
g"^(P,7)

%,.(P' T)
g,*V, D
9"""(P, T)
9*P'D
s*e,n
s*e,n
%,e'n
9"*o(P' D

* %tr.,
- 4q""t

+ %p"

= 0
: 0
: 0
: 0
: 0
: 0
: 0
: 0
: 0
: 0

t lqtn^
L 2 / , ,

* Tsp.,^

- P s

_ Vtpw

_  3 / , ,

- vsprno

+ 45p^"

- LLa,r

-  % t _


