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Crystallographic orientation dependence of mean etchable fission track lenglh in
apatite: An empirical model and experimental observations
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Arsrru,cr

Partially annealed thermal-neutron-induced fission tracks in apatite exhibit mean etch-
able lengths that range continuously between a maximum for tracks oriented parallel to
the crystallographic c-axis and a minimum for tracks perpendicular to c. A simple empir-
ical model quantifies this crystallographic orientation dependence based on the assumption
that the mean etchable fission track length aL ary angle to the c-axis is given by the
corresponding radius of an ellipse. The ellipse has semiaxes equal to, respectively, the
mean track lengths parallel (/") and perpendicular (/.) to the c-axis.

The elliptical model is tested against 6l isothermal partial annealing experiments per-
formed on thermal-neutron-induced fission tracks in Tioga apatite. It is found to ade-
quately characterize etchable fission track length distributions in partially annealed apatites
when /. > 8.4 pm. The difference between l. and l^ increases systematically and continu-
ously as both mean lengths decrease, and fission-track lengths are distributed normally
about their mean with a standard deviation of ca. 0.75 pm, regardless of crystallographic
orientation and relative degree of partial annealing. For /" < 8.4 pm, the elliptical model
apparently fails because tracks at relatively high angles to the c-axis experience greatly
accelerated etchable length reduction.

Experimentally determined values of /" and /. in apatite have greater physical significance
than does the arithmetic (conventional) mean fission track length. Application of the pro-
posed elliptical annealing model to controlled laboratory experiments may provide valu-
able insight, heretofore unattainable, into the physical process(es) by which fission tracks
anneal in apatite.

INrnooucrroN

Charged-particle tracks in various natural and synthet-
ic solid-state nuclear track detectors (SSNTDs) are suc-
cessfully utilized to study a variety of problems in nuclear
physics, chemistry, cosmic-ray physics, geochronology,
anthropology, and archaeology, among others. Most
charged-particle track applications rely on measured val-
ues of track densities (tracks per unit area crossing an
etched surface of the SSNTD) and,/or etchable trackJength
distributions. Owing to this, much research has focused
on how these two measured quantities depend on the
physical properties of the incident particles and the
SSNTD (e.g., Fleischer et al., 1964;Dartyge et al., l98l;
Albrecht et al., 1985; Carlson, 1990) and the environ-
mental conditions experienced by the tracks (e.g., Fleischer
et al., 1965; Naeser and Faul, 1969; Green et al., 1986;
Donelick et al., 1990).

Fission tracks in apalite, a special case ofcharged-par-
ticle tracks, record detailed time-temperature informa-
tion experienced by rocks located within the upper sev-
eral kilometers of the Earth's crust. This property is a
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direct consequence of(l) the continual production ofnew
fission track populations in apatite througfi geological time
and (2) a measurable decrease in the integrated thermal
history recorded by progressively younger track popula-
tions (Green et al., 1989; Donelick and Willett, 1989;
Corrigan and Wilson, 1989). Apatite fission-track data
serve to constrain geodynamical models of orogenesis (e.g.,
Wagner et al., 19771' Znitler, 1983), subduction (e.g.,
Dumitru, 1989), continental rifting (e.g., Kelley and Dun-
can, 1986), and sedimentary basin evolution (e.g., Nae-
ser, 1979; Gleadow and Duddy, l98l).

Many workers have studied the thermal stability of fis-
sion tracks in apatite, utilizing variations in (l) track den-
sities (e.g., Naeser and Faul, 1969), (2) external or pro-
jected etchable trackJength distributions (e.g., Dakowski,
1978; Wagner, l98l) or (3) internal or confined etchable
track-length distributions (e.g., Bhandari et al., l97l1,
Green and Durrani, 1977; Green et al., 1986; Donelick
et al., 1990; Crowley et al., in preparation). Etchable length
distributions of confined fission tracks provide a more
fundamental measure of the relative degree of track an-
nealing and can be measured with greater precision than
either track densities or projected track length distribu-
tions (Laslett et al., 1982).

Green and Durrani (1977) first observed that the mean
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TABLE 1. Summary of the chemical composition data (wt%) ob-
tained by electron microprobe analysis for Tioga and
Durango apatite

Tioga

Apatite (all) (core) (rim) Durango

Number of
analyses

P,O, 40.98(23)
CaO 53.27(281
F 2.35(16)
cr 0.54(02)
SrO 0.03(02)
FeO 0.8s(09)
MnO 0.42(05)
sio, 0.03(04)
Na,O 0.17(02)
Ce,O. 0.17(03)
AsrOu n.d.

Total 98.81

vallis (fluence : 8 x l0'5 neutrons/cm2) to induce the
fission of235U nuclei and form fresh fission tracks. Forty
mg aliquot parts of the irradiated apatite were heated in
a tube furnace at I atm to partially anneal the induced
fission tracks for times ranging from about 18 min to 3
weeks at temperatures ranging from 195 to 407 "C (tem-
perature fluctuations during heat treatment estimated to
be + l-3 .C as indicated in Table 2). Two additional 40
mg aliquot parts of the irradiated apatite were heated in
a drying oven at I atm and 100'C for approximately 94
and 242 d respectively.

Standard mounting and polishing procedures were em-
ployed for all experiments. The polished surfaces of a
majority of grains in each mount represented crystallo-
graphic planes parallel to the c-axis owing to the pris-
matic habit of the Tioga apatite. All polished mounts
were etched for 25 s at 2l "C in 5 N HNO3. Immediately
after etching, each sample was washed first in HrO, then
in ethanol, and heated for l0 min at 150 t on a hot
plate. This washing and drying procedure served to re-
move any residual fluid trapped in the etched tracks.

Track length and orientation measurement

Only horizontal, confined fission tracks lying in crys-
tallographic planes parallel to the c-axis were measured
in this study (Fig. l). The following criteria were used to
identify appropriately oriented Tioga apatite grains in un-
polarized transmitted and reflected lieht (e.g., Donelick,
1988): (l) the presence ofa linear interface between the
grain and the epoxy where an inclined prismatic face is
intersected by the polished surface and (2) elongate etch
pit cross-sections that are aligned parallel to the c-axis
due to bulk etching anisotropy (e.g., Singh et al., 1986).
Tracks were viewed in unpolarized transmitted light at
1562.5x (12.5 x oculars, 1.25x projection tube, l00x
dry objective). Individual track lengths and angles to c
were measured using a digitizing tablet interfaced with a
personal computer for rapid data retrieval and subse-
quent manipulation. Positioning of the cursor (with an
attached LED point source) on the digitizing surface was
made possible by a projection tube affixed to the micro-
scope. The digitizing surface was calibrated for length
measurement using a diffraction grating with 600 lines/
mm. The length of each track and its angle to the c-axis
were computed from three digitized points (Fig. lb), one
at ebch end ofthe track and a third along the c-axis from
the second. Repeated measurements performed on indi-
vidual fission tracks indicate that the measurement pre-
cisions (l standard deviation) of individual lengths and
angles are ca. 0.15 pm and ca. 2'respectively.

ExpnnrurNTAL RESULTS

Qualitative description

A minimum of 200 (where possible) confined fission
track lengths and corresponding track angles to the crys-
tallographic c-axis were measured for the 6l partial an-
nealing experiments performed in this study (Table 2).
Green and Durrani (1977), among others, demonstrated

1 6

41.06(28) 40.92(18)
s3.21(25) 53.32(31)
2.37(10) 2.34(211
0.53(02) 0.s4(02)
0.03(02) 0.04(01)
0.84(08) 0.8s(10)
0.42(06) 0.41(04)
0.04(04) 0.03(04)
0j7(02) 0.17(01)
0.18(02) 0.16(04)

n.d. n.d.
98.85 98.78

40.18(20)
53.82(29)
3.32(221
0.3s(01)
0.06(01)
0.05(03)

n.d.
0.33(01)
0.2s(02)
0.72(03)
0.01(01)

99.09

Nofe.'Numbers in parentheses are 1 standard deviation (in significant
figures) for the respective values; n.d. : none detected.

etchable length ofa single population offission tracks in
apatite varies with crystallographic orientation. Tracks
oriented parallel to the c-axis exhibit a greater mean etch-
able length than tracks perpendicular to c, especially at
relatively high degrees ofpartial annealing. Several later
investigations supported this finding (Green, 198 l; Green
et al., I 986; Donelick et al., 1990; Crowley et al., in prep-
aration). The purpose ofthis study is twofold: (l) to pres-
ent an empirical model, based on the crystal symmetry
of apatite, that quantifies the dependence of mean etch-
able fission track length in apatite on track orientation
and (2) to test this model against a series of isothermal
parlial annealing experiments.

ExprnrprnrvrAl- pRocEDURES

Sample details

The apatite chosen for this study was obtained from an
outcrop of the 390 Ma Tioga ash bed (bed B; Way et al.,
1986) located near Old Port, Pennsylvania, U.S.A. (Ro-
den et al., 1990; John H. Way, personal communication,
1987). Several grams of euhedral (typical mean diameter
ca. 150 6rm), chemically homogeneous Tioga apatite grains
(Table l) were recovered using standard heavy liquid and
magnetic mineral separation techniques. Interestingly,
some ofthe apatite grains possess external surfaces that
have been naturally etched, probably by humic acids, re-
vealing faint fission tracks.

Annealing experiments

The Tioga apatite was heated in air at I atm for 12 h
at 500 'C to completely anneal all natural fission tracks.
Only one natural confined fission track was observed to
have survived this heat treatment, presumably because it
was naturally etched, in more than 1000 annealed Tioga
apatite grains prepared as a control. Several grams ofthe
annealed apatite were irradiated with thermal neutrons
at the Oregon State University TRIGA reactor in Cor-
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TleLe 2. Summary of the experimental results
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ln(O T 0- /- l" L or oe
Experiment (t in s) 'C N (deg) (pm) (pm) (pm) (pm) (pm) x" v Q

Tr026'.
Tto27'
Tto24'
Tr025'
Tr028.
Tt023-
Tto22',
Tr021
Tr033
Tt011
Tr006
Tr012
Tr013
Tr014
Tl015A"-
Tt015B*
Tt008
Tr004
Tr016
Tr005
Tr017
Tt018
Tr019
Tr020A'.
Tr020B-
Tt007
Tr035
Tr039
Tr043
Tt046
Tr049
Tt052
Tr041
rD42
Tt045
Tt048
Tr051
Tr054
Tr055
Tr053
Tt050
Tto47
T1044
Tt040
r038t
Tr030
Tt034
Tr036
Tr056
Tt059
Tr062
Tt065
Tt067
Tr066
Tr063
Tt057
Tr060
Tr037
Tt058
Tr031
Tr068
Tt061
Tr064t

5.886 23(21
6.492 23(2)
6.802 23t2)
6.928 23(2)

14.427 2312)
1s.833 23(2)
16.195 23(21
15.915 100(3)
16.858 100(3)
1 1 .498 195(3)
12.000 195(3)
12.500 195(3)
13.000 195(3)
13.500 195(3)
14.000 195(3)
14.000 195(3)
14.501 195(3)
11.000 290(3)
11.501 290(3)
12.000 290(3)
12.500 290(3)
13.000 290(3)
13.500 290(3)
14.000 290(3)
14.000 290(3)
14.501 290(3)
7.090 247(11
7.090 258(1)
7.090 269(1)
7.090 279(11
7.090 290(1)
7.090 302(1)
7.090 311(1)
7.090 323(1)
7.090 332(1)
7.090 342(11
7.090 3s1(1)
7.090 357(1)
7.090 366(1)
7.090 373(1)
7.090 380(1)
7.090 387(1)
7.090 394(1)
7.090 400(1)
7.090 407(11

11.000 200(1)
1 1 .008 21 1(1)
11.002 221(11
11.000 231(1)
11.012 241(11
11.000 250(1)
11.000 259(1)
11.000 270(11
11.000 280(1)
11.000 290(1)
11.000 302(1)
11.010 308(1)
11 .000 315(1)
11.000 323(1)
11.000 328(1)
11.000 333(1)
11.008 3390)
11.000 347(11

155 51.8(16)
118 55.2(2Ol
130 55.8(18)
178 54.2(171
139 53.3(18)
220 53.6(14)
22O 53.8(13)
22O 51.5(16)
264 52.7(12)
215 s0.7(14)
2', t7 51.8(14)
218 51.0(13)
219 s3.8(14)
211 52.4(13)
216 52.3(14)
230 s3.0(13)
222 51.5(13)
201 51.1(15)
208 50.8(1s)
215 s1.5(1s)
237 50.6(14)
216 54.503)
211 52.1(',t41
218 49.3(14)
220 48.s(14)
214 46.303)
249 51.5(13)
228 49.604)
230 49.5(1s)
2s3 52.2(14)
283 54.9(12)
267 53.9(13)
245 s1.0(13)
241 50.8(15)
254 52.4(13)
284 s5.2(12)
272 s4.3(13)
256 52.5(13)
275 54.3(13)
252 52.6(14)
254 52.3(13)
231 40.3(13)
217 41.8(14)
239 39.4(16)

240 50.5(14)
272 54.203)
264 53.3(13)
281 54.8(12)
231 49.4{14)
253 52.2(13)
244 51.1(14)
273 54.q13)
251 52.2(131
273 s4.2(13)
278 54.3(12)
27O 54.0(13)
263 53.3(12)
277 53.7(12)
203 45.3(14)
209 46.3(15)
216 42.7(141

17.08(07) 17.50(14)
17.06(08) 17.43(171
16.91(07) 17 .20(171
17.06(06) 17.38(13)
16.77(08) 17.31(15)
16.58(06) 17.1q12)
16.66(05) 17.16(13)
16.12(06) 16.59(11)
1s.63(05) 16.24(11)
15.18(05) 15.76(12)
1s.14(06) 1s.65(12)
15.0s(05) 1s.88(13)
14.98(0s) 1s.53(13)
14.82(06) 15.62(13)
14.73(05) 15.45(13)
14.70(0s) 15.56(13)
14.63(05) 15.35(12)
12.99(06) 13.81(12)
12.80(06) 13.83(12)
12.51(06) 't3.44(121
12.26(06) 13.61(12)
11.68(06) 12.98(15)
10.97(07) 12.44(14)
10.66(07) 12.46(141
10.58(08) 12.18(13)
10.10(07) 11.70(13)
14.98(05) 15.73(12)
14 99(0s) 15.5401)
14.97(06) 1s.79(1 1)
14.76(05) 1s.71(11)
14.77(05) 15.56(12)
14.21(0s) 15.09(11)
14.18(05) 14.99(11)
13.83(06) 14.83(11)
13.47(05) 14.44(12)
12.91(05) 14.09(12)
12.19(06) 13.49(12)
11.93(07) 13.s2(13)
11.88(06) 13.23(12)
11.56(06) 13.04(12)
1 1.13(06) 12.78(131
9.88(08) 11.49(11)
9.98(09) 't1.62(121
7.3808) 11.35(13)

15.03(0s) 15.66(11)
15.06(05) 15.72(11)
14.88(0s) 15.54{11)
14.69(04) 1s.34(12)
14.s0(06) 1s.29(11)
14.39(05) 1s.1s(l2)
14.13(05) 14.8q11)
13.87(05) 14.91(11)
13.46(0s) 14.43(12)
13.01(06) 14.17(12)
12.51(05) 13.82(121
11.79(06) 12.92(12)
11.16(06) 12.74(13)
11.16(06) 12.88(13)
10.04(08) 11.78(13)
10.13(08) 11.84(12)
9.84(08) 1 1 .61(12)

16.80(10) 0.89
16.86(1 1) 0.91
16.76(10) O.74
16.87(09) 0.83
16.45(10) 0.91
16.28(08) 0.84
16.37(08) 0.79
1s.81(08) 0.83
15.27(07) 0.86
14.79(08) 0.78
14.81(08) 0.87
14.51(08) 0.76
14.67(08) 0.77
14.36(08) 0.83
14.31(08) 0.77
14.21(08) 0.79
14.19(08) 0.75
12.47(O8l 0.86
12.17(081 0.87
11.94(08) 0.92
11.42(08) 0.99
11.06(08) 0.91
10.18(08) 0.96
9.58(08) 1.08
9.55(08) 1.11
8.85(08) 1.O7

14.50(08) 0.85
14.s9(08) 0.72
14.38(08) 0.85
14.18{07) 0.86
14.37(07) 0.82
13.71(07) 0.88
13.66(08) O.78
13.19(07) 0.90
12.89(07) 0.83
12.34(O7l 0.89
1 1.54(07) 0.91
11.09(07) 1.05
11.20(07) 0.99
1O.74(O7l 1.03
10.25(07) 1 .01
8.35(08) 1.18
8.s4(08) 1.26
4.84(06) 2.76

14.62(08) 0.83
u.70ilo7) 0.80
14.49(07) 0.84
14.35(07) 0.75
13.93(08) 0.84
13.91(08) 0.79
13.66(08) 0.79
13.3q04 0.88
12.89(08) 0.85
12.4O(O7) 0.91
11.87(07) 0.91
1 1 .21(07) 0.93
10.37(07) 0.97
10.32(07) 1.01
8.77(08) 1.14
8.92(08) 1 .18
8.40(08) 1.21

0.87 205.1 153 0.003
0.90 167.7 116 0.001
0.73 122.7 128 0.616
0.82 210.5 176 0.039
0.87 187.1 137 0.003
0.81 253.1 218 0.052
0.76 225.9 218 0.U2
0.79 242.8 218 0.120
0.81 308.1 262 0.027
o.72 195.8 213 0.795
0.83 266.7 2',t5 0.009
0.66 167.5 216 0.994
0.73 204.6 217 0.717
0.75 208.6 209 0.494
0.69 183.8 214 0.933
0.70 197.1 228 0.931
0.67 173.9 220 0.990
0.76 204.7 199 0.376
0.70 180.7 206 0.898
0.81 248.5 213 0.048
0.73 226.6 235 0.642
o.74 211.4 214 0.538
0.73 198.2 209 0.692
0.71 194.4 216 0.852
0.80 249.3 218 0.071
0.72 197.0 212 0.762
0.77 259.9 247 0.274
0.66 177.5 226 0.993
0.73 214.4 228 0.731
0.72 230.0 25't 0.826
0.75 282.7 281 0.460
0.77 280.7 265 0.243
0.68 198.8 243 0.982
0.74 230.8 239 0.636
0.70 217.9 252 0.941
0.75 281.3 282 0.500
0.73 256.2 270 0.718
0.80 289.1 254 0.064
0.78 299.3 273 0.131
0.76 254.6 250 0.408
o.71 224.0 252 0.897
0.74 224.2 229 0.577
0.88 300.4 215 0.000
1.53 995.1 237 0.000

o.77 253.0 238 0.241
0.74 264.3 270 0.587
0.78 283.5 262 0172
0.69 239.4 279 0.959
0.73 217.0 229 0.706
0.69 216.3 251 0.945
0.70 213.4 242 0.907
0.74 266.0 271 0.575
0.73 237.4 249 0.690
o.75 273.0 271 0.455
0.73 263.5 276 0.696
0.80 304.7 268 0.061
0.73 245.5 261 0.747
0.71 247.6 275 0.881
o.75 202.1 201 0.464
0.77 221.5 207 0.233
0.78 231.0 214 0.202

Note.' Numbers in parentheses are 1 standard deviation (in significant figures) for the respective values.
- Recalculated from Donelick et al. (1990).

" Labels A and B indicate duplicate analyses of the same sample mount.
t Exoeriments with too few tracks to oermit measurement.
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Fig. 1. (a) Photomicrograph ofa horizontal confined fission

track, indicated by the arrow, in Tioga apatite. (b) Schematic
representatiol ofa with the crystallographic c-axis indicared and
the three points, indicated by solid dots, used for track length
({) and orientation (d,) measurement.

that the mean etchable fission track length in partially
annealed apatite varies continuously between a maxi-
mum for tracks oriented parallel to the crystallographic
c-axis and a minimum for tracks perpendicular to c. All
published graphical representations of this effect depict
track length vs. track angle to the c-axis in Cartesian co-
ordinates (Green and Durrani. 1977'.[-aslett et al.. 1982
Green et al., 1986). A more physically meaningful rep-
resentation is to plot these same values in polar coordi-
nates. This is done in Figure 2 for six partially annealed
fission track populations in Tioga apatite, arranged in or-
der of increasing degree of annealing (i.e., decreasing
arithmetic mean track length).

Apatite belongs to the centrosymmetrical class 6/m of
the hexagonal crystal system. The empirical model
adopted in this study is based on the assumption that
fission tracks in apatite, lying within crystallographic
planes parallel to the c-axis, exhibit etchable lengths that
are distributed about an ellipse. The ellipse has semiaxes
equal to the mean track lengths parallel and perpendic-
ular to c. Rotation ofthe ellipse about the c-axis creates
a triaxial ellipsoid with radii that correspond to the mean
etchable flssion track lengths in all crystallographic direc-

EPOXY
APATITE

7 \

9 ;
|  20pm

PARALLEL TO C-AXIS (pm)
Fig.2. Polar coordinate plots ofsix fission track length pop-

ulations spanning the range ofannealing conditions studied. Best-
fir ellipses are drawn in as solid curves and the lengths oftheir
respective semiaxes are labeled (uncertainties given in Table 2).
(a) T1026 annealed 6 min at 23 "C, O) TI035 annealed 20 min
at 247 "C, (c) TI004 annealed 16 h 38 min at 290 qC, (d) TI050
annealed 20 min at 380'C, (e) T1061 annealed 16 h 46 min at
339 "C, and (f) TI040 annealed 20 min at 400'C.

tions. The mean fission-track length ellipsoid is analo-
gous to the more familiar uniaxial optical indicatrix. For
each ofthe track length populations in Figure 2, best-fit
ellipses are drawn in as solid curves. The track lengths
for the first five cases in Figure 2 (Figs. 2a-2e) appear to
be evenly distributed about the first quadrant of their
respective ellipse. A notable exception to this apparent
behavior is observed for the most severely annealed case
in Figure 2f. In this case, the individual track lengths
oriented at angles greater than approximately 25. to the
crystallographic c-axis exhibit a significant departure from
their best-fil ellipse.

Quantitative description

Mean etchable fission track lengths. Green et al. (1986)
investigated the variation between the arithmetic mean
track length and partial annealing conditions. Table 2
presents the arithmetic mean track lengths (/-), including
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error estimates (significant figures in parentheses), and 3
the arithmetic mean track angles to the crystallographic
c-axis (d*) calculated for the 6l partial annealing exper-
iments performed in this study. The notation used here 2
and below is summarized in Appendix l. Um

Best-fit ellipses, like those depicted in Figure 2, are /l r m\
calculated for each set of track lengths as follows. Con- \r"'/ 

1
sider an ellipse with semiaxes l. and l^. The polar coor-
dinate equation for the radius ofthis ellipse at an angle
d, to semiaxis /. is (after Beyer, 1987) O

87

a

9tr61.ao.g

106 14 18

14 18

I  . ^  . ^ l  l / 2

1" : ItT,o' + "o,To'l (1). o i  
l t ?  t Z  I

In the elliptical annealing model, l" and l^ are the mean
track lengths parallel and perpendicular to the crystallo-
graphic c-axis, respectively, and /,, equals the mean length
at an angle 0,to c. Equalion I is equivalent to the function
E[/d] used by Galbraith and Laslett (1988, p. 308) to
formulate mean etchable fission track length in apatite
and relate this mean to track density. The best-fit values
of /" and l^ for a set of N confined track lengths (1) and
corresponding track angles to the c-axis (d,) are those for
which the chi-square statistic (1'?), calculated as follows,
is minimized (after Press et al., 1986, p. 502-504; Done-
lick. 1988).

u  / ,  r  \ 2

X ' : 2 l t ' -  
I u ' l  

Q )
7-\ o', I

The value of /r, is calculated from Equation l. The param-
eler o0 represents the standard deviation oftrack lengths
about the radius ofthe ellipse at an angle 0, to the c-axis
and is derived below. Calculated values of /" and /" for
each partial annealing experiment are tabulated in Table
2, with their estimated errors (see below) given in paren-
theses.

Fission track length distributions. The conventional
distribution is defined here as the distribution of track
lengths about their arithmetic mean and the elliptical dis-
tribution is defined as the distribution of track lengths
about their best-fit ellipse. The elliptical distribution
analysis includes, as a special case, the conventional ap-
proach. For track lengths measured in crystallographic
planes parallel to the c-axis, the conventional approach
is equivalent to calculating the distribution oftrack lengths
about their best-fit circle, the radius ofwhich equals the
arithmetic mean track length (replace /r, in Eq. 2 with l*,
the arithmetic mean length). The standard deviation of
the conventional track-length distribution (o-) is routine-
ly calculated and reported. The more general approach is
to permit the mean track length to vary with track angle
to the crystallographic c-axis by replacing /. in the con-
ventional distribution analysis with /u,, given by Equation
1. This leads to the following expression for the standard
deviation (o") of the distribution of track lengths about
their best-fit ellipse.

Oe
(pm)

2

0

0.75

106

b

l' (pm)
Fig. 3. (a) Conventional standard deviation (o-) vs. arith-

metic mean fission track lenglh (/-). (b) Elliptical standard de-
viation (o") vs. arithmetic mean fission track length (/^). Typical

2o enor bar for /- is approximately as wide as the symbols used.

Solid symbols, O = 0.05; open symbols, O < 0.05.
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The calculateOlrutrr", of o- and o" for this study are given
in Table 2 and are plotted against the arithmetic mean
length (/-) in Figure 3. Two significant trends are appar-
ent in these data. First, o. is less than o- in all cases, an
expected result because of the greater number of fitted
parameters in the elliptical analysis vs. the conventional
analysis. Second, o" is constant at ca. 0.75 pm over vir-
tually the full range of /- encountered, with the notable
exception of sample TI040 (e.g., Fig. 2f). The value of
a-, however, increases systematically and continuously as
/- decreases, an observation first reported by Green et al.
( l  986) .

Expressions similar to Equation 3 can be written for
the skewness and excess kurtosis of the elliptical distri-
bution (Donelick, 1988). Although not reported, the lat-
ter parameters are found to fluctuate randomly about zero
indicating that fission track lengths are distributed ap-
proximately normally about their best-fit ellipses.

Estimated goodness of fit of the elliptical annealing
model. The value of 12 may be calculated from Equation
2 once the parameter o0,, a measure of the width of the
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6020

trjill 10

10 20

lc (pm)
Fig. 4. Mean fission track length parallel ({) vs. mean length

perpendicular (/.) to the crystallographic c-axis. Typical 2o error
boxes are approximately the same size as the symbols used. The
trend for isotropic etchable fission track-lengh reduction is along
the straight line. Solid circles, Q = 0.05; open circles, e < 0.05.

distribution oftrack lengths about the ellipse at an angle
d, to the c-axis, is known (see Press et al., 1986, p. 503).
The parameter or. is not known a priori but Figures 2a-
2e imply it is constant over all orientations and degrees
of annealing, with the notable exception of the most se-
verely annealed case (Fig. 2f). The elliptical standard de-
viation (o.) is simply an average, over all orientations, of
the parameter or-. Because of this, the near constancy of
o. at 0.75 pm (Table 2 and Fig. 3b) implies rhat the pa-
rameter or, is independent of the degree of track anneal-
ing, except for the most severely annealed cases (e.g.,
TI040). Therefore, a constant value of 0.75 um is used

2.0

30

a-F
o

t
t

o o

typical error 
f

0
0

Ala
II 1"5

1.0

typical error 
]

l3t tc. - !
oo

a

1.3

14 18

lm (pm)
Fig. 5. Al^/Al" vs. arithmetic mean fission track length (/-).

A typical 2o error bar is included. The initial condition used is
experiment T1026. Solid circles, Q = 0.05; open circles, e <
0.05.

6 10

€m 50

(deg) 
40

6 10  14  18

lm (pm)
Fig. 6. Arithmetic mean track angle to the crystallographic

c-axis (d-) vs. arithmetic mean fission track length (/_). A typical
2o error bar is included. Solid circles, Q > 0.05; open circles, Q
< 0.05.

for the parameter ou to calculate 1, from Equation 2. The
number of degrees of freedom (z) is given by N - 2,
where 2 corresponds to the number of parameters being
fit. The goodness of flt (Q; probability of greater chi-
square) is estimated for 12 and z using the incomplete
gamma function (Press et al., 1986, p. 160-165). Values
of y2, v, and Q calculated for each partial annealing ex-
periment are given in Table 2. The fit is considered good
when Q is 0.05 or larger.

Estimated errors of the mean track lengths parallel and
perpendicular to the c-axis. Fission track lengths are ap-
proximately normally distributed about their best-fit el-
lipse (Donelick, 1988). Therefore, the square-roots of the
diagonal elements in the formal covariance matrix of the
fit are valid estimators (1 standard deviation) of the er-
rors of the respective fitted parameters /" and /, (Press et
al., 1986, p.534-537\.

DrscussroN

Fifty-two of the 6l measurements passed the chi-square
test at the 0.95 confidence level (O = 0.05; Table 2). The
failures include sample TI040 (Fig. 2f) which, as dis-
cussed above, exhibits a significant departure ofindivid-
ual track lengths from its best-fit ellipse at track orien-
tations greater than approximately 25" to the
crystallographic c-axis. This particular failure provides
statistical evidence that best-fit ellipses do not account
for all of the variation in mean fission track length with
crystallographic orientation at the highest degrees of track
annealing (i.e., l^ less than approximately 8.4 pm). The
eight other cases where B is less than 0.05 are not con-
sidered significant insofar as they do not indicate failure
of the elliptical annealing model. For all of these cases,
other experiments with Q greater than 0.05 were encoun-
tered that exhibit similar mean track lengths (for example
compare TI027 and TI025 in Table 2).

Experiments TI0l5 and TI020 were analyzed twice to
test the reproducibility of the three mean fission track
Iength types tabulated in Table 2 (l^, 1", and l^). The repeat
measurements were performed several months after the

53
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first and the samples were selected randomly and masked
by a co-worker to avoid measurement bias. For both
samples, the three mean track lengths are reproduced
within a limit of two standard deviations (a precision of
ca. 2o/o).

Consider the mean etchable fission track lengths par-
allel (/.) and perpendicular (/.) ro rhe crysrallographic
c-axis in Table 2. For /" greater than approximately 8.4
pm (the lower limit of strict applicability of the elliptical
annealing model), the following generalizations can be
made. First, /" is greater lhan l^ in all cases (Fig. 4), the
difference increasing systematically and continuously as
the degree of partial track annealing increases. This re-
lation holds even for the lowest degrees oftrack annealing
(e.g., experiment T1026), an observation that may be re-
lated to the track etching procedures employed (Crowley
et al., in preparation; K. Crowley, personal communica-
tion, 1990). Second, the ratio Al^/Al. is approximately
constant at 1.3 (Fig. 5). This feature was first pointed out
by Carlson (1990).

Figure 6 is a plot of arithmetic mean track angle to the
crystallographic c-axis (d-) vs. arithmetic mean track
length (/-) for each experiment. There is an overall de-
crease ofd- as /* decreases, consistent with the increased
likelihood of etching tracks at low angles to the crystal-
lographic c-axis as track length anisotropy increases (Las-
lett et al., 1982). In detail, however, the trend is discon-
tinuous, with d- being nearly constant at ca. 53. for /-
greater than ca. I I pm. The significance of this discontin-
uous trend is unclear.

The elliptical annealing model is useful for interpreting
results obtained from partial annealing experiments be-
cause calculated values of /. and { are independent of
mean track orientation (0_) and they are determined at
fixed crystallographic orientation. Consider experiment
T106l, which exhibits a strong dependence of mean fis-
sion track length on crystallographic orientation (Fig. 2e
and Table 2). The lack of dependence of /" and /. on d-
is illustrated in Figure 7 using six different subsets
of the 216 track lengths measured for T106l. These six
track length subsets are characterized by unique values
of d*, ranging 60.2 1o 27.8, and include the following
tracks (Table 3): (a) only tracks oriented >45. to the crys-
tallographic c-axis; (b) every third track <45. plus all
tracks >45o; (c) two of every three tracks <45" plus
all tracks >45'; (d) every track <45. plus two of every
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Trau 3. Summary of the cpnventional and elliptical distribution analyses for six component fission track populations of experiment
Tr061

on qe

0.m) (pm) x"
t"

0.m)
t.

(pm)
t^

(pm)
0^

Subset. N (deg)

PARALLEL TO C-AXIS (pnt)
Fig. 7 . Polar coordinate plots of six component fission track

populations of experiment T106l (see text; compare to Fig. 2e).
Best-fit ellipses are drawn in as solid curves and the lengths of
their respective semiaxes are labeled (uncertainties given in Ta-
ble 3). Values of the arithmetic mean track angle to the crystal-
lographic c-axis (d-) for each plot are (a) 60.2, (b) 51.2", (c)
48.3', (d) 37.4', (e) 35.1", and (f) 2T.S respectively.

three tracks >45'; (e) every track <45'plus every third
track >45o; and (f) only tracks <45'. The calculated values
of /" and /" for these six track-length subsets of T106l are
reproducible, within the estimated errors, over the full
range ofd- investigated(Table 3). However, the arithmetic
(conventional) mean track length (/-; Table 3) is not re-
producible over the range ofd- studied.

a 99 60.2112) 9.04(08) 10.89(62)
b 138 51.2(16) 9.47(10) 11.65(20)
c 157 48.3(16) 9.56(09) 11.s9(16)
d 166 37.4(15) 10.09(09) 11.63(13)
e 1s0 35.1(1s) 10.20(10) 11.66(13)
t 1' t7 27.8(12) 10.52(10) 11.69(14)

8.55(1 4)
8.42(0s)
8.46(09)
8.38(10)
8.3402)
8.2607)

0.82 0.77
1.14 0.80
1.12  0 .78
1.21 0.80
1.17 0.76
1.05 0.78

103.2
154.3
168.2
185.5
151 .4
125.8

97 0.314
136 0.135
155 0.222
164 0.120
148 0.408
115 0.231

/Vote.'Numbers in parentheses are 1 standard deviation (in significant figures) for the respective values.'Track length subsets correspond to the plots in Figure 7.
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Length Applicablerange
type (pm)

E " A
n (kJ mol 1) (pm)

TaeLe 4. Empirical constants for Carlson's (1990) apatite fis-
sion-track annealing model
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Note.'Values were determined by chi-square minimization using values
of I and I from Table 2 for which O > 0.05.

The elliptical annealing model may lead to a better
understanding ofthe kinetics ofthe fission track anneal-
ing process as a function of crystallographic orientation.
Carlson (1990) quantified a physical model for apatite
fi ssion-track annealing that includes three experimentally
derived empirical constants: n, related to the defect den-
sity distribution in the latent (unetched) fission track; -8"
(defined as Qby Carlson, 1990), the activation energy for
defect eliminatiola:, A, a rate constant. These three em-
pirical constants, determined by chi-square minimization
using Carlson's Equation 5 for isothermal heating histo-
ries, are compiled in Table 4 for values of { and /, from
Table 2 for which O = 0.0S. Note that the defect-density
distribution terms and activation energies for both of these
crystallogaphic orientations are approximately equal. The
invariance ofthe activation energy was first suggested by
Donelick (1988) and Ravenhurst et al. (1989).

CoNcr.usroNs

The proposed elliptical annealing model permits the
mean frssion track lengths parallel ([) and perpendicular
(4) to the c-axis to be reliably determined, as long as /"
> 8.4 pm. For /" < 8.4 pm, fission track length distri-
butions are not adequately described by ellipses. The fol-
lowing trends are observed for /" = 8.4 pm: (l) calculated
values of /" are always greater than /", the difference in-
creasing systematically and continuously as the degree of
track annealing increases; (2) Al^/Ll" is approximately
constant at 1.3; and (3) /" and /, are independent, within
effor, of the arithmetic mean track angle to the c-axis.

The etchable lengths of a single population of fission
tracks in apatite are distributed normally about their best-
fit ellipse with a typical standard deviation of 0.75 pm,
as long as /u > 8.4 pm. For /" < 8.4 p.m, fission tracks at
relatively high angles to the c-axis experience accelerated
etchable length reduction and the elliptical model fails.
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AppnNnrx 1. Nor,c.rroN

I duration of an individual isothermal partial anneal-
ing experiment (s)

T temperature of an individual isothermal partial an-
nealing experiment ('C)

N number of fission tracks measured for an individual
partial annealing experiment (dimensionless)

{ measured length of fission track I (pm)

measured angle to the crystallographic c-axis of fis-
sion track i (degrees)
radius of ellipse (mean track length) at an angle d, to
the c axis fum)
standard deviation ofthe track lengths about the ra-
dius of an ellipse at d, degrees to the crystallographic
c-axis (pm)
arithmetic mean track angle to the crystallographic
c-axis (degees)
arithmetic (conventional) mean fission track length
0rm)
mean fission track length parallel to the crystallo-
Faphic c-axis (pm)
mean fission track length perpendicular to the crys-
tallographic c-axis fum)
standard deviation of the track-length distribution
about the arithmetic (conventional) mean (pm)
standard deviation of the track-length distribution
about the ellipse fum)
chi-square statistic (dimensionless)
number of degrees of freedom (dimensionless)
probability of greater chi-square (dimensionless)
empiricd latent (unetched) fission track defect den-
sity distribution constant (dimensionless; Carlson,
1990)
empirical activation energy constant for latent
(unetched) fission track defect elimination (kJ mol-l;
after Carlson, 1990)
empirical rate constant for fission track etchable
length reduction fum; Carlson, 1990)
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