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Thermodynamic properties in a multicomponent solid solution involving cation disorder:

Fe,0,-MgFe,0,-FeAl,O,-MgAl,O, spinels

JoHAN NELL,* BErRNARD J. WooD*
Department of Geological Sciences, Northwestern University, Evanston, Illinois 60208, U.S.A.

ABSTRACT

The spinel quaternary Fe,O,FeAl,O,-MgFe,0,-MgAl,O, is petrologically important
but difficult to deal with thermodynamically because of complex order-disorder relations.
We have used our recent measurements of Fe?*+ and Fe3* site occupancies together with
measured activity-composition relations, interphase cation distributions, and solvi to de-
velop an internally consistent thermodynamic model for this system. The model is based
on a second-degree Taylor series expansion of the vibrational part of the Gibbs free energy
in terms of order and compositional parameters. It can readily be related to the familiar
Margules parameters, W%, and reciprocal interactions commonly used to represent activ-
ities in multisite solid solutions.

With appropriate simplifications, the model reduces to the Navrotsky-Kleppa (—RT In
K, is constant) or O’Neill-Navrotsky (—R7 In K}, is a function of order parameters) models
of octahedral-tetrahedral disorder. Although neither of these simpler models provides a
complete description of cation distributions in the quaternary, the O’Neill-Navrotsky for-

malism works well over wide ranges of composition.

INTRODUCTION

Spinels are important petrogenetic indicators in ig-
neous and metamorphic rocks of both crustal and mantle
origin. The wide compositional ranges of multivalent cat-
ions in spinels may, in principle, be used to constrain the
values of the intensive variables that operated during their
formation. Spinel chemistry is particularly sensitive to
oxygen fugacity and temperature (e.g., Buddington and
Lindsley, 1964; Irvine, 1965; Mattioli and Wood, 1988),
and the Fe,O, contents of both aluminous spinels and
titanomagnetites are commonly used for oxygen barome-
try in natural systems. In general, however, application
of experimental calibrations to more complex natural
systems requires either projection of the mineral com-
positions into simple systems or application of an activ-
ity-composition model to the multicomponent phases.
Because of its generality, the latter approach is preferable,
but is difficult to implement because of the lack of infor-
mation on both macroscopic thermodynamic and micro-
scopic order-disorder properties of the solid solutions.
The purpose of this paper is to address the microscopic
and macroscopic properties of spinels in the quaternary
Fe,O0,-MgFe,0,-FeAl,0,-MgAlQ,.

Experimental calibrations of spinel equilibria mainly
involve measurement of cation partitioning between this
phase and others such as rhombohedral oxide (Budding-
ton and Lindsley, 1964), silicate (Jamieson and Roeder,
1984), and fluid (Lehmann and Roux, 1986). In addition,
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there are direct activity-composition measurements for
binaries such as Fe,0,-MgAl,O, (Mattioli and Wood,
1988), Fe,0,-FeAl,O, (Petric et al., 1981), and Fe,0,-
MgFe,0, (Shishkov et al., 1980). The activity data may
be extended in temperature and composition space and
integrated with the phase relations and cation-partition-
ing data in order to derive a reasonable entropy model
for spinel solid solutions. The task is complicated, how-
ever, by the varying degrees of disorder of the major cat-
ions (Fe2+, Fe3+, Mg?+, AI**) between octahedral and tet-
rahedral spinel sites and the fact that these distributions
are extremely difficult to quench from high temperature
(Wood et al., 1986). Recently a thermopower and con-
ductivity technique (Wu and Mason, 1981; Mason, 1987)
has been developed for the in situ determination of Fe?*-
Fe3+ disorder in spinels at high temperature. Use of this
technique to characterize the temperature and composi-
tion dependence of octahedral-tetrahedral partitioning
provides most of the information necessary to link to-
gether activity-composition and cation-distribution data.
In a previous paper (Nell et al., 1989) we employed
the thermopower-conductivity technique to measure in-
tersite cation distributions in Fe,0,-MgFe,0,, Fe,O,-
FeAl,O,, and Fe,0,-MgAl,O, solid solutions and used the
data to evaluate the applicability of commonly used cat-
ion-distribution models to spinels. We found that the join
Fe,0,-MgFe,0, fits reasonably well to either the Navrot-
sky-Kleppa (1967) model (both —RT In KE**-F** and
—RT In KMeF** constant) or to the O’Neill-Navrotsky
(1983, 1984) model in which the intersite cation distri-
butions (—RT In K,,) are linear functions of the degree of
inversion of the solid solution. In Fe;0,-FeAl,O, solid
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TaBLE 1. “Fictive” end-member components of normal and inverse spinels in Fe;0,-MgFe,0,-FeAl,0,-MgAl,O, solid solutions
expressed in terms of compositional and order parameters
Mg(Al),0, Al(MgANO, Fe**(Fe*),0, Fe**(Fe**Fe*)0, Fe**(Al)0, Al(Fe2+ANO, Mg(Fe*"),0, Fe**(MgFe*)O,
Parameter 1 2 5 6 7
(@ 0 0 1 1 1 1 0 0
I, 1 1 0 0 1 1 0 0
S, 1 0 0 0 1 0 0 0
S, 0 0 1 0 0 0 1 0
EN 0 1 0 0 0 0 0 1

Note: Species in parentheses reside on octahedral sites. The number below each component is the number by which that component is identified in

equations.

solutions, however, we found that the compositional de-
pendence of —RT In KE*-A! is more complex than that
given by either of these simple models. Representation
of the properties of spinels in the quaternary Fe,O,-
MgFe,0,-FeAl,0,-MgAl,Q, requires consideration of this
complexity and generation of an internally consistent
thermodynamic model that describes and predicts both
microscopic and macroscopic phenomena.

This paper presents a model that uses a Taylor series
expansion of the vibrational part of the Gibbs free energy
of the solid solution in terms of both order and compo-
sitional parameters. This approach was originally intro-
duced by Thompson (1969) and has subsequently been
extensively applied to the description of the thermody-
namic properties of solid solutions (e.g., Sack, 1982; Hill
and Sack, 1987; Andersen and Lindsley, 1988).

FORMULATION

The composition of any spinel in the system Fe,O,-
MgFe,0,-FeAl,0,-MgAlLO, can be described in terms of
the fictive normal and inverse components given in Table
1. These end-members will serve as reference compo-
nents that will be used to derive the mixing properties of
Fe,0,-MgFe,0,-FeAl,0,-MgAlO, solid solutions. There
are two independent compositional exchange vectors
(Fe**Mg! and Fe?**Al~') in the system of interest, and two
compositional parameters are thus required to express
the bulk chemical composition of any given solid solu-
tion. These are labeled r, and r, and are defined as fol-
lows:

n=1- (Xg + 2X%)
(X + 2X5),

r

M

where Xig,, etc., refers to the atomic fraction of Mg on
the tetrahedral site. In addition there are four intersite
cation-exchange reactions between the reference end-
member components, namely:

Fetze‘:— + Alocl - Fetz):[ + Altet

FeZ:r + Felf = Felt + Feltr

Mgtel + Alocl = Mgoct + Altel
and

Mg, + Feli

= Mg, + Feif. 2

Only three of these reactions are independent, and we use
the following order parameters (s,, s,, and s,) to charac-

terize the cation distributions in the solid solution:
s = X5 — Xy
5, = Xeh, — X,
53 = 2X35.

3

There are therefore a total of five independent parameters
that are needed to completely characterize any solid so-
lution in the Fe,0,-MgFe,0,-FeAl,O,-MgAl,O, system.
Values of these five parameters in the pure fictive end-
members are given in Table 1, and species concentrations
per structural formula unit are given in Table 2. The con-
figurational entropy of a solid solution (S, may then be
expressed as a function of order and compositional pa-
rameters through the equation

§=-R 2 2 nX.nX,), )
where r, is the number of sites (@) per formula unit and
X, is the mole fraction of component 7 on site a.

The Gibbs free energy of a solid solution (G) is ob-
tained by combining Equation 4 with an expression for
the vibrational part of the Gibbs free energy (G*) through
the relation

G=G*— TS.u (5)

We formulate the vibrational part of the Gibbs free en-
ergy using a Taylor series expansion in terms of the se-
lected composition and order parameters. The first-de-
gree terms in such an expansion describe equilibrium
conditions in an ideal solid solution, and nonideality must
be taken care of by higher-order terms (Thompson, 1969).

Second-degree Taylor series expansion of G*

We obtained the vibrational part of the Gibbs free en-
ergy from a second-degree Taylor series expansion:

G*=g,+ gt g, + g8,85 T 8,5
+ 858 + 8unMt + &3 + oo St
+ 8,05 T 83553 + &2 t &S
T 8rsl152 t £ssl153 T £ 1251 T Erpiy V282

+ gr2:3r2S3 + gsl.vzslsz S gslsgsls3 + g_vzxgszsih

(6)

where the g, parameters are the series expansion coeffi-
cients. The second-degree expansion allows for two types
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TABLE 2. Species concentrations per structural formula unit ex-
pressed in terms of composition parameters (r, and r,)
and order parameters (s,, S,, and s;).

lon Tetrahedral site Octahedral site Sum
Mg 1-r—s S5 1-n
Al L= r+ s 2n
Fe?+ rn+ s+ 8 +s -1 1—8 —8 — 8 n
Fe 1-s—1n 1+s—rn 2-2n
Sum 1 2 3

of term to describe the excess free energy of mixing. These
are (1) symmetric binary interaction parameters and (2)
reciprocal reaction terms. Reciprocal reactions are pres-
ent in all but 4 (binaries 1-5, 1-7, 3-5, and 3-7) of the
possible 28 binary solid solutions between the eight ref-
erence end-member components. Denoting octahedral
sites with parentheses, we write the following general re-
ciprocal reactions between two fictive end-member com-
ponents B**(A2*B*")0, (a) and D**(C**D?*")Q, (b):

B3+(A2+B3+)O4 + D3+(C2+D3+)O4
= D3+(1A2+B3-+-)O4 + B3+(CZ+I)3+)O4
o= B3+(C2+B3+)O4 + D“(AHDH)O,,
= B3+(A2+D3+)O4 + D3+(C2+B3+)04
= [B3+(A2+C2+)O4]—1 + [D3+(B3+D3+)04]+1
= [B*(D*B*)O,]*' + [D*(AZC*)O,]". (7)

The standard state (pure phases at P and 7 of interest)
free energy of the reciprocal reaction (AGY,) is defined as
AGY = pn + pp — ug — 4l @®)

where 1 and w9, are used to denote standard-state chem-
ical potentials of linearly dependent or independent “fic-
tive” end-member components derived from reference
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components a and b through any one of the reciprocal
relations in Reactions 7. In all, an additional 26 linearly
dependent fictive end-member components are implied
by relations such as those given in Reactions 7; 20 of
these components are charge unbalanced. The use of
charge-unbalanced end-member components is valid giv-
en the additional constraint of equal amounts of oppo-
sitely charged species in order to satisfy electroneutrality
(Wood and Nicholls, 1978).

Symmetric binary interaction parameters between the
reference end-member components may be interpreted
in terms of excess on-site microscopic interaction param-
eters. For a solid solution containing mole fractions x
and (I — x) of components B3*(A?*B**)O, (a) and
D+(C*D3*)0, (b), respectively, we express the regular
symmetric interaction parameter (W#) as follows:

W = ()1 — x)Wgh + 2(1 > x)(%‘)

IR+ W + s + W

2 2
X 1=1x
+ 2(5) wWes + 2<T> Wesy

X 1%
3 Wes — 5 wes,
Wee  Wes W
— — tet —
694! x)|:WBD + 2 + 3 3
i VI;D] o)

where Wi, etc., refers to the excess free energy of mixing
of 1 mol of B* and 1 mol of D** on tetrahedral sites and

TasLE 3. Thermodynamic coefficients in a second-degree Taylor series expansion for the vibrational part of the Gibbs free energy

of Fe,0,-MgFe,0,-FeAl,O,-MgAl,O, solid solutions

Go=pd + pd — pS + WE - WE -
G, =g — U9+ 2WE + W¥ — WY + AGY — AGY, + AGY,
g, =wd— ud + WZ + WS + W — WY - WP + AGS,

Ws + AGY, — AGY, — AGY,

G =K — i3+ WE + WE + WE — WE — WP + AGY, + AGE: ~ AGS, — AGh

G, =u8 — ug + 2W¥ + W¥ — WY + 2AGY — AGY,

O= 8+ ud — 1l — ug + WE + WE + WS + WS + 2W5 — WIS — W§ — W® + AGY, + AGY, + AGY —

— AGY, — AGY — AGY + AGY + AGY,

G = — W165
G = _W?SB = AGgB
gs|s| - _W?SG - AGgG

s, = _W:g: - AGgA

Gos, = WE + WS — WE — WE —
G = WE + WE - WE — WY
Gro, = WE — WE — WE + AGY, — AGS,
Go= WE — WS — W + AGY, — AGY,

15 —
Wi

AGY,

W2 + AGY% + AGY — AGY, — AGS + AGY — AGE,

G = W2 + WS — QWIS — W — WE + W — Wi + AGY, + AGS, + AG% — AGE, — AGY, — AGY

Gue = W2 + WP — W + AGY, + AGY — AGY
Gne = WE¥ — W2 — W¥ + AGS — AGS, — AGY

G = WE + WS — W2 — WS

Goee= WY + WE — WS — WE + AGY, — AGY — AGY

Goe= W + WS — W% — W — W W + AGY, + AGS, — AGY + AGY — AGY — AGY,
Goe= W + WS — W2 — WE — WS ~ WE + WE -

o,

W% + AGY + AGY, — AGY, — AGYs + AGY — AGY, + AGY — AGY
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the factor 2 takes account of the two octahedral sites per
formula unit.

The coeflicients in the second-degree Taylor series ex-
pansion were determined by sequentially setting the com-
position of the solid solution to each of the 28 binary
joins between the eight reference end-member compo-
nents defined in Table 1. This gives, in each case, a value
for G* in terms of the coefficients in the power series. The
expressions may then be equated with an equivalent re-
lationship for G* in terms of AG?, and W% that may then
be used to solve for the power-series coefficients. For ex-
ample, the free energy along the join 4-6
[Fe3*(Fe**Fe**)O,-Al(Fe**Al)Q,] is given by

G* = 81 8 7 8815 T Biyrp = Shadal =
= rud — pud + W& + AGS)
+ 1§+ (= WE — AGR). (10)
From Equation 10 it immediately follows that
Mg —ud+ W¢ +AGK =g, + &1,
- W¢ — AGE = 8y,
and

/*"2 = & + grl + grlrl #

Applying Equations 7 and 9 we obtain the following
expressions for AGY, and W¥, respectively:

0 — .0 0
AG46 = MFe3+(Fe2+A1O4 + HAlFe2+Fe3+)04 — ug = V«g
= 40 0 _
MiFe3+(AIFe3 104141 + H{Ai(Fe2+Fe2r)04]-! My = ul
= 40
= Biped(Fe2rFe2no -l T ”8\1(A1Fe3+)04]+1 )

and
W = Wik + Wedhoa/2.

The excess free energy contributions to the resultant so-
lution set (Table 3) are not uniquely defined, however,
since the system of equations used to solve for the values
of the coefficients is overdetermined. Reciprocal excess
free-energy terms are related to one another within the
framework of possible reciprocal reactions that exist for
the binary solid solutions. In solid solutions with multiple
reciprocal relations (for example the join 4-6 as shown
above), AGY, must be independent of the way in which
the possible reciprocal reactions between components a
and b are formulated, thus implying that u + u9, = o
+ wd, where n, m, n’, and m’ are end-members formed
through reciprocal relations between components a and
b. The symmetric nature of the expansion furthermore
requires that AGY = AGY = —AGY = —AGY, and that
Wit = Wikipas = Wiy = Wi,

Given these relationships between the excess free-en-
ergy terms, the solution set of the thermodynamic coef-
ficients in the second-degree Taylor series expansion (Ta-
ble 3) is consistent with the free-energy expressions of all
28 binary solid solutions between the end-member com-
ponents defined in Table 1.
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Equilibrium conditions

Equilibrium in Fe,0,-MgFe,0,-FeAl,0,-MgAl,O, sol-
id solutions is established when at fixed temperature,
pressure, and composition the following conditions are

satisfied:
051 T.P.r1,52,52,53 632 T,P,r1,r2,51,83

_ (?ﬁ)
883/ .. r1ras10

= 0. (11

Substituting Equations 4 and 6 into 5 and differentiating
gives the following equilibrium conditions:

aG
<—) = 8n + 2gx1x151 + &ranli + 8raal2 + 8512252
asl T.P.ry,r2,52,53

(Feih)(Alo)

1 &Sy T RTIn (FeziXAlL.)

-0 (12)

oG
<_> =8y T 28,05 t 8l T &nnlz + Luui
aSz T.P.r1.72,51.53

(Fext)(Feis
+ &anSs T RT In m
7§ (13)
and
G
oG =g, + 2gs3x3s3 + 853t + 8rsyl2 + Es15351
8S3 T,P.r1,r2,5,52
(Mgoct) (Fetze-: )
I oA et ]
T anS: RTINS o

=0. (14)

Application of equilibrium conditions

Equations 12 to 14 are applicable to the calculation of
intersite cation distributions in Fe,O,-MgFe,O,-FeAlO,-
MgAl, O, solid solutions. First we applied the equilibrium
conditions to pure magnetite, hercynite, magnesioferrite,
and spinel. From Equation 12 it follows that for pure
FeAl,O,,

(Fei)ALy) _

R I E ALy

8yt & T &ns)

~ 2g18
= (u§ — 13 — W¥ — AGY)
+ 2(W3 + AGY)s,
= (u — p3 — Wike
- ke — AGQ(,)
+ 2(Wihao + Wik

+ AGY)s, . (15)
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Similarly, Equation 13 gives the equilibrium condition
for pure Fe,O,:

(Fesd)(Fei)
—RT In m = —(gsz + grlxz) - Zg:pzSz

=8 — 3 — WE - AGS)
+ 2(W% + AGYy)s,
= — 18— Wirra
— Wi — AGY)
+ 2(Wishirar + Wb
+ AG3)s,. (16)

The equilibrium conditions for spinel and magnesiofer-
rite were obtained from linear combinations of Equations
14 and 12 and Equations 14 and 13, respectively. For
MgALOQO, and MgFe,0,, respectively, we find that

(Mg )AL _

—RT In
(Mg, .)(Al,)

(gxg + grzs; + 2g:353

= G = G &)
*+ 285 — B — Bt
=W — u} — W& — AGY)
+ 202 + AGY)s,
= (u3 — 1) — Wi
= Wia — AGY)
T 2(Wn + Wi
+ AGY)s, (17)

and

Mg J(Feit) _

—RTln (Mgt ‘)(FC“{ - (g:; - gsz + 2g33s3 - gszss)

+ 28sy — By — &2
= (4§ — 1§ — W — AGY)
+ 2WEB + AGY)s,
= (8 — u) — Wirer
— Wiiresr — AGY)
+ 2(Wier + Wiiigpese
+ AGY%)S,.

(18)

A comparison of Equations 15 to 18 with the O’Neill-
Navrotsky (1983, 1984) formalism (—RT In[(42:)(Br)/
(A2)B3)] = —RT In K, = o + 28B;) shows that for
pure end-member spinels the O’Neill-Navrotsky model
is equivalent to a second-degree Taylor series expansion
of the vibrational free energy [note that for the end-mem-
ber components, §; and s, are equal to (1 — B)]. The
thermodynamic interpretations of the @ and 8 energy pa-
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rameters used in the O’Neill-Navrotsky model are thus
as follows:

Open = 1 — 18 + Wik + Wiikae + AGS,
Brezew = — Wiipere — Wi — AGS,
Oprpese = B3 — p§ + Wihipar + Wi + AGY,
Brorpess = — Withpse — Wit —AGY,
val = K3 — 1)+ Widea + Wika + AGY,
Byeas = — Wﬁ‘gm - Meal — AGY,
QMgFed+ — ug — ud + WﬁtgFeh + WﬁféFeh + AGY
6MgFe3+ = Wi/le‘gFe% - W?@Feh — AGY,. (19)

As a first approximation, O’Neill and Navrotsky (1983,
1984) suggested that the 8 parameter could be treated
as constant for 2-3 spinels with a value of about —20
kJ/mol. Neglecting the reciprocal terms in Equations 19,
a constant 8 parameter would imply that Wik +
Wikae = Wihgae + Wb = Wit + WRia =
Wiskres + Wistres. = 20 kJ/mol. In binary and more com-
plex solid solutions, the O’Neill-Navrotsky formalism is
not, as will be shown below, equivalent to the second-
degree expansion unless simplifications are made.

The equilibrium conditions for end-member spinels
(Egs. 15 to 18) are reduced to the Navrotsky-Kleppa
(1967) formalism (—RT In Ky, = constant) when all excess
free energy of mixing parameters are set to zero. Second-
degree expansion terms are thus eliminated, and first-
order expansion coefficients are simplified to include
chemical potential terms only. Intersite cation distribu-
tion coefficients for hercynite, magnetite, spinel, and
magnesioferrite, respectively, are then given by the fol-
lowing equations in terms of simplified first-order expan-
sion coeflicients (57, s5 and s3):

(Feld)Ale) _
(Fezr) (Al
(FeatyFeit) _ _
—RT In (Fexr)Feih) —&e, = M3 — 18
Mgo)(Ale) _
(Mg, )(Al,)

(Mg,.)(Fei!)

—RTIn — 8 = M — 1

—RTIn 8ry — & = M — M

_RTln g:’g - gs’z = F-g - I'l'g' (20)

The constants in the Navrotsky-Kleppa formalism are
therefore equal to the chemical-potential differences be-
tween inverse and normal spinel end-members.

The equilibrium conditions (Egs. 12 to 14) may now
be applied to calculate cation distributions in binary spi-
nel solid solutions. For examples we use the Fe,O,-
MgFe,0, and Fe,O,-FeAl,O, systems as these have been
previously dealt with using the O’Neill-Navrotsky for-
malism (Nell et al., 1989). For Fe,O,—MgFe,0, solid so-
lutions, it follows from Equations 13 and 14 through the
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substitution of appropriate values for the order and com-
position parameters that

(Feih)(Feds
—RT In m =g 2852:232
+ grlSZXF6304 + gs2:353 (21)
and
Mg.)(Fedt
—RT In M&;Teg;{ = 85 + 2gsgs3s3 + g’l-FSXFe3O4
+ gSZSJSZ . (22)

Similarly, for Fe,0,-FeAlO, solid solutions, we find from
Equations 12 and 13 that

(Feth(AL,)
~RTIn m =8n T &y T 28,5
) grzleFeA1204 + g:1:2S2 (23)
and
(FeZr)(Fels
—RT In m =8nt & T 28,05
+ grzszFeA1204 + g8, (24)

Equilibria in quaternary Fe,0,-MgFe,0,-FeAl,O,-
MgALQ, solid solutions are obtained from Equations 12,
13, and 14 as follows:

(Feild (Al

+ grlsl(XFeJO4 ] XFeA1204)
iE grle(XMgA1204 + XFeA1204)

+ gx|xzs2 + gslsgsli

—RT In

(25)

(Fei)(Fedd
ool gsz + 2g:25252

—RT1 =
" (Fezs)(Fexr)

+ grsz(XFe304 + XFeAle4)
*+ 8o Xngano, Xrea0q)
+ gxlxzsl + gszs3s3 (26)
and
Mg, )(Feir
%(2) = gA_J + 2gx3:333
(Mgtel)(Feogl-
+ grlsg(XFe3O4 + XFeA1204)
W+ grzs3(XMgA1204 + XFeA1204)
+ gslsgsl + gxzs3s2-

—RT In

27

Equations 25 to 27 may also be used to calculate intersite
cation distributions in Fe,0,-MgAlL,O, and FeALO,-
MgFe,O, solid solutions, these binary systems being de-
generate simplifications of quaternary solid solutions in
which r, = 1 —r, = Xg0,.

The Navrotsky-Kleppa (1967) and O’Neill-Navrotsky
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formalisms for the functional form of the intersite distri-
bution coeflicients in binary and quaternary spinel solid
solutions are readily derived from Equations 21 to 27 by
introducing appropriate simplifications. Navrotsky-
Klieppa expressions for the intersite distribution coeffi-
cients are obtained when all excess energy of mixing terms
are zero. Intersite distribution coefficients in solid solu-
tions are thus identical to those in pure end-members as
given by Equations 20.

O’Neill-Navrotsky expressions for the intersite cation-
distribution coefficients in complex solid solutions are
obtained when the combined order and composition ex-
pansion coefficients (g, ,,, &> &151> 81> &sp» ANA &,,,,) are
set to zero. The distribution coeflicients are simplified to
be functions of order parameters only and this formalism
is therefore equivalent to a second-degree Taylor series
expansion in which combined order and composition
coefficients are neglected. The expressions for the cross-
order coefficients (g, £,5;> and g,,,) in the Taylor series
expansion (Table 3) are, of course, different from the en-
ergy terms in the O’Neill-Navrotsky model (Nell et al.,
1989), the latter being linearly dependent combinations
of pure end-member 8 energy parameters (Egs. 19) rather
than uniquely defined series expansion coeflicients.

Activity-composition relations

There are three second-order composition coefficients
available to describe activity-composition relations on
the six binary joins in the quaternary Fe,0,-FeAl,O,-
MgFe,0,-MgALO,. Excess free-energy contributions for
Fe?*-Mg mixing in both Fe;O,-MgFe,O, and MgAl,Q,-
FeAlO, solid solutions are required to be identical in
value and are modeled with the g, ,, coefficient. A similar
situation applies to Fe**-Al mixing in Fe,O,-FeAl,O, and
MgFe,0,-MgAl,O, solid solutions where the g,,,, coefhi-
cient is used. Mixing in Fe,0,-MgAl,O, and MgFe,O,-
FeAl O, solid solutions is a function of the g,,,, &,.,, and
8., coefficients where the latter coefficient serves as a
third adjustable parameter.

Substituting Equations 4 and 6 into Equation 5 and
differentiating with respect to », and r, gives

G
<a_r> = grl + 2gr|r1rl 2 grlrzrz
1/ T,P,ry,51,52.53

a0 grlslsl + grleSZ

+ 858 + RT In
b Mg

(28)

and

G

(6_> = grz + 2gr2r2r2 it grlrzrl
r2 T,P.r(,51,52,53

+ grlesl + gr2x2s2 & gr2:353

(Al.XAL.)

+ R .
T Fesry(Feas

(29)
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TABLE 4. Chemical potentials of reference end-member components

Hagmgano, — [e) + grz + gs: - gr1r1r$ - grzrzrg - gs‘s|s$ - gs,s,SS - gs;,s;,s§ = gras‘r1s1 - g’|szr152 - 9519;5152
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The chemical potential of any component is obtained
by partial differentiation of the free energy of the solid
solution with respect to each of the order and composi-
tional parameters:

or,

+ B -r) i
2 arz T.P.r,51,52,83

G
+ J— -
(C Sl) <8s1>T,P,r1.'2.sz,53

oG
! (d - SZ) <6_S2)T.P.'1,r2,s1,:3

G
+ = —_—
(e 53) <6S3>T,P.r1.rz,n,s2

The coefficients a to e in Equation 30 refer to the coor-
dinates of the component of interest in r,—r,—5,—5,—S5;
space. We present in Table 4 the results for each of the
reference end-member components. The reader should
note that these reference components are perfectly or-
dered or inverse and hence do not refer to pure “real”

oG
bopeae =G + (a — rl)<h)
T,P,r2,51,52,53

(30)

MgALOQ,, Fe,0,, FeAlL,O,, and MgFe,O, at the conditions
of interest. In order to obtain chemical potentials relative
to partially disordered “real” MgALQ,, Fe,O,, FeAlL,O,,
and MgFe,Q, at the conditions of interest, it is necessary
to insert appropriate values of the respective order pa-
rameters into Equation 30. The activities of MgALO,,
Fe,0,, FeAlLQ,, and MgFe,0, relative to standard states
of the disordered pure end-members at the temperature
and pressure of interest are then given by the following
expressions:
RT In Aygano4 = =8t — grzrz(rl -1y
= &ulsi(si — 2 + 255)

— (st — 2 + 29)]
= 8ueS3 — 88y — )
- grlrzrl(rZ = J1= grlxlrl(sl +s8—-1)
— 8nspl1S2 — gr|s3rl(s3 — 59
- grzsl(rz - +s3-1
=3 grzszsz(rZ -1
= Gl — DS — 89)
— &unSasi + 8§ — )
- gsm(ss — 5P, + 53+ 1)
- gsmsz(ss — 59
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+ RT{(I - 59
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TaeLe 5. Internally consistent values of the Taylor's series ex-
pansion coefficients
Coefficient Value (kJ/mol)
g, 147 £ 0.5
g. 445 + 45
G, 34025
Grr -10.0 + 1.0
G -38.0 = 2.0
Gos, -257 £ 1.5
Gersy -266 = 1.3
oo -15.0 + 3.0
Grn 10.0 + 3.0
Grs, -71+05
Gron -25.0 = 3.5
sy -15.0 = 2.0
Goas, 55+ 3.0
Gres, -16.6 + 4.0
Gosy -11.9 + 2.0
Gers, -16.0 + 12.0
Gorey -15.0 = 3.0
Gors ~24.6 + 2.0

 [(FeFe (M)
N RT{S’ o [(Fes;)(Fez;)(Mgm)lmf}’

(34)

where the superscripts ss, sp, mt, hc, and mf refer, re-
spectively, to solid solutions, pure spinel, pure magnetite,
pure hercynite, and pure magnesioferrite, whereas the su-
perscript O on the order parameters s,, s,, and s, refers to
the values of these parameters in pure disordered end-
member spinels.

CONSTRAINT OF MODEL PARAMETERS

Values of the order and combined order and compo-
sition coefficients in the Taylor series expansion (Table
5) were obtained from least-squares fits to available cat-
ion-distribution data for magnetite (Wu and Mason,
1981), spinel (Wood et al., 1986), and magnesioferrite
(Pauthenet and Bochirol, 1951; Kriessman and Harrison,
1956; Epstein and Frackiewicz, 1958; Mozzi and Pala-
dino, 1963; Blasse, 1964; Tellier, 1967) and from the
Fe,0,-MgFe,0, and Fe,0,-FeAl,O, solid solutions mea-
sured by Nell et al. (1989). Cation disordering in hercyn-
ite is poorly constrained (Bohlen et al., 1986), and as an
initial approximation, we assumed that Fe?*-Al disorder-
ing in FeAl,O, is identical to Mg-Al disordering in
MgAl,O, (Wood et al., 1986). Such disordering behavior
in hercynite is in agreement with measured Fe*-Al dis-
tributions in Fe;0,-FeAl,O, solid solutions (Nell et al.,
1989), whereas the resultant small absolute value of the
8., coefficient facilitates fitting of the macroscopic ther-
modynamic measurements in FeAl,0,-MgAl,O,, Fe,0,-
MgFe,0,, and Fe,0,-MgAl,O, solid solutions.

First, cation-distribution data for magnetite, magnesio-
ferrite, and spinel were fitted to Equations 16 to 18, re-
spectively, thus fixing the value of the g,,,, coefficient and
constraining the values of the quantities (g, + g,,,), (g,
6= e T DB =B = sy ) By 1Sy = S
(855~ 8n T 2840 — 8asy)» AN (84yy — gy — &), Whereas
the assumed disordering of hercynite implied that g, =
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Fig. 1. (A) Cation distributions on the join Fe,O,-MgFe,0, at 1000 °C (Nell et al., 1989) plotted as a function of mole fraction
of MgFe,0, (X,..). Solid curves are values calculated from the model (see text). (B) Activity-composition relations for the Fe,O,-
MgFe,0, join at 1000 °C. Solid curves are values calculated from the model.
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and Roeder (1984) at 1300 °C. The calculations take account of the nonideality in olivine (W, on a 1-atom basis) and the probable
uncertainty in the regular-solution parameter. Direction of approach to equilibrium in the experimental measurements is indicated

by arrows on the error bars.

Es3s3 and Ensy = sz — 83 T 8rasy T 2gs3:3' NeXt’ F€2+-Mg
distributions in Fe;0,-MgFe,0, were fitted to Equation
22 to obtain values for g,,,, £, &> and g,,,,. Consistency
with the constraints imposed by the fits to magnetite
and magnesioferrite then allowed the calculation of g,,,,,
g, and g, .. Similarly, Fe**-Al distributions in Fe,O,-
FeAl O, solid solutions were fitted to Equation 23, fixing
gy, and g, + g, and g,,,, was obtained from the Fe*-
Fe?* distribution in Fe,O,-FeAl,O, solid solutions through
Equation 24. The values of all but three (g,, &..,,, and
&.s) of the Taylor series expansion coefficients in Equa-
tions 12 to 14 were thus determined. The g, and g,,,
coefficients could be obtained by fitting Equation 12 to
Fe2+-Al distributions in FeAl,0,-MgAl,O,, FeAl,O,-
MgFe,0,, or Fe,0,-MgAl,O, solid solutions. The Fe2*-Al
intersite distributions in these solid solutions are, how-
ever, not amenable to direct measurement, and in order
to estimate the values of g, and g, ,,, we fitted Equation
12 to an assumed linear relationship between the Al-Fe*
distribution coefficient and composition in FeAlLO,-
MgALO, solid solutions.

Values of the composition parameters in the Taylor
series expansion were determined from activity-compo-
sition relations and phase-equilibrium experiments in
Fe,0,-FeAl,Q,, Fe,0,-MgFe,0,, Fe,0,-MgAl,O,, and
MgALO,-FeAl,O, spinels. The value of the g,,,, parame-

ter was determined from the experimentally observed
solvus in Fe,0,-FeAl,O, solid solutions, which has a con-
solute temperature of 860 + 15 °C (Turnock and Eugster,
1962). The g,,, parameter was determined from activity-
composition measurements in Fe,O,—MgFe,O, solid so-
lutions at 1000 °C (Shishkov et al., 1980; Trinel-Dufour
and Perrot, 1977) and Fe?*-Mg partitioning experiments
between olivine and spinel solid solutions at 1300 °C
(Jamieson and Roeder, 1984) and a chloride aqueous so-
lution and spinel at 800 °C (Lehmann and Roux, 1986).
Finally, the value of g,,,, was constrained from activity-
composition relations in Fe;O,-MgAl,O, solid solutions
at 1000 °C (Mattioli and Wood, 1988).

The coeflicients g, g,,, and g, determine absolute val-
ues of end-member chemical potentials and are not re-
quired for activity-composition calculations (Egs. 31 to
34). These parameters were therefore set to zero. Finally,
the derived values of the order, compositional, and com-
bined order and composition parameters were tested and
refined by comparing calculated cation-site fractions, ac-
tivity-composition relations, and partitioning coefficients
with experimentally measured cation distributions, activ-
ity-composition relations, and partitioning data in Fe,;O,-
MgFe,0,, Fe,0,-FeAl,O,, MgAl,O,-FeAl,O,, and Fe,O,-
MgAl,O, solid solutions. The refined values for the ex-
pansion coefficients and their estimated uncertainties are
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reported in Table 5. The values are not unique since the
expansion coefficients are highly correlated. The estimat-
ed uncertainties are not intended to reflect these corre-
lations but rather to indicate ranges over which the re-
fined values may be varied while preserving a satisfactory
fit to the experimental data.

APPLICATION OF THE MODEL TO
Fe;0,-FeAl,0,-MgFe,0,-MgAl O,
SOLID SOLUTIONS

Theoretical cation distributions and activity-com-
position relations in Fe,O,-MgFe,0,, Fe,0,-FeAl,Q,,
MgAlO,-FeAl,O,, and Fe;0,-MgALQO, solid solutions
were calculated using the values of the expansion coeffi-
cients in Table 5. Cation distributions were calculated
from Equations 21 to 27. The nonlinear simultaneous
equations were solved using a Newton-Raphson method
(e.g., Gerald and Wheatley, 1984, p. 133-159), and the
results are presented as solid lines in Figures 1A, 3A, and
4A. Activities of spinel, magnetite, hercynite, and mag-
nesioferrite were calculated from Equations 31 to 34, re-
spectively, and the results are presented as solid lines in
Figures 1B, 3B, and 4B.

Fe,0,-MgFe,0, solid solutions

Calculated cation distributions at 1000 °C (Fig. 1A) are
in excellent agreement with experimental results obtained
from the combined thermopower and conductivity tech-
nique (Nell et al., 1989). Activity-composition relations
at 1000 °C display a positive deviation from ideality in-
termediate between the data of Shishkov et al. (1980) and
Trinel-Dufour and Perrot (1977) (Fig. 1B). Error bars on
the data points in Figure 1B represent an estimated un-
certainty of £10% in the measured activities. Jamieson
and Roeder (1984) performed Fe?*-Mg exchange ex-
periments between olivine and Fe,0,-MgFe,O, solid
solutions at high temperatures. We used their data to con-
strain Fe,O, and MgFe,O, activities at 1300 °C. The Fe?*-
Mg exchange equilibrium between olivine (ol) and Fe,O,-
MgFe,O, solid solutions (Fesp) is given by

(X Egipo“) (X g/lIgSig_502)
(Xll\:;gsgezo‘;)(X (l:‘lesio_ 502)

In KgF = In

= ln Kgl-Fesp + ln M

YFez04

2Wy o

MgSig 502

_ Wol +
RT RT

(35)

where KoFep is the equilibrium constant for the olivine-
spinel exchange reaction, XEgp, is the mole fraction of
magnetite in the spinel solid solution, Ye,o, (= Gres0,”
XEen,) 1s the activity coefficient of magnetite in spinel
solid solution, and W, is the regular-solution parameter
for Fe-Mg olivine. Theoretical K3-Fe values at fixed spi-
nel compositions were calculated from Equation 35 using
Yres0s ANA Yrggre,0, Values obtained from our calculated
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activity-composition relations. Assuming a value of 4.5
+ 1.0 kJ/mol on a 1-atom basis for the regular-solution
interaction parameter (W) in olivine (Nafziger and Muan,
1967; O’Neill and Wall, 1987), the mean value for In
Kg-Fe» over the compositional range 0.1 < Xygre,0, < 0.75
was estimated to be 1.80. As can be seen from Figure 2,
the calculated In K3-Fer values are in good agreement with
the experimental measurements within the range of likely
values of W,.

Fe,0,-FeAl,O, solid solutions

Phase-equilibrium experiments at 2-kbar pressure
(Turnock and Eugster, 1962) indicate the presence of a
solvus at a composition of 55 mol% FeAl,O, and a con-
solute temperature of 860 £ 15 °C in this system. Only
these data were used as constraints on the mixing prop-
erties on this join, and our model calculates a solvus in
almost perfect agreement with the experimental data.
Calculated cation distributions and activity-composition
relations at 1300 °C are presented in Figures 3A and 3B,
respectively. There is excellent agreement with the mea-
sured cation distributions, and the predicted activity-
composition relations are within the uncertainties in the
data of Petric et al. (1981). Petric et al. determined activ-
ities by equilibrating spinel with Pt-Fe solid solutions at
fixed P,,. Their data give an uncertainty of +0.06 log
units in log ag, in the metal solution, and this uncertainty
results in the error bars given in Figure 3B.

Fe,0,-MgAlQ, solid solutions

The combined thermopower and conductivity tech-
nique used to determine cation distributions in Fe,O,-
MgFe,0, and Fe,O,-FeAlQ, solid solutions (Nell et al.,
1989) does not provide information on the intersite dis-
tributions of Mg and Al in Fe,O,-MgAl,O, solid solu-
tions. In our earlier paper (Nell et al., 1989), we com-
bined thermopower-conductivity measurements on Fe,O,-
MgALO, solid solutions with the O’Neill-Navrotsky
model to estimate the amount of tetrahedral Al. In the
present study we opted to use the Gibbs-Duhem equation
to calculate partial molar spinel entropies from our mea-
sured partial molar entropies of Fe,O,. These were then
solved to obtain a model-independent concentration of
Al on tetrahedral sites. Uncertainties in the calculated
values of Al,, arising from the integration of the Gibbs-
Duhem equation were assessed by calculating Al,, in
Fe,0,-FeAl,Q, solid solutions through the use of a simi-
lar procedure and then by comparing the result with the
actual measured values of Al,,. The results and uncer-
tainties at 1000 °C are shown in Figure 4A together with
theoretical cation-distribution curves. Cation distribu-
tions in this system were not used to constrain the values
of the expansion coefficients, and the calculated cation
distributions are therefore entirely predicted.

Calculated activity-composition relations are com-
pared to the data of Mattioli and Wood (1988) in Figure
4B. The calculated solvus has a consolute temperature of
about 1025 °C at a composition of 56 mol% Fe,O,. The
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pared to the measurements of Jamieson and Roeder (1984) at 1300 °C. Calculated distribution coefficients favor a value of about
3.5 kJ/mol on a 1-atom basis for the regular solution interaction parameter in olivine (W,,). Direction of approach to equilibrium
in the experimental measurements is indicated by arrows on the error bars.

solvus predicted by our model is a compromise between
the model of Lehmann and Roux (1986), who calculated
a wider miscibility gap at 1000 °C, and the results of
Mattioli and Wood (1988), who estimated the consolute
temperature to be between 900 and 1000 °C.

MgALO,-FeAl,O, solid solutions

Activity-composition relations were estimated from
Fe?*-Mg exchange experiments between olivine and spi-
nel (Jamieson and Roeder, 1984) at 1300 °C and aqueous
chloride solution and spinel at 800 °C (Lehmann and
Roux, 1986). The equilibrium between olivine (ol) and
MgALO,-FeAl,O, solid solutions (Alsp) is expressed as

(XRR120)(Xesig s0,)
In Ko-Alsp = |p ~——rga2ual\ Tesig U’
2 (X‘]‘-%ls‘{,lzo‘;)(Xg/llgSio_st)

- ln Kol-Alsp + ln M
a

YMeALO4

W.

ol
RT T

2W,
R T‘ XoFleSio_SOZ -

(36)

Following the procedure outlined above for Fe,O,-
MgFe,0, solid solutions, we used a value of W, 0f 4.5 +
1.0 kJ/mol on a 1-atom basis and found a mean value of
In K34 over the composition range 0.5 < Xygan0, < 0.9
to be —0.02. Calculated values of In K§-4 are in excellent
agreement with the measured values of Jamieson and
Roeder (1984) (Fig. 5).

Equilibrium between an ideal chloride aqueous solu-
tion (fl) and MgALO,-FeAL,O, solid solutions (Alsp) is
given by the following relationship:

(X Il}el?l 204) (X!]\l/lgclz)

= ln K;l-Alsp
(X&léalzoig)(XgeClz)

+ In YMeA0s (37)

YFeAl,04

The agreement between our calculated activities and the
data of Lehmann and Roux (1986) is excellent (Fig. 6).
The mean value of In K% js calculated to be —1.4.

CONCLUSIONS

A second-degree Taylor series expansion of the vibra-
tional part of the Gibbs free energy was used to model

—

Fig. 4.

(A) Predicted cation distributions on the join Fe,0,-MgAlL O, at 1000 °C plotted as a function of mole fraction of MgAl,O,

(X,p). Fe** and Fe** site-occupancy data are from Nell et al. (1989). Al and Mg intersite distributions were calculated by using the
Gibbs-Duhem method (see text). (B) Calculated activity-composition relations for the Fe;0,-MgALO, join at 1000 °C. Experimental

measurements are from Mattioli and Wood (1988).
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Fig. 6. Calculated values of In K&-ate (K84l = [(X8 o WX e I (X8R 1,0} (X &)1} for the join FeAl,0,-MgAl,O, compared to

the measurements of Lehmann and Roux (1986) at 800 °C.

cation distributions and activity-composition relations in
Fe,0,-MgFe,0,-FeAl,0,-MgAl,O, solid solutions. The
resulting expression for the Gibbs free energy is symmet-
ric with respect to order, composition, and combined or-
der and composition parameters. Activity-composition
relations and intersite cation distributions are thus treat-
ed with symmetric excess mixing energies. The Taylor
series expansion coefficients are overdetermined, and as
a result, certain relationships exist between the excess free-
energy terms in the solution set of expansion coefficients.
The Navrotsky-Kleppa (1967) model (—RT In K, = con-
stant) for intersite cation distributions is obtained from
the Taylor series expansion when all excess mixing ener-
gies are set to zero. The constants used in this formalism
are shown to be differences between chemical potentials
of reference end-member components. The O’Neill-Nav-
rotsky (1983, 1984) model (—RT In K, = « + 28B3}) for
intersite cation distributions in pure end-member spinels
is identical to the second-degree Taylor series expansion
with the 8 energy parameter given by the regular sym-
metric interaction parameter between divalent and tri-
valent cations on tetrahedral and octahedral sites. In
binary and quaternary solid solutions, the O’Neill-
Navrotsky formalism corresponds to a second-degree se-
ries expansion in which the combined order and com-
position parameters are equal to zero.

The values of the series expansion coefficients were
constrained from measured cation distributions and ac-
tivity-composition relations in Fe,O,-MgFe,0,, Fe,0,-
FeAl,O0,, MgAl,0,-FeAl,O,, MgFe,0,-MgAl,Q,, and
Fe,0,-MgAlQ, solid solutions. The resultant data set al-
lows calculation of internally consistent cation distri-
butions and activity-composition relations in Fe,0,-
MgALO,-MgFe,0,-FeAl,O, solid solutions.

Application of the model to calculate cation distri-
butions and activity-composition relations in Fe,O,-

MgFe,0,, Fe,0,-FeAl,O,, MgALO,-FeAl,O,, and Fe,0,-
MgAlQ, solid solutions shows good agreement between
the calculated values and experimental measurements.
Regular symmetric interaction parameters adequately de-
scribe mixing in Fe,O,-FeALQO,, MgALO,-FeAl,O,, Fe,O,-
MgFe,0,, and Fe;0,-MgAl,O, solid solutions, and a
solvus with consolute temperature of about 1025 °C is
generated in the latter system.
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