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Order-disorder in omphacitic pyroxenes: A model for coupled substitution
in the point approximation-Discussion
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Ansrnncr

The differences between the generalized pair approximation and the Bragg-Williams
approximation are discussed for omphacitic pyroxenes [CaMgSirOu (diopsideFNaAlSirOu
(adeite)]. At low temperatures, the pair approximation predicts an unrealistic state with
complete short-range order and no long-range order for omphacite. The Bragg-Williams
approximation does not give this result because it includes no short-range order and thus
is constrained to give an ordered ground state. For any finite cluster size, the cluster
variation method (CVM) gives unphysical low-temperature properties for systems without
long-range order; in other words it is not a good approximation for spin-glass type systems.

Recent CVM calculations for ionic-covalent carbonates, oxides, and silicates use incom-
plete expressions for the total energy, since they ignore long-range interactions. The energy
should contain long-range elastic and electrostatic contributions that are dependent on the
state oflong-range order and composition as well as the short-range order contributions.
These interactions are expected to be particularly important in coupled solid solutions,
such as omphacitic pyroxenes. Neglect ofthese long-range contributions in general leads
to energy parameters that have no physical meanrng.

INrnoouctloN

The purpose of statistical mechanical modeling of solid
solutions is to understand better and predict thermody-
namic solution properties. Statistical mechanical model-
ing also gives guidance for the formulation of empirical
models; a functional form that is based on physics should
behave better than ad hoc models for interpolation and
extrapolation. Phase equilibria can then be calculated from
the thermodynamic formulations. Cohen (1986a, 1986b,
1986c) and Cohen and Burnham (1985) addressed the
problem of short-range ordering in aluminous pyroxenes
and the effects ofshort-range ordering on the thermody-
namic properties. A large degree of short-range order is
expected in coupled solid solutions such as aluminous
pyroxenes since ions of different valence mix in these
crystals. An understanding of coupled solid solutions is
particularly important because pyroxenes and feldspars,
the most abundant minerals in the Earth's crust, are cou-
pled solid solutions.

Davidson and Burton (1987) have suggested that the
Bragg-Williams (BSI) (1935a, 1935b) approximation is
superior to the generalized pair approximation presented
in Cohen (1986b). Their criticism of the pair approxi-

the crudeness of the BW approximation saves it from
similar behavior. The utility of the BW approximation
relative to the pair approximation depends on the prob-
lem addressed. The pair approximation is not appropri-
ate to study the long-range ordering transition in om-
phacite, since no transition is found. On the other hand,
the BW approximation is not appropriate to study short-
range order, since it is assumed that no short-range order
is present. Cohen (1986a, 1986b, 1986c) concluded that
the random model for the entropy, that is, the entropy
formulation of the BW model, is generally sufficient as a
first approximation in describing the thermodynamic
properties of coupled solid solutions.

Regardless of what approximation method is used for
the entropy, the expression for the energy is critical ifone
wants to obtain physically meaningful results. Davidson
and Burton have neglected the probable importance of
long-range interactions. Such interactions would change
the possible phase-diagram configurations, as well as the
configurational thermodynamic properties.

CorvrplnrsoN oF THE Bucc-Wrr;,rAMS MoDEL AND
rrrn P.Lrn Appnoxrnu,TloN FoR Onaprr.lcrrns

mation is its behavior at low temperatures (0 K). In fact, In the BW approximation, there is no short-range or-
the pair approximation does not predict reasonable prob- der. The probability of simultaneously finding an A atom
abilities for the Ml-M2 pairs even at moderate temper- on one site and a B atom on another site is simply the
atures. The pair approximation is not sensitive to struc- product ofthe individual site-occupancy probabilities. For
tural details larger than the pair, and this fact leads to example, if the site-occupancy fraction of atom type A
greater ordering between Ml and M2 than is consistent on site I is 0.5 (i.e. Ni : 0.5), and similarly for atom
with the pyroxene structure. It will be shown that only type B on site 2, then the probability of finding an AB
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pair on sites I and 2 is simpiy 0.25 (or Pii : 0.25). In
other words, in the BW approximation, there is no short-
range order other than that dictated completely by the
long-range order. If the crystal is long-range ordered so
that Nl : 0.25 and Nl : 0.75, then Pi'z" : 0.1875. Clearly
the BW approximation is not a very good approximation
ifthe goal is to study the effects ofshort-range order, since
short-range order is not independently variable. In C2/c
pyroxenes, for example, the BW approximation assumes
that the arrangement of atoms on each site is completely
random. Almost all thermodynamic solution models for
pyroxenes prior to Cohen (1986a, 1986b, 1986c) as-
sumed a large degree of short-range order in omphacites.
This assumption could not be tested within the BW ap-
proximation. The pair approximation is the simplest
model that includes short-range order.

All analytic techniques for calculating phase diagrams
and configurational thermodynamic properties from a
microscopic viewpoint involve approximations. The util-
ity of a particular method depends on the problem being
addressed. There are only two essential differences be-
tween the pair approximation and the BW model. First,
the pair approximation allows for short-range order, which
is described by a set ofshort-range order parameters. Sec-
ond, the expression for the entropy in the pair approxi-
mation contains information on the crystal structure for
both pairs and crystallographic sites, whereas the BW ap-
proximation contains information only on the relative
numbers of crystallographic sites. Both the pair approx-
imation and the BW model give incorrect or unphysical
results for particular properties.

The pair approximation gives configurations for the M I -
M2 pairs in omphacite that are too ordered to be consis-
tent \Mith the pyroxene structure in the disordered C2/c
structure. At 0 K, the pair approximation gives a state
with complete order of Al and Mg on Ml and complete
order of NaAl and CaMg on Ml and M2. The ground
state has a short-range order parameter, o. : P(CaMg) +
P(NaAl) - P(CaAl) - P(NaMg) of l, whereas the max-
imum should be %. [The two types of Ml-M2 pairs are
not distinguished here since the associated ordering ener-
gies were found to be equivalent in Cohen and Burnham
(1985).1 This result occurs because the interactions be-
tween Ml and M2 are frustrated (Toulouse, 1977); that
is, there is no way to order favorably all of the Ml-M2
pairs because each Ml has three M2 next-nearest neigh-
bors and vice versa. The short-range order parameter
should only reach Yr owing to the formation of unfavor-
able Ca-Al and Na-Mg pairs. The pair approximation,
however, does not include this information and therefore
does not include frustration. The result can be demon-
strated easily for Di50Jd5o. Using the ordering energies
calculated in Cohen and Burnham (1985, Table 3), an
unphysical state of complete short-range order of Na-Al,
Ca-Mg, Ca-Na, and Mg-Al gives an ordering energy of
- I 36 kJ/mol. However, for the P2/ n ordered omphacite,
the short-range order parameter for the reaction between
Ca and Na on M2, with Mg and Al on Ml, reaches a

maximum of t/t at the low-temperatured limit owing to
the imposed long-range order. This gives an ordering en-
ergy of -76 kJ/mol. The C2/c state is energetically fa-
vored. [The scaling factor (Cohen and Burnham, 1985;
Cohen, 1986b) is neglected here; it would reduce the dif-
ference in energies by a factor ofabout 5.5.1 It is only the
impossibility of achieving short-range order in the BW
approximation that makes it appear sensitive to the frus-
trat10n.

At higher temperatures, the ordering between Ml and
M2 can be higher than o, : 7r because of the disorder in
the Ml andM2 chains. To examine the physical limits,
simulated annealing calculations (Press et al., 1986) were
performed. For Xro : 0.5, the pair approximation gives
o,(MlMl) : 0.77, o,(M2M2): 0.28, and o.(MlM2) :

0.70 at a reduced temperature of I (approximately 1000
K). The closest configuration to the calculated short-range
order parameters of the pair approximation was found to
be o, : 0.66, o2: 0.28, and o, : 0.44. For compositions
displaced from the center ofthejoin, the physical bounds
are higher for or. For X,o: 0.25, the pair approximation
gives o' : -0.02, oz: -0.1l, and o, : 0.7 5, whereas the
closest configuration found gives or : -0.06, oz: -0.12,

and o, : 0.68. Finally, in the dilute limit, agreement is
found between the pair approximation and an exact so-
lution (Cohen, 1986b).

These results are not surprising since the pair approx-
imation contains information only about the numbers of
pairs, not the detailed way that the pairs are connected.
Since the Ml-M2 pairs are too ordered, the free energy
of the disordered C2/c phase is too low and is always
lower than the free energy of the ordered P2/n phase,
using the ordering energies from Cohen and Burnham
(1985). By varying the energies as described in Cohen
(1986b, Fig. l5), the experimentally observed P2/n field
can be made to appear, but it becomes unstable with
respect to C2/c at still lower temperatures. This low-tem-
perature C2/c phase is unphysical, however; the pair ap-
proximation gives negative configurational entropy for
the C2/c phase at low temperatures.

The cluster variation method (CVM) contains contri-
butions to the entropy ofboth positive and negative sign.
At infinite temperature, the configurational entropy of the
CVM is equal to that of a random distribution of atoms
on each site. At 0 K, however, the calculated entropy is
in general negative unless all of the cluster probabilities
are either zero or one. This is true for any finite cluster
size except the point, which is only a member of the CVM
hierarchy as a limiting case since it does not contain pos-
itive and negative contributions to the entropy. Thus the
CVM cannot in general be expected to give realistic
ground-state properties for frustrated systems, except in
the case ofphase separation.

As discussed in the reply by Burton and Davidson
(1988), similar behavior of the pair approximation is
found in other systems. In the CuAu system, for example,
the pair approximation does not predict a phase transi-
tion to an ordered superlattice because the pair approxi-
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mation underestimates the free energy of the disordered
phase (Kikuchi and Sato, 1974). At the CuAu composi-
tion, the pair approximation gives a ground state in which
every Cu is surrounded by twelve Au atoms and vice
versa, which is not geometrically possible on the FCC
lattice. Though the BW approximation does give phase
transitions in the CuAu system, it gives a qualitatively
incorrect phase diagram (de Fontaine and Kikuchi, 1978).

The BW approximation cannot give pair probabilities
inconsistent with the pyroxene structure, because in the
BW approximation there is no short-range order if there
is no long-range order. This is an advantage of the BW
approximation, particularly if one is interested in the long-
range-ordered phase. However, if one is interested in the
C2/c phase, the BW approximation is of very little use
in estimating pair probabilities unless one has some rea-
son to expect very little short-range order. The BW model
gives short-range order parameters of zero for Xro : 0.5
and zero configurational heat capacity. The BW model
overestimates the free energy of a disordered phase,
whereas it describes a long-range-ordered phase rather
well. Thus it overestimates the temperature for an order-
disorder phase transition by up to a factor of two (de
Fontaine, 1979). It is not surprising, therefore, that the
long-range ordering in omphacite is found using the BW
approxrmatron.

The entropies, enthalpies, and free energies ofthe C2/c
phase calculated in the pair approximation are probably
considerably closer to the exact solution than the BW
values at moderate temperatures. The short-range order
parameters o, ?rrd o, are probably quite accurate in the
pair approximation, as well, since they refer to one-di-
mensional chains and the pair approximation is exact for
one-dimensional chains.

One could conceivably formulate a form of pair ap-
proximation that had the frustration effect built in and
that would give a reasonable result for the 0-K ordered
state. However, such a model would be ad hoc andwould
not flow naturally from the pair approximation. The for-
mulation of the entropy in the pair approximation is
unique, so that only a constraint on the pair probabilities
could be considered. One way to fix the low-temperature
behavior would be to constrain the short-range order pa-
rameter for the ordering between Ml and M2, so that for
Di50Jd50 it could reach a maximum of % for the disor-
dercd C2/c phase as well as the ordered P2ln phase. This
seems reasonable, but it would lead to discontinuities in
the heat capacity at the temperature at which the bound-
ary is reached. Such a model would give identical prop-
erties as calculated with the unconstrained generalized
pair approximation for temperatures above this temper-
ature.

Note that frustration is not a factor in the fassaitic py-
roxenes, so the pair approximations for fassaites and CaTs
(Cohen, 1986b) are probably considerably more reliable
than those for omphacites.

Problems with the formulation of the energy are more
serious than those associated only with the low-temper-

ature behavior. They affect all of the CVM calculations
that have been presented in the past for ionic-covalent
crystals such as carbonates (Burton and Kikuchi, 1984;
Burton, 1987) and ilmenites (Burton, 1985), as well as
pyroxenes (Davidson and Burton, 1987).

Fonlrur,.lrroN oF THE ENERGY

In simple substitutional alloys, with little "lattice mis-
match" and only small charge transfer, the energy as a
function of composition and state of order can be repre-
sented quite well by a sum of short-range interaction
energies. These interaction energies may be simple pair-
wise interactions, or they may be cluster interactions for
larger clusters of atoms (de Fontaine, 1979).

If, however, there is a significant difference in the ef-
fective sizes of the atoms substituting for each other, there
is a contribution to the energy that cannot be written in
this form no matter how many parameters are included
and no matter how large the cluster. This contribution
arises because the mismatch leads to elastic contributions
to the energy that are long-range in nature and cannot be
approximated as short-range sums. Kubo (1985) dis-
cussed this efect for Cu-Zn (brass) and showed that a
reciprocal-space formulation leads to a correct descrip-
tion of the effects of elastic strains produced by lattice
mismatch. It may be possible to find a set of short-range
energy parameters by fitting the experimentally deter-
mined phase diagram. Such energy parameters, however,
do not represent any real physics since the formulation
itself is faulty.

Mbaye et al. (1987) and Ferreira et al. (1987) have
considered this effect and have found not only that the
elastic contributions can be quite large, but that the form
of the phase diagram can be drastically modified when
elastic interactions are included. In Figure l, their results
are reproduced for the Cu-Au system (Ferreira et al.,
1987). The difference between Figures la and lb is en-
tirely due to the inclusion of long-range elastic interac-
tions in la. Similar results were found for the (In,Ga)P
system (Mbaye et al., 1987); therefore, the elastic inter-
actions are important regardless of the type of bonding.

They also found the general result that elastic strain
leads to stabilization ofordered phases and to destabili-
zation ofthe disordered phase. The elastic energy, which
was not calculated in Cohen and Burnham (1985) be-
cause of the lack of a sufficiently accurate model, would
destabilize the C2/c disordered phase and stabilize the
ordered P2/nphase.

In complex crystal structures, inhomogeneous defor-
mations also contribute to the energy as functions of or-
der and composition and are included here as part of the
strain energy. Even if the lattice parameters vary little
with state-of-order, the inhomogeneous contributions can
be significant and have a complicated form.

Ionic-covalent crystals also contain large long-range
electrostatic forces. In coupled solid solutions where ions
of different valence mix, long-range contributions to the
energy as functions of composition and state-of-order are
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Fig. 1. Phase diagrams for the Cu-Au system. (a) Both con-
figurational and long-range elastic interactions are included. (b)
Only the configurational interaction is included. Clearly the long-
range elastic interactions are important. From Ferreira et al.
(1 e87).

expected to be particularly acute. Cohen and Burnham
(1985) found, surprisingly, that in spite ofthe long-range
nature of the forces, the ordering energy at fixed com-
position and fixed strain could be approximated very well
by a simple short-range pair formulation. However, this
was not true for the energies as a function of composition.
Cohen (1986b) did not calculate phase diagrams since the
energy as a function of composition must be accurate in
order to calculate the coexistence of phases of diferent
compositions. Cohen discussed the expression for the en-
ergy (Cohen, I 986b, Eq. I l) and suggested that the energy
can be broken up into a part that depends explicitly only
on the short-range order parameters, H', a parl that de-
pends only on the composition, f1., a part that explicitly
depends only on the long-range order parameters, HL,
and a temperature dependent part not included in the
other terms, I1". Ferreira et al. (1987) have shown that
the first two of these contributions can indeed be rigor-
ously separated. (They use e for contribution H, and G
for contribution -F1-.) There is a part dependent on the
state oflong-range order as well since long-range ordering
leads to long-range elastic strains, and the temperature-
dependent term comes in through the changes in vibra-
tional state with order and composition. Cohen and
Burnham (1985) only calculated the term I1'; therefore,
a phase diagram could not be calculated. 11" and H^ are
expected to be the dominant terms, and ,F1" is expected
to be the smallest term. .F1. was called the nonconfigura-
tional contribution to the energy in Cohen (1986b) since
it is not an explicit function of the order parameters.

Further evidence that the long-range contributions are
significant is given in Figure 2, reproduced from Cohen
(1986b). Figure 2 shows the calculated excess configura-

Fig. 2. Excess configurational enthalpy as a function of com-
position and reduced temperature (-RT/WM..M) calculated from
the generalized pair approximation. A reduced temperature of I
corresponds to l0l0 + 240 K. The difference between the ex-
perimental excess enthalpies and the calculated configurational
enthalpy is an estimate of the long-range contributions to the
total enthalpy. From Cohen (1986b).

tional enthalpy, H", as a function of reduced temperature
and composition. A reduced temperature of I corre-
sponds to l0l0 + 240K. Also shown are the experimen-
tal excess enthalpies from data of Wood et al. (1980) as
reduced by Cohen (1986c). The term fI- (or G; can be
estimated as the difference in the measured mixing en-
thalpies and the curve marked with a reduced tempera-
ture of l. The long-range contributions are positive and
are larger in magnitude than the short-range-ordering
contributions. Some of the discrepancy, however, may be
due to nonequilibrium disordered states in the synthe-
sized pyroxenes, so that the long-range contributions to
the energy are probably somewhat smaller than suggested
in Figure 2.

Finally, Davidson and Burton (1987) use the short-
range-ordering energies in Cohen and Burnham (1985)
incorrectly. They identify W , and W , in Cohen and Burn-
ham (1985) with their lVMt and WM2, and 2/tW' with
AG9 (Davidson, pers. comm.). In the completely disor-
dered state with no short- or long-range order, the short-
range order parameters defined in Cohen and Burnham
are given by -4x2 + 4x - l. Comparison with Davidson
and Burton's equation fs1 flsot with s, and s, equal to zero
shows that V[Adt is analogous to 4W,, and similarly for
Wrand Wr.For example, for completely disordered om-
phacite, the contribution from the Ml-Ml pairs varies as
4x(l - x)W, in Cohen and Burnham's formulation, and
as x(l - x)VIn"'in Davidson and Burton's formulation.

[This comparison is for formula units of the same size;
note that they used a l2-oxygen formula unit rather than
the 6-oxygen formula unit used in Cohen and Burnham.l
This incorrect use of the energy parameters is the reason
that Davidson and Burton obtain reasonable ordering
temperatures without use of the effective dielectric con-
stant used in Cohen (1986b). On the other hand, the ra-
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tios rz: -ac\/(wMt + wM2\ and r: wNt2/wMr are not
affected by their error of a factor of four. Nevertheless,
even the relative ordering energies are not sufficient to
calculate phase diagrams. The ordering energies calculat-
ed in Cohen and Burnham do not allow comparison of
the energies of two different compositions. This is the
reason Cohen (1986b) did not calculate phase diagrams.

RrcrNr PRocRESS

In order to examine the validity of the ordering ener-
gies calculated in Cohen and Burnham (1985) and to study
the order-disorder phase transition in omphacite, Monte
Carlo calculations (Binder, 1987) have been performed
for omphacite. Unlike CVM calculations, Monte Carlo is
exact for a given system size if sufficient configurations
are included. Using the relative ordering energies in Co-
hen and Burnham (1985), a phase transition is found at
a reduced temperature -RT/W' : 0.85, which corre-
sponds to 850 + 250 K. This temperature is a little lower
than an experimental estimate of 7" of I 123 K (Carpen-
ter, l98l), but certainly reasonable considering the sim-
ple model used to calculate the ordering energies. The
pair approximation for CaTs was used to estimate the
scaling of the energies (Cohen, 1986b), and the same scale
factor gives a reasonable result for omphacite. Of course,
there is no a priori reason to suspect that the same scaling
factor would be applicable to minerals of different com-
position such as CaTs and omphacite. The consistency of
the results, however, strongly suggests that the short-range
order parameters and entropy of CaTs derived using the
pair approximation do not contain the problems that the
pair approximation encounters in frustrated systems. Thus
it appears that the pair approximation is a good first ap-
proximation for short-range order in nonfrustrated sys-
tems.

CoNcr,usroNs

The pair approximation gives an unrealistic ground state
for omphacite because it does not include frustration. On
the other hand, the BW approximation gives a reasonable
result at low temperatures, but only because it is con-
strained to do so. The BW approximation also contains
no information on short-range order, so it cannot be used
to consider the effects ofshort-range order, which was the
purpose ofCohen (1986a, 1986b, 1986c) and Cohen and
Burnham (1985).

The energy formulation used in recent CVM calcula-
tions for ionic-covalent oxides and silicates is incomplete,
because such solutions contain long-range elastic and
electrostatic forces that cannot be realistically represented
by a short-range formulation. Cohen and Burnham (1985),
however, found that the ordering energies can be repre-
sented as short-range interactions written as stoichiomet-
ric chemical reactions between pairs. The fact that neglect
of these contributions of the energy leads to reasonable
phase diagrams within the BW approximation is proba-

bly fortuitous and is due to canceling errors in the energy
formulation and the BW approximation.

In summary, it is not meaningful to state that either
the pair approximation or the BW approximation is su-
perior. It depends on the properties ofthe system in which
one is most interested. Of the two approximations, the
BW approximation is necessary for studying the long-
range-ordering transition in omphacites, and the pair ap-
proximation is essential for investigating short-range or-
der. Higher-order approximations are requisite for accu-
racy in phase diagrams and configurational properties.
Regardless of the entropy formulation used, an inaccurate
or incomplete formulation of the energy will lead to less
useful results. This is particularly true when energy pa-
rameters are fit to give agreement with experiment.
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