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ABSTRACT

Simple quantum models (Einstein and Debye) of lattice heat capacity and entropy may
be used to predict the magnitude of the dependence of entropy on volume for silicate
minerals. The origins for the volume effect as well as the effect of variation in coordination
state of cation polyhedra on the third-law entropy are explored and rationalized within
the framework of simple lattice-vibration theory. It is shown that Einstein and Debye
theories for solids predict a value for (85/8V),es of about 1.0 J-K-'-cm™3, precisely the
value found from regression of a set of 60 experimentally measured entropies and volumes
of silicates and oxides. An additive model for estimating the entropies of mineral end-
members at 298 K, based upon the scheme advocated by Fyfe, Turner, and Verhoogen
(1958), but allowing for coordination changes, is developed and evaluated by multiple
regression of this body of measured data. The entropy-volume-coordination model fits
these data better than any previously published scheme and works remarkably well even
for transition metal-bearing phases when allowance for magnetic disordering is made.
Phases such as magnetite and hematite that undergo magnetic disorder at temperatures
above 298 K can be accommodated within the model by correcting for the partial disorder
at 298 K using simple Landau theory. The model predicts silicate and oxide entropies in
the system K,0-Na,0-CaO-MgO-FeO-Fe,0,-MnO-Ti0,-ALO,-Si0, with uncertainties

typically in the range of 0-2%, even for the Fe-, Mn-, and Ti-bearing phases.

INTRODUCTION

As increasing reliance is being placed on thermody-
namic modeling to interpolate and extrapolate experi-
mentally determined mineral equilibria in petrology, so
the need for reliable estimates of entropy for mineral
phases increases accordingly. While recent years have seen
a remarkable number of new precise experimental deter-
minations of the heat capacities and, by direct integra-
tion, the entropies of mineral end-members, there are still
many phases remaining that require methods of estima-
tion. The reasons for this need, which will never entirely
disappear, are (1) calorimetric determinations of entropy
require considerable effort and are time-consuming; (2)
often a chosen mineral end-member cannot easily be ob-
tained either in pure enough form or in sufficient quantity
for measurement; or (3) the end-members to be deter-
mined are fictive in the sense that they are not stable for
the chosen structure or composition.

In principle at least, entropies (and all other thermo-
dynamic functions) may be calculated from spectroscopic
determination of the lattice-vibration spectrum for solid
crystalline materials. Rigorous determinations have rare-
ly been attempted (but see Salje and Werneke, 1982, for
andalusite and sillimanite) although simplifications in
modeling the phonon density of states function, as in Kief-
fer (1980), have produced encouraging results. Apart from
the fact that this approach is even more labor-intensive

0003-004X/89/0102-0005%02.00

than direct calorimetry and therefore unlikely to become
commonly used, there still remains the problem of un-
availability of the required material in pure form or in
the relevant structural state. The astonishing success of
Price et al. (1987) in accurately predicting the heat ca-
pacity, entropy, and compressibility of forsterite from a
set of independently derived interionic potentials holds
obvious promise for the future—if this technique be-
comes widely used (and extended to a larger system than
Mg-Si-0). However, until such time, simpler, quicker
methods must be found that afford reliable estimates of
mineral entropies and that can be based on a minimum
of measured properties.

Past efforts to find estimates of entropy have been re-
markably successful at the 5-15% accuracy level, and all
involve some modification of the Newmann-Kopp rule,
which is based on the observation that heat capacities
(and therefore entropies) of complex compounds may be
estimated by summing, in stoichiometric proportions, the
heat capacities or entropies of simpler chemical entities.
Latimer (1951, 1952) and Fyfe et al. (1958) used entro-
pies of the elements and of oxides respectively to estimate
entropies of more complex compounds. Fyfe et al. noted
the positive correlation between molar volume and en-
tropy and incorporated a simple volume correction factor
in their estimation scheme:

S, =znS, + k(V, — ZnV),
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where §; is the entropy (to be determined) of phase j, |14
is the molar volume of phase j, whereas .S, and V. are
entropies and volumes of the #, oxide components i re-
quired to make up phase j, and  is an arbitrary constant
determined from measurements.

Helgeson et al. (1978) improved matters somewhat by
taking structurally analogous mineral phases as compo-
nents instead of oxides; this has the advantage that dif-
ferences in coordination state between the components
and the phase “being built” are minimized. It has long
been recognized that the coordination state affects the
entropy; the difference between Al in octahedral and tet-
rahedral sites may be readily evaluated and has been used
in simple calculations (e.g., Holland and Richardson,
1979) on mineral stability. Recognizing the importance
of coordination, Robinson and Haas (1983) used multi-
ple regression to derive a set of fictive oxide components
from the available measured mineral entropies and heat
capacities. The result was a set of oxide components, in
varying coordination states, which could be summed di-
rectly to estimate the entropy of any desired oxide or
silicate. While having the advantage over the structural
analogue approach of path independence, the neglect in
Robinson and Haas’s mode! of the volume correlation,
which was so successful in earlier approaches, makes their
method less powerful than it could have been.

It was the lack of TiO,, MnO, and Fe,O; in the Rob-
inson and Haas scheme as well as its inability to predict
accurate entropies for common pyroxene and amphibole
components that led to the model proposed here. Some
of the more notable entropy discrepancies in the Robin-
son and Haas method (see column RH in Table 2) are
hercynite (+11 J-K), cordierite (+17 J-K'), jadeite
(=16 J-K~), tremolite (—21 J-K), leucite (+12 J-K-1),
pyrope (—14 J-K-') and grossular (+43 J-K), all of
which would cause unacceptable errors in phase-equilib-
rium calculations. The volume-corrected methods of Fyfe
et al. (1958) and Helgeson et al. (1978) generally work
quite well, and there are sound theoretical reasons for a
positive correlation between volume and entropy that
warrant a brief review before presenting the revised es-
timation method and results.

THE ENTROPY-VOLUME RELATIONSHIP REVIEWED

Although the relationship of entropy to mass is well
known and has been discussed and used by Latimer (1951,
1952), in the methods to be discussed below, fictive com-
ponents are summed to “build” mineral entropy so that
mass is conserved. In their discussions, Fyfe et al. (1958)
called upon the relation

8S/8V), = o/ = (OP/AT),

to explain the positive correlation of entropy with vol-
ume and to justify the positive sign of the correlation.
While it is true that /3, the ratio of thermal expansion
to compressibility, is generally a small positive number,
this equation does not provide a satisfying explanation of
the effect at an atomistic or structural level. The reason

for a positive correlation of entropy with volume can be
seen most easily by considering the role of lattice vibra-
tions in determining the heat capacities and entropies of
crystalline solids. The simplest quantum model for lattice
heat capacity was devised by Einstein to explain the fall
off of heat capacity to zero as the absolute zero of tem-
perature is approached. In this model the crystal is as-
sumed to be composed of 3N independent one-dimen-
sional harmonic oscillators vibrating with frequency »,
where N is Avogadro’s number. The Einstein model heat
capcity for 1 mol of a phase containing # atoms in its
formula unit is given by

Cy, = 3nR[u?e"/(e — 1),

where R is the gas constant, and ¥ = hv/kT, with h and
k being Planck’s constant and Boltzmann’s constant, re-
spectively. The entropy according to this model is

S =3nR{[u/(e* — 1)] — In(1 — e¥)}.

While the heat capacity of an Einstein crystal does not
match the behavior of real crystals perfectly at low tem-
peratures, it does simulate the trend remarkably well for
a simple one-parameter model.

Next to be considered is the role of molar volume,
whose importance lies in its relationship to the term u =
hv/kT. Enlarging the cell volume of a simple crystal whose
atoms vibrate at a characteristic frequency has the effect
of moving apart the component atoms, thus reducing their
bond stiffnesses and lowering their vibrational frequency
(in proportion to (V,/¥)*). Figure 1 illustrates the general
dependence of heat capacity on vibrational frequency, and
from the definition of the third-law entropy,

T
c
S=f—”dT,
T OT

one can see clearly that lowering the frequency by length-
ening and weakening the bonds causes an increase in en-
tropy. To be more rigorous, C, must be converted to C,
with the relation

Co=C, + TVa?/B,

although the difference is negligible at low temperatures
for solids.

The magnitude of the volume effect on the entropy of
an Einstein solid is given by

(0S/8V )05 = (Qu/AV NOS/A1t) 55

which, from u = u,(V,/V)* and the Einstein expression
above for the entropy, one finds by substitution that

8S/0V )05 = nRuY[Viev — 1)1 — e™)].

In this expression, V is the molar volume of the mineral
concerned. Evaluating this expression at 298 K for all
phases listed in Table 1, the mean value of (35/9V ), is
found to be 1.07 + 0.11 J-K-*-cm™3. This value is a nu-
merical measure of the constant k in the Fyfe et al. en-
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tropy-estimation scheme discussed above and is in ex-
cellent agreement with the value found empirically below.

Although the above model is simple, the Einstein ap-
proximation is nevertheless remarkable in describing, with
only one adjustable parameter, the heat capacity and en-
tropy of crystals, and it should give a reliable estimate of
the volume dependence of the entropy. The relationship
of normal mode frequencies to entropy will be explored
further later, but in passing it should be noted that the
effect of volume on heat capacity will lessen at higher
temperature where thermal agitation is more pronounced
and will tend to mask the smaller volume-related effect.
It is for this reason that high-temperature heat capacities
may be modeled quite reasonably by a simple additivity
of oxides approach without consideration of the volume
correction (as done by Berman and Brown, 1985).

It is interesting to inquire whether an increase in the
sophistication of the assumptions used alters this result,
and so the above exercise was repeated using the Debye
model for heat capacities. In place of a single frequency
to characterize the vibrational spectrum, Debye assumed
a quadratic density of states g(») = a»?, which is the cor-
rect behavior in the low-frequency limit for a continuum,
with a cut-off value at »,,,. A similar approach to that
taken above, using the Debye (D) expression for the en-
tropy with 8, = hv,,./k expressed in parameterized form,
gives

Sosn = n(13141/8;, — 3.81)

where the constants were determined from a least-squares
fit to the Debye entropy function at 298 K and entropy
is in J-K-!-mol~}; hence,

(3S/8V )y05 = (S + 3.81n)/3V,

which on evaluation (Table 1) gives a slightly lower value
of (35/8V )5 = 0.93 = 0.10 J-K'-cm . Given that the
Debye approximation is often used best in the low-tem-
perature limit and the Einstein model often works well
for approximating the high-temperature behavior, an av-
erage might be appropriate, and a value of unity for the
proportionality constant k is accepted, as predicted from
simple lattice-vibration models.

THE RELATIONSHIP BETWEEN ENTROPY AND
COORDINATION

Having examined the entropy-volume relationship, 1
now turn to look briefly at the role of coordination state.
As a simple example, I will take the Ca,SiO, minerals
larnite and calcium olivine that have entropy values of
127.6 J-K~' and 120.5 J- K, respectively, despite larnite
having the smaller volume. Clearly larnite owes its higher
entropy to the distorted and much larger site for one of
its two Ca ions (see Table 1), while presumably it man-
ages to keep its volume reduced by a suitable packing
arrangement of alternating large (M2) and small (M1) Ca
sites. Thus the dominant control of the entropy difference
between Ca olivine and larnite lies in the coordination
change from 6 to 8 one of its Ca sites, as would be pre-
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Fig. 1. Heat capacities calculated from the Debye theory us-
ing three values for the Debye temperature §;, to show the effect
of varying the vibrational frequency (f, = hv/k). Filled circles
are experimentally measured C, data for forsterite.

dicted by the simple vibrational models discussed above.
Kieffer (1982) has drawn attention to the fact that the
entropy is sensitive to the position of the lowest-frequen-
cy optic modes, which are those usually associated with
internal vibrational modes of cation polyhedra in sili-
cates, and one should thus expect, as a general rule, that
increasing coordination state will lead to an increase in
entropy.

Exceptions to this simple notion are numerous, and it
is often impossible to apply it straightforwardly to com-
plex silicates because in many instances it is not the in-
ternal modes associated with a coordination polyhedron
that dominate the low-temperature heat capacity, but the
external modes associated with the linkages between the
polyhedra. A classic example is the case of the three alu-
minosilicate polymorphs kyanite, andalusite, and silli-
manite. All three minerals contain SiO, tetrahedra and
chains of edge-connected AlO, octahedra, but an extra Al
in the formula occurs in 6-fold octahedra in kyanite, in
irregular 5-fold coordinated polyhedra in andalusite, and
in 4-fold tetrahedra in sillimanite. The entropies at 298
K are 82.3,91.4, and 95.8 J-K-!-mol™, respectively; thus
it is usually argued that the entropy increase in these min-
erals occurs in response to reduction in the coordination
state. However, in these polymorphs the entropies in-
crease in the reverse order from that predicted by the
frequencies of the internal vibrational modes; the average
polyhedral Al-O bond is shortest and stiffest in the tet-
rahedral sites (sillimanite) and longest in the octahedral
sites (as in kyanite), yet Kieffer (1982) noted that the low-
est-frequency optic mode occurs at 115 cm~' in silliman-
ite, at 156 cm~! in andalusite, and at 237 cm™ in kyanite.
Thus it is reasonable to infer that it is not the internal
vibrational modes of the characteristic Al polyhedra in
these silicates that dominate the sequence of lowest optic
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TaBLE 1. Entropy, volume, and composition data for phases used in the regression

Phase* % St Ref.§ Phase* % St Ref.§

Magnetite (mt) 44.53 126.2 1 Wollastonite (wo) 39.93 81.7 10
Fe,O,, FeO (—19.9)f ®ICa0, Sio,

Hematite (hem) 30.27 82.3 1 Calcium Tschermak's pyroxene (cats) 63.56 135.3 11
Fe,0, (—-5.1)f BICa0, 0.5E1A1,0,, 0.54Al,0,, “SiO,

Titanomagnetite (Timt) 46.82 1421 1 Diopside (di) 66.19 142.7 10
2Fe0, ©ITiO, (—26.8)% ®ICa0, ©MgO, 241Si0,

Calcium ferrite (CaFt) 44.98 115.6 1 Enstatite (en) 62.68 1325 10
®Ca0, Fe,0, (—29.8)% "MgO, ¥MgO, 24Si0,

Dicalcium ferrite (DCFt) 67.18 159.0 1 Rhodonite (rho) 35.18 87.6 1
218Ca0, Fe,0, (—29.8)f EMnO, “SIO, (—14.91%

Acmite (acm) 64.59 155.7 2 Tremolite (tr) 272.70 549.1
0.5INa,0, 0.5Fe,0,, 211Si0, (—14.9)% 2181Ca0, 51MgO, 8¥1Si0,, H,O(b)

Jadeite (jd) 60.40 133.5 1 Anorthite (an) 100.79 199.3 1
0.5%Na,0, 0.5¥1AL0;, 21Si0, ©ICa0, WAlLO,, 2Si0,

limenite (iim}) 31.69 95.5 1,3 Merwinite (merw) 98.47 253.1 1
FeO, ®TiO, (—13.4)% 3eICa0, FIMgO, 2141Si0,

Spinel (sp) 39.78 30.6 1 Microcline (micr) 108.72 214.2 1
MO, ®AL0, 0.51K,0, 0.5¥1Al,0,, 34Si0,

Rutile {ru) 18.82 50.3 1 Kaliophilite (kal) 59.89 133.3 1
EITIO, 0.51K,0, 0.54A1,0,, WSiO,

Tridymite (trid) 26.53 43.9 1 Leucite (Ic) 88.39 184.3 1
“8i0, 0.58K,0, 0.54A1,0,, 24Si0,

Manganosite (mang) 13.22 44.8 1 Albite (ab) 100.04 207.4 1
EFMnO (—14.9)f 0.5"INa,0, 0.5A1,0,, 31Si0,

Lime (lime) 16.76 38.1 1 Nepheline (ne) 54,16 124.4 1
®Ca0 0.5°INa,0, 0.5MAL,0,, MSiO,

Periclase (per) 11.25 27.0 1 Muscovite (mu) 140.83 287.7 1
EIMgO 0.5®1K,0, EIAL0,, 0.5¥AI,0,, 3ISi0,, H,0(a)

Corundum (cor) 25.58 50.9 1 Phlogopite (ph) 149.64 315.9 12
BIALO, 0.5°1K,0, 31IMgO, 0.511A1,0,, 3¥SiO,, H,O(b)

Hercynite (herc) 40.75 92.9 1 Talc (ta) 136.25 260.8 1
FeO, ®AL0, (—13.4)t 3IMgO, 441Si0,, H,O(b)

Hedenbergite (hed) 67.88 160.8 4 Pyrophyliite (pph) 127.61 2394 1
®1Ca0, FeO, 24Si0, (—-13.4)f BIALLO,, 4418i0,, H,0(a)

Ferrosilite (fs) 65.92 162.5 5 Anthophyllite (anth) 265.4 537.0 10
2Fe0, “ISiO, (—26.8)} 2MgO, 5IMgO, 8141Si0,, H,O(b)

Kyanite (ky) 44.09 82.3 6 Clinochlore (clin) 210.9 397.6 13
EIALO,, “ISIO, 5IMgO, 0.51%A1,0;, 0.51A1,0,, 3USi0,, 4H,0(b)

Sillimanite (sill) 50.03 95.8 6 Margarite (ma) 129.60 263.6 14
0.5®ALLO,, 0.5¥AI,0;, “Si0, EICa0, BALQ,, MAlO,, 241Si0,, H,O(a)

Calcium olivine (caol) 59.11 120.5 1 Paragonite (pa) 132.11 2771 12
20ICa0, “Si0, 0.5INa,0, WALQO;, 0.5MAl,0;, 34Si0,, H,0(a)

Larnite (larn} 51.6 127.6 1 Diaspore (dia) 17.76 35.3 1
®Ca0, BiCa0, “ISi0, 0.561A1,0,, 0.5H,0(a)

Gehlenite (geh) 90.24 198.6 1 Gibbsite (gib) 32.03 68.4 1
#ICa0, BICa0, WALO,, “Si0, 0.5®AL,0;, 1.5H,0(a)

Akermanite (ak) 92.54 209.2 1 Prehnite (pre) 140.26 292.8 14
®Ca0, PICa0, MIMgO, 2141Si0, 21%Ca0, 0.5%A1,0,, 0.54A1,0,, 3Si0,, H,0(b)

Monticellite (mont) 51.48 108.1 7 Chrysotile (chy) 107.46 221.3 1
®ICa0, FIMgO, “Si0, 3IMgO, 241Si0,, 2H,0(a)

Sphene (sph) 55.65 129.3 1 Zoisite (zo) 135.88 295.9 14
®Ca0, EITiO,, “ISiO, 2CICa0, 1.50A1,0,, 3¥ISi0,, 0.5H,0(b)

Fayalite (fa) 46.30 124.2 8 Almandine (alm) 115.11 299.6 15
2Fe0, “ISiO, (—26.8) 3lFeQ, B1ALLQ,, 3Si0, (—40.1)%

Forsterite (fo) 43.66 94.1 9 Pyrope (py) 113.18 266.3 16
28MgO, MSiO, 3EMgO, BIAL0,, 3Si0,

Cordierite (crd) 233.22 4071 1 Grossular (gr) 125.35 254.7 17
28IMgO, 2¥AL0,, 550, 36Ca0, ®ALQ0,, 3Si0,

Tephroite (teph) 48.61 133.4 1 Andradite (andr) 132.04 286.6 18
2EIMnO, “ISiO, (—29.8)t 36ICa0, fFe,0,, 3Si0, (—29.8)t

* Phase name, abbreviation, and composition. Numbers in brackets represent coordination state (see text),

** V, volume, in cm3-mol-'.
1 S, entropy, in J-K-'-mol-",

1 Entropy corrected by this amount for magnetic and/or other disorder (see text).

§ References: (1) Robie et al., 1979; (2) Ko et al., 1977; (3) Anovitz et al., 1985; (4) Haselton et al., 1987; (5) Bohlen et al., 1983; (6) Robie and
Hemingway, 1984a; (7) Sharp et al., 1986; (8) Robie et al., 1982a; (9) Robie et al., 1982b; (10) Krupka et al., 1985; (11) Haselton et al., 1984; (12)
Robie and Hemingway, 1984b; (13) Henderson et al., 1983; (14) Perkins et al., 1980: (15) Bohlen et al., 1986; (16) Haselton and Westrum, 1980; (17)

Perkins et al., 1977; (18) Robie et al., 1987.

modes, and hence entropies, but some unspecified exter-
nal modes associated with the linking of the polyhedral
units. We must therefore expect the common occurrence
of phases in which the positive entropic effect of smaller
and more rigid polyhedra is offset by the lower rigidity

of the interconnecting framework. Given that the entropy
and other thermodynamic properties are functions of the
average vibrational spectrum, we might expect that the
molar volume should reflect the overall bonding, and
hence vibrational, state of the crystal. In the aluminosil-
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icate example, the entropies of the three polymorphs are
indeed proportional to their molar volumes.

From the above discussion it is clear that the effects of
cation coordination as well as the volume contribution
must be incorporated into the additivity models for min-
eral entropy estimation, although in many complex sili-
cates it may be impossible to ascribe anomalous entropy
to any one particular structural feature. Any model based
solely on the coordination state and molar volume can
form only a crude guide to the vibrational spectrum, but
as shown below may be sufficiently accurate in predicting
entropies of silicates from a minimum of information.

Some non-lattice-vibrational contributions to entropy

Contributions to the entropy arising from phenomena
other than lattice-vibration effects have been discussed in
considerable detail in the literature, and the interested
reader may turn to the review article by Ulbrich and
Waldbaum (1976) for more detail. For the present pur-
poses, all such contributions to the 298-K entropy must
be removed before looking at the relationship of entropy
with volume, and so terms arising from magnetic as well
as site disordering and possible electronic effects arising
from Jahn-Teller site distortions and other crystal-field
effects must be taken into account.

The site—configurational entropy terms involved in, for
example, Al-Si order-disorder on tetrahedral sites, have
been removed from the tabulated entropies, and only the
calorimetric entropies have been used in the following
analysis. Care must be taken when using tabulated entro-
pies; in the tables of Robie et al. (1979), certain phases
have had an arbitrary configurational term added, an ex-
ample being muscovite for which the full —4R[0.75
In(0.75) + 0.25 In(0.25)], amounting to 18.7 J-K~'-mol-,
has been added. It remains a debatable point whether this
is always justified, and in the case of muscovite, the ex-
perimental phase relations are consistent only with a
largely ordered state. Strong short-range order can reduce
the entropy contribution to very small values, and recent
work suggests that (Al,Si) in muscovite is ordered on a
local basis (Herrero et al., 1987).

Magnetic order-disorder transformations at low tem-
peratures are quite common in minerals containing tran-
sition metals and give rise to substantial heat-capacity
anomalies (A peaks) that contribute to the entropy at 298
K. Although the A anomaly occurs at different tempera-
tures and varies in size in different minerals, the contri-
bution to the entropy is ideally given by S = R In(2s +
1), where s is the spin quantum number. Thus, for Fe?*,
s is 2 and contributes RIn 5 (13.4 J-K-!-atom™'), whereas
for Fe** and Mn?*, s is 5/2 and so the entropy contribu-
tion becomes R In 6 (14.9 J-K-'-atom™!). In the analysis
to follow, these ideal entropies for magnetic disorder have
been subtracted from the phases that have a low-temper-
ature magnetic transformation. The minerals hematite and
magnetite require special comment as they are character-
ized by having their magnetic A transitions at tempera-
tures well above 298 K, but have long tails to their A
anomalies extending down to temperatures below 298 K;

thus there is likely to be some small contribution to the
entropy arising from the incipient disorder of the mag-
netic spins below 298 K. One way of estimating the mag-
nitude of this contribution is to apply simple Landau the-
ory (for a good mineralogical review of the basic concepts,
see Carpenter, 1988) to these magnetic transformations.
Landau theory for tricritical behavior leads to the follow-
ing useful expression for the entropy as a function of tem-
perature below T.:
Stansan = Small = (1 = T/T)"]

where S,,. is the maximum entropy expected for the
transformation, i.e.,

7 Cex

ar
o T

Smax =

and C¥ is the excess heat capacity relative to the fully
ordered phase. It is conventional, in Landau theory, to
take excess properties relative to the disordered, high-
symmetry, phase, whereas the above expressions have
been rearranged according to the more usual petrological
convention. For hematite (7, = 955 K, S,.. = 2R In 6),
the entropy contribution at 298 K, from the equation
above, is 5.1 J-K-'-mol-!, amounting to 17% of the max-
imum entropy that would be gained only at 7= 955 K.
The conclusion is that even though 298 K is well below
T, the effect of the tail in the A heat-capacity anomaly is
not negligible, and the value of 5.1 J-K~!-mol~! should
be subtracted from the calorimetric entropy of hematite
if one wishes to determine the lattice-vibrational portion
of the entropy. A similar argument for magnetite (7, =
848 K) suggests that the entropy of magnetite should be
decremented by 8.4 J-K-!'-mol~! to allow for the \ tail
effect. Magnetite still requires a further adjustment of ap-
proximately —2R In 2 J-K-'-mol~! to allow for the dis-
ordering transformation (normal to inverse spinel) that
occurs at 115 K.

A further problem is the variable entropy contribution
from transition-metal ions {in this study in FeO, Fe,O;,
TiO,) due to polyhedral site distortions. The subject has
been discussed by Wood (1981) who showed that crystal-
field effects can be large and important for these cations
under some circumstances. The effects discussed by Wood
should be maximal only at very low temperatures and for
extreme differences in the shape of a distorted and un-
distorted polyhedron; the success of the simple model to
be discussed in the next section implies that at 298 K
these crystal-field terms probably make only a small con-
tribution to the entropy.

PROPOSED ESTIMATION METHOD AND RESULTS

Realizing the need to incorporate the effects of both
volume and coordination and the fact that both of these
are only an approximate guide to the vibrational contri-
bution to the specific heat and entropy, one opts for the
simplest possible model—that of Fyfe et al. (1958)—but
allows some components to be represented in several dif-
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TasLE 2. Results of regression for S — V of phases
S-V S§-vV

Phase* hat meas. calc. resid. RH ko ke

mt 0314 8170 81.02 0.68 — 114 128
hem 0283 52.03 5024 1.79 — 112 126
Timt 0364 9529 94.18 1.1 — 120 1.33
CaFt 0249 7058 7218 —1.60 — 105 1.19
DCFt 0358 91.81 94.13 —-2.32 — 09 1.08
acm 0.351 91.08  88.18 2.90 — 092 1.06
jd 0712 73.07 7436 129 -157 095 1.09
im 0237 63.83 63.41 0.42 — 120 1.34
sp 0.737 40.80 4136 -0.56 -08 090 1.05
ru 0379 3143 3263 -1.20 — 109 1.23
trid 0.037 17.37 17.45 -0.08 1.0 078 0.89
mang  0.229 3159 3341 —-1.82 — 105 145
lime 0.161 2134 2194 -060 -15 091 1.01
per 0.071 1570 1575 —0.05 42 1.02 1.18
cor 0.176 2535 22.60 2.75 85 091 1.08
herc 0.159 5214 5337 —1.23 11.2 1.00 1.13
hed 0137 9292 9305 -0.13 -65 091 1.04
fs 0313 96,54 9645 0.09 -20 101 115
ky 0353  38.21 40.04 -1.83 -3.0 085 1.01
sill 0.230 4576  43.19 2.57 -09 084 098
caol 0400 6139 61.34 0.05 —-6.7 0.83 0.93
larn 0379 76.00 72.19 3.81 3.0 099 1.12
geh 0.208 108.36 108.08 0.28 62 090 1.02
ak 0.409 116.67 115.41 1.26 -01 092 1.03
mont 0123 56.62 55.14 1.48 29 087 0.99
sph 0298 77.65 7745 0.20 — 096 1.08
fa 0294 77.94 79.00 -1.06 27 1.09 1.22
fo 0.346 5045 48.94 1.51 57 092 1.06
crd 0502 173.90 17651 -2.61 169 074 085
teph 0.621 8480 84.28 0.52 — 110 122
wo 0.170 4176  39.39 2.37 —-08 084 095
cats 0.154  71.74  70.56 118 -35 091 1.05
di 0234 76.51 78.02 —1.51 -80 091 1.04
en 0533 698 71.71 -185 1.2 091 1.05
rho 0.160 5244 5086 1.58 — 101 1.14
tr 0417 276.40 280.52 —-4.12 —21.0 086 0.99
an 0259 9851 98.16 0.36 0 0.82 0.94
merw  0.478 15460 153.75 0.85 -1.0 104 1.16
micr 0.632 10548 106.57 —1.09 -08 081 091
kal 0425 7337 71.67 1.70 4.0 0.89 0.99
lc 0.315 9593 93.32 2.61 121 0.84 094
ab 0.481 107.36 106.53 0.83 0 0.86 0.97
ne 0323 7019 7164 —145 27 093 1.04
mu 0530 146.87 149.08 -—2.21 1.4 087 1.00
phl 0.394 166.30 165.45 0.85 44 088 1.01
ta 0.189 12454 124.48 0.06 -79 083 097
pph 0.348 111.79 108.11 3.68 -34 082 096
anth 0.533 27160 267.90 3.70 58 087 1.01
clin 0.879 186,70 186.58 012 142 085 0.99
ma 0.240 134.00 136.46 —2.46 -08 088 1.03
pa 0.350 145.00 144.84 0.16 24 090 1.04
dia 0.03¢ 17.55 1915 -1.60 -03 095 1.15
gib 0.258 36.48  34.87 1.61 39 099 1.18
pre 0.304 152,50 15427 -—1.77 -28 0.89 1.02
chy 0.551 113.80 113.57 0.23 95 090 1.05
z0 0.377 160.00 158.70 1.30 49 093 1.07
atm — 184.45 18445 0 105 1.09 124
py — 15312 153.12 0 -13.7 101 1.16
gr — 129.35 128.53 0.82 429 0.88 1.02
andr — 15456 15617 —1.61 — 092 1.05

Note: Columns (S — V). and (S — V)., are measured and calculated
S — V; resid. is the residual in calculated entropy; RH is the equivalent
residual calculated from the tables of Robinson and Haas (1983); k, and
ke are the entropy/volume proportionality constants, defined in the text,
for the Debye and Einstein theories; hat is the diagonal term from the hat
(least-squares projection) matrix (Belsley et al., 1980) and indicates the
influence of each observation on the least-squares solution, with hat = 0
denoting no influence and hat = 1 denoting extreme influence (forcing the
fit through that datum).

* Abbreviations are given in Table 1.

ferent coordination states: The Fyfe et al. expression is
recalled as

Sj =2nS; + k(V; - ZnV),

where S, and V, are entropies and volumes of oxide com-
ponents 7, present in amount 7, and §; and V; are the
entropy and volume of the phase j. A certain amount of
experience with measured data has shown that the value
of k is approximately 1.0 if the units of entropy are in J-
K~'-mol! and volumes are in cm?®-mol~'. A petrological
consequence of this is that solid-solid reactions involving
no change in coordination state should have dP/dT = AS/
AV of approximately 10 bar-K-!. An example of such a
reaction might be tremolite = 2 diopside + talc. Unpub-
lished experiments (Jenkins and Holland, in prep.) are in
good agreement with this estimate, which should be rea-
sonable for reactions, such as the one above, that involve
little or no change in coordination. In contrast, reactions
such as jadeite + quartz = albite are driven by larger
entropies, in part due to the increase in coordination state
of Na and the change from octahedral to tetrahedral co-
ordination of Al, and have somewhat larger dP/dT slopes
(around 20 bars-K-1).

The method used here involves rearrangement of the
above equation to the form

S, = kV, + Zn(S, — kV),

where the second term on the right is a constant for each
oxide component. The values of the (S; — kV/) and k were
determined by least squares from measured entropies of
oxides and silicates, with multiple regression returning &
= 1.00 within error, in pleasing agreement with the sim-
ple harmonic oscillator model. Thus we may drop the
constant k and fit the simpler model, taking S, to rep-
resent (S, — V),

S, =V, + 2nS/ 1)

to the experimentally measured entropies in Table 1 by
regression. The resulting standard deviation of the resid-
uals was 1.77 J-K-!-mol~!, and the average absolute de-
viation was 1.41 J-K-!'-mol-!, with the worst deviation
being 4.1 J-K-'-mol~! (for tremolite). Table 2 shows the
calculated results and the residuals in entropies for the
phases used, and Table 3 lists the values for the entropies
associated with each oxide component and their uncer-
tainties (lo).

The assignment of the components chosen requires brief
comment. The 6-fold coordination of cations in the ox-
ides Al,O,, MgO, CaO, FeO, TiO,, and MnO are straight-
forward as are tetrahedral coordination for SiO,, AlL,O,,
and MgO. In addition it was necessary to consider "MgO
to represent the slightly larger M2 site in orthopyroxenes
and the M4 site in orthoamphiboles. Similarly, ®ICaO
refers to M2 clinopyroxene and M4 amphibole sites as
well as the Ca in larnite and sphene. B-'9CaQ represents
Ca in much enlarged sites (e.g., in margarite) and/or those
difficult to define precisely in terms of coordination num-
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ber. K,0 was partitioned into @ K,O framework sites such
as in feldspars and feldspathoids, and ®K,O sites such as
in interlayer mica positions (and the large cavity of leu-
cite); thus size and degree of vibrational freedom seem to
categorize K,O differences. Na,O is partitioned into small
INa,O as in pyroxene (M2) and amphibole (M4) sites
and large ®-'2Na,O as in framework silicates and micas.
H,O was the most difficult parameter to define; in the
end, it was decided to split H,O up into only two cate-
gories for simplicity. Although the nature of the bonding
of the proton in hydrous silicates is very variable, it was
found convenient to split mineral structures into a high-
entropy H,O(a) and a low-entropy H,O(b) group. The
micas fall naturally into high-entropy dioctahedral and
low-entropy trioctahedral groups that may be rational-
ized on the basis of the distortion of the proton position
in dioctahedral micas away from the normal to the mica
sheets; in trioctahedral micas, the three full octahedral
sites repel the proton equally (Bailey, 1984). In diocta-
hedral micas, the vacant M2 site causes the proton to be
deflected largely into the vacant space, allowing for a
greater degree of vibrational freedom. Chlorites are trioc-
tahedral, with talc-like and brucite-like layers in which
there is strong hydrogen bonding of the brucite hydroxyl
groups to the talc layer oxygens, and so chlorites are at-
tributed to the H,O(b) group, as are talc, phlogopite, and
the amphiboles. Diaspore, gibbsite, and serpentine are
allocated to the H,O(a) group because of the larger degree
of freedom of the OH groups that are not strongly bonded
to tetrahedral layers as in micas or, in the case of serpen-
tines, because the layer mismatch between the octahedral
and tetrahedral sheets allows more flexibility in the vi-
brational freedom of the hydroxyl groups.

It was also found that the large, 8-fold coordinated (dis-
torted cube geometry), sites in garnet required separate
evaluation; the entropy contribution from Ca in garnet
el(CaQ) is less than expected whereas the entropy con-
tributions of iron &(FeQ) and Mg #9(MgO) are larger. For
Mg, a small ion in a very large and somewhat distorted
cage, the extra entropy is readily rationalized, but the low
entropy for Ca seems anomalous.

To see the effect of ignoring the volume dependence of
the entropy, a regression of the same data was performed
without the volume terms, as done by Robinson and Haas
(1983),

S, =znsS, @)

and the results are given in Table 3. The standard devia-
tion of the residuals and the mean absolute deviation of
the residuals were 3.26 and 2.50 J-K-!-mol~!, respective-
ly, about twice the values of the volume-corrected model;
however, the worst deviations were 9.85 J-K-!-mol™!
(larnite), 8.1 J-K~!-mol~! (cordierite), and 7.5 J-K-!-mol!
(leucite). Inspection of the results for Al,O, reveals that
with no volume correction, the difference between octa-
hedral and tetrahedral coordination is 28.3 J-K-'-mol-!,
whereas for the volume-corrected model, the difference

TaBLE 3. Values for use with the entropy models

Component S—-V Os_v S os

MSi0, 17.45 0.38 40.30 0.39
®ALLO, 22.60 0.84 43.78 0.84
HALO, 28.89 1.06 72.07 1.05
©MgO 15.75 0.53 26.67 0.54
“IMgO 18.77 1.77 38.30 1.77
"MgO 21.06 1.36 27.74 1.35
wIMgO 26.06 0.88 33.87 0.88
©Ca0 21.94 0.80 39.59 0.80
®Ca0 27.37 0.84 38.73 0.81
1B-19Ca0 34.37 0.70 48.25 0.71
wCa0 17.86 0.67 29.47 0.99
“-aFe0 30.78 0.83 43.24 0.83
©IFeOQ 36.50 0.67 44.96 0.68
®IMnO 33.41 1.20 46.28 1.20
BITIO, 32.63 1.54 51.94 1.54
FIFe,0, 50.24 1.60 80.51 1.61
®INa,O 56.32 3.67 65.86 4.58
©-12Na,0 79.49 3.12 97.28 3.13
BIK,0 79.55 3.53 114.35 377
BIK,0 87.96 3.03 120.37 3.37
H,O(a) 15.71 0.91 30.03 0.91
H;O(b) 7.44 0.87 20.74 1.03

Note. The first two columns of data, S — V and its uncertainty, refer to
the entropy-volume model, Eq. 1 in the text; the last two columns, S and
its uncertainty, refer to the simple additivity model with no volume correc-
tion, Eqg. 2 in the text.

is only 6.3 J-K~'-mol~'. The volume-independent model
also fits the measured entropies rather better than the
data of Robinson and Haas (1983) and may be useful in
estimating entropies of mineral end-members for which
no reliable volume data are available.

APPLICATIONS

One of the motivating reasons behind this study was
the need to estimate the entropies for minerals in a more
general project to derive a reliable thermodynamic data
set for petrological calculations. In earlier works (Powell
and Holland, 1985; Holland and Powell, 1985), a prelim-
inary thermodynamic data set was generated and used to
obtain more powerful methods of characterizing meta-
morphic conditions, particularly pressure (Powell and
Holland, 1988). The project is now at an advanced stage,
involving many more mineral end-members and phase-
equilibrium constraints, and has required the estimation
of entropies of several phases where they were not known.
It is also useful to have reliable entropy estimates for
minerals even if complex thermodynamic calculations are
not required, for instance when determining approximate
slopes of univariant reactions from the Clausius-Clapey-
ron equation. The entropies for a number of rock-form-
ing mineral end-members of interest are presented (Table
4), using the methods outlined above. Because it appears
that magnetic transitions in silicate minerals tend to oc-
cur at very low temperatures, the tabulated entropies in-
clude the ideal magnetic contributions. It should be re-
emphasized, however, that site—configurational entropy
terms have been omitted, as the degree of order in most
silicates is at present poorly constrained. It is left to the
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TaBLE 4. Predicted entropies for unmeasured mineral end-members

v *og
Phase {cm2-mol") (J-K'mol™) (J:'K-mol™)
Chain silicates
Johannsenite 68.1 179 2 CaMnSi,0,
Mg-Tschermak’s pyroxene 58.9 123 2 MgAI(SiAl)Og
Tschermakite 265.3 531 4 Ca,Mg,AL(SizAl,)0,,(OH),
Endenite 270.9 588 5 NaCa,Mg(Si;Al)O,,(OH),
Pargasite 2724 582 4 NaCa,Mg,Al(SisAl,)O,,(OH),
Cummingtonite 264.7 533 5 Mg, SigO2(OH),
Grunerite 278.0 734 7 Fe,Si,0,,(OH),
Ferropargasite 279.4 703 5 NaCa,Fe,Al(SisAl)O{(OH),
Ferroactinolite 282.8 705 6 Ca,Fe;Siz0,,(OH),
Glaucophane 260.5 534 5 Na,Mg,Al,SisO,,(OH),
Ferroglaucophane 265.8 624 6 Na,FezAl,SigOx(OH),
Riebeckite 2749 691 6 Na,Fe;Fe,SisO,,(OH),
Magnesioiriebeckite 271.3 602 6 Na,MgsFe,Sis0(0H),
Sheet silicates
Mg-celadonite* 139.7 288 2 KMgAKSi,)O,,(OH),
Eastonite 147.5 306 2 KMg,AI(Si,Al,)O,4(OH),
Annite 154.3 405 3 KFes(Si,Al)O,(OH),
Siderophyllite 150.5 365 3 KFe,Al(Si,Al,)O.(0H),
Manganophyllite 157.9 421 4 KMng(Si,AlO,4(OH),
Na-phlogopite” 144.5 306 3 NaMgs(Si,Al)O(OH),
Amesite 209.2 388 4 Mg.Al(Al,Si:)0,,(OH)s
Daphnite 213.4 542 6 Fe,Al(AISi))O,(OH)s
Mn-clinochlore* 219.0 568 7 Mn;AI(AISis)O,,(OH)s
Tschermak’s talc* 132.9 250 2 Mg,Al(Si;Al)O,,(OH),
Minnesotaite 147.9 358 3 Fey(Si,)O,o(OH),
Mn-talc* 150.5 373 3 Mny(Sig)O4o(OH),
Mg-chloritoid* 68.8 132 2 MgAL,SiO5(OH),
Fe-chloritoid* 69.8 162 2 FeAl,SiOs(OH),
Mn-chloritoid* 71.0 167 2 MnAISiO4(OH),
Others
Mg-staurolite* 442.6 885 hh M@,Al16Si; 604sH,4
Fe-staurolite* 448.8 993 9 Fe,AlgSi; s0.H,
Mn-staurolite* 452.2 1013 10 Mn,Al;6Siz s046H,
Mg-carpholite* 105.9 194 2 MgA,Si,0¢(OH),
Fe-carpholite* 106.9 223 2 FeAl,Si,04(OH),
Mn-carpholite* 108.2 229 2 MnAl,Si,O(OH),
Sapphirine 395.7 790 7 Mg(MgAnAlg(AlsSis)O.0
Mg-pumpellyite* 295.5 629 6 Ca,AlsMgSis0,:(OH),
Vesuvianite 852.0 2008 16 Ca,;sMgAl,;SiigOe(OH)o
Fe-cordierite* 237.1 470 3 Fe,Al,SisO4q
Mn-cordierite* 241.2 483 4 Mn,AlSisO14
Deerite 559.5 1531 13 Fets Feg™ Siia0u(OH)so

Note: Entropies calculated from the entropy-volume model with no provision for Mg-Al or Si-Al disorder; however, the ideal magnetic entropy
contribution has been added, on the assumption that transition metal-bearing silicates undergo low-temperature magnetic transitions.
* Names with elemental prefixes are not valid mineral names but represent idealized end-member (standard state) compositions in thermodynamic

calculations,

user’s judgement (or prejudice!) to add an appropriate
entropy for disorder.

As a worked example, an estimation is made of the
entropy of carpholite, MnAlLSi,O,(OH),, for which the
volume is 108.2 cm3-mol-'. All the Al is in octahedral
coordination, and it is assumed that the H,O is normal,
1.e., like the trioctahedral micas. Thus, from Table 3, and
Equation (1),

Scarphome = Vcarphome + (S — Vvao + (S - V)[61A1203
2(S - V)s;oz + 2(S - V)HzO(b)

108.9 + 33.41 + 22.60 + 2(17.45)
+ 2(7.44)

214.7 + magnetic term.

+

Finally, one must add the ideal magnetic contribution for
Mn?*, of R In 6, to yield S = 229 + 2 J-K-!-mol-!, the
value given in Table 4.

CONCLUSIONS

The old concept of additivity of oxide components with
a volume correction to yield estimates of mineral entro-
pies is a useful one and has been improved upon by con-
sideration of variable coordination states of cations in
mineral structures. The proportionality constant in the
entropy expression to allow for the volume effect has been
found to be 1.0 if units of J, K, cm?, and mol are used,
and this value is in excellent agreement with predictions
from the behavior of simple Einstein and Debye solids.

The entropies of silicate and multiple oxide phases may
be estimated with uncertainties of about +2 to +3
J-K-'-mol~! for most materials, but with slightly larger
uncertainties (+3 to +6 J-K-'-mol~!) for phases contain-
ing transition-metal ions. These uncertainties are lower
than for any other simple method of estimation and in
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many cases are not much larger than the experimental
uncertainties themselves. In conclusion, molar volume
should be viewed as a reliable monitor of the average
bonding and vibrational state of minerals, a quality that
makes molar volume useful in estimating entropies.
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