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Energetics of ordering in aluminous pyroxenes
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Abetract

Electrostatic energy calculations were performed to obtain ordering energies for aluminous
pyroxenes. Short-range ordering (SRO) energics were derived for Ca-Tschermak's pyroxene
(CaTs), fassaite and omphacite by calculating en-rgies foi different arrangements of cations on
a fixed framework for multiple cells of average structures. For CaTs, SRO energies obtained
for the reaction AlAl + SiSi : 2AlSi are -73 kJ per mole (6-oxygen formula unit throughout)
for pairs along the tetrahedral chains related by a c glide, -24 kJ per mole for the closest
pairs between chains within the (100) plane related by an inversion center, and -9 kJ per

mole for pairs between chains across M2 related by a 2-fold axis. For fassaite, the SRO
energy obtained for the reaction between Ml and T, MgAl + AlSi - MgSi + AlAl, is - 187
kJ per mole, while -38 kJ per mole was obtained for the reaction MgMg + AlAl:2MSAI
along octahedral chains. For omphacite, SRO energies are -36 kJ per mole for Al and Mg in
Ml, - 10 kJ per mole for Na and Ca in M2, and -90 kJ per mole for the coupling of Na
with Al and Ca with Mg between Ml and M2. In all cases pairs of cations with unlike
valences are energetically favored relative to isovalent cation pairs. This electrostatic tendency
is the energetic basis for the Al-avoidance principle.

Calculations for long-range ordering energies in Mg-Tschermak's pyroxene (MgTs) glve 2l
kJ per mole for exchange of Al from Ml to M2 with Mg and a 4l kJ per mole preference for
Al in TB and Si in TA versus the alternative.

Introduction
Energy calculations permit estimation of relative struc-

tural stabilities and ordering energies which are not di-
rectly accessible experimentally. They can supplement ex-
perimental methods such as X-ray diffraction, calorimetry,
spectroscopy and phase equilibria studies and can help in
understanding the microscopic forces behind experimental
observations.

Many studies on silicates have concentrated on the long-
range or coulomb part of the potential energy. For exam-
ple, O'Neill and Navrotsky (1983) compared the coulomb
energies of diflerent oxide and silicate spinels. Brown and
Fenn (1979) calculated energies for observed alkali feldspar
structures. Other studies have included short-range repul-
sion terms, usually of the Born-Mayer type: 7 exp (-r1fl.
Using potentials of this type Bish and Burnham (1984)
calculated exchange or long-range ordering energies for
cations in olivine. The repulsion parameters ). and p canbe
fit empirically to known structures (Catlow et al., 1982) or,
as in this study, can be fit from quantum mechanical
models such as the modified electron gas theory (MEG)
(Muhlhausen and Gordon, 1981).

At zero pressure, the calculated energies correspond to
enthalpies or internal energies if the atomic coordinates
and the cell parameters are allowed to vary in order to
minimize the energy. If the cell volume is fixed, the energies
represent internal energies for the pressure which corre-
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sponds to the cell volume. There are strain energies as well
when the cell parameters and atomic positions aro not con-
sistent with the energy minimum. The calculated energies
refer to a standard state of infinitely separated ions, with
shell stabilized 02- ions.

It is not possible at this time to ilirectly calculate order-
ing energies for disordered ionic solids. The coulomb po-
tential decays slowly with distance, as 1/r, so that a direct
pairwise sum of potentials which could allow for disord-
ered states would have prohibitively slow convergence. For
completely ordered structures, energies can be calculated
using a rapidly convergent technique such as Ewald's
method (Tosi, 1964). The virtual crystal method used by
Brown and Fenn (1979) to calculate energies for disordered
states, in which average cation valences are used for disord-
ered sites, is of questionable accuracy (de Fontaine, L979, p.
89). Methods such as the coherent potential approximation
(Stocks et al., l97l; Ducastelle and Gautier, 1976; Faul-
kner, 1982; Gonis and Freeman, 1983) and the Cluster
Bethe Lattice Method (Robbins and Falicov, 1984) have
been used for qualitative and semi-quantitative calculations
for disordered binary alloys. However, quantitative energy
calculations on simple alloys using these techniques have
not yet been published, nor have these techniques been
generalized for use on disordered silicates or oxides. There
is a fundamental difference between ordering in alloys and
cation ordering in silicates: In alloys ordering is among
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nearest neighbor atoms but in silicates the cations are sur-
rounded by oxygens, so that ordering is between next-
nearest-neighbors.

Energies for disordered ionic solids are approximated by
calculations for hypothetical supercells; energies are calcu-
lated for various long-range ordered configurations which
have different next-nearest-neighbor cation probabilities.
The effects of local disorder are estimated by examining the
effects of next-nearest-neighbor cation occupancies on cal-
culated energies. Using this method, Chamberlain et al.
(1985) calculated ordering energies for scapolite. If the
cation arrangements are parameterized in terms of long-
and short-range order parameters, and the energies related
to variations of these parameters, then energies for any
state of order can be estimated. If the multiple cell is larger
than the effective range of the short-range ordering ener-
gies, the repeat of the multiple cell has a negligible efect on
the calculated energies; this can be verified by using differ-
ent cell sizes.

In this study, energy calculations have been performed
for the aluminous clinopyroxenes CaTs (CaM2Altrt
(AlSi)rO6), fassaite (Cay,(MgAl)M1(ANi)JOr r) and ompha-
cite ((NaCa)M2(MgAl)M1Si4Orr) in order to investigate the
energetics of short-range ordering in coupled solid solu-
tions, in which ions of different valence substitute on the
same sites. These are particularly interesting applications of
energy calculations because the state of short-range order
is not obtainable by direct macroscopic thermodynamic or
microscopic crystallographic methods for complex min-
erals. Yet short-range order can have a profound effect on
macroscopic and microscopic properties. Short-range or-
dering energies provide the thermodynamic driving force
for phase changes such as the ordering transition and for-
mation of anti-phase domains in omphacite. Short-range
ordering in high-temperature long-range disordered phases
can lead to a drastic reduction of the configurational en-
tropy from that predicted by the Bragg-Williams model.

The application of energy calculations to ordering prob-
lems is more likely to be successful than applications in
which energies for different mineral groups are compared.
When energies for similar structures are compared, some
errors in the form of the potential due to polarization and
covalency effects may cancel out. Also, since these ordering
reactions involve ions of different valence, the coulomb
terms are of greater importance than the less well
characterized repulsive terms. Calculation of short-range
ordering energies in simple solutions is thus expected to be
more uncertain.

In order to test the energetic basis for site preferences in
aluminous enstatites, long-range ordering energies were
calculated for the orthopyroxene MgTs (Mg, Al)M2(Mg,
AI)MI(AL Si)rA(Al, Si)rBO6 in addition to the investigation
of short-range ordering energies for clinopyroxene models.
Based on analysis of bond distances, Takeda (1972) sug-
gested that Al prefers the larger TB site over the TA site in
aluminous orthopyroxene. Ganguly and Ghose (1979)have
suggested that no detectable Al goes into TA in ortho-
pyroxene but that significant amounts of Al go into the M2

site, again based on bond lengths. Direct site occupancy
refinement by standard X-ray methods is diflicult due to
the similar scattering factors of Si and Al; there has not
been any direct confirmation of the proposed site prefer-
ences.

Description of short-range order

Short-range uersus long-range order

Long-range order is a function of the composition of
each site in a crystal and is specified by the proportions of
each type ofatom in each crystallographic site. The term is
frequently used in the case of convergent ordering; a crys-
tal is said to be long-range ordered if two convergently
similar sites have diferent site occupancies: the long-range
order disappears at the transition to the higher symmetry
structure. In the non-convergent case, in which the sites are
crystallographically different even if they have the same site
occupancies, such as TA and TB in orthopyroxene, or Ml
and M2 in any pyroxene, long-range order parameters still
give the proportions of atoms on each site; ordering is
continuous as a function of temperature.

Short-range order is specified by probabilities for partic-
ular local configurations of atoms. For example, if P^,rr, the
probability of finding an AlSi next-nearest-neighbor pair in
the crystal, is different from the random probability, the
crystal is said to be short-range ordered. In this study a
pair approximation is used; short-range order is described
by parameters which are functions of the probabilities of
particular next-nearest-neighbor pairs of cations. Crystal-
lographically distinct types of pairs must be distinguished.
Pair probabilities such as P(i, AlSi) state the probability of
having an Al-Si pair of the "i" type. Pair probabilities are
straightforward extensions of site-occupancy fractions (or
point probabilities) commonly used to describe mixing in
solid solutions (de Fontaine, 1979\.

CaTs

The structure of synthetic CaTs was refined by Okamura
et al. (1974). Although they refined CaTs in the space group
C2/c, they discussed the possibility that ordering of Al and
Si in the tetrahedral sites could lead to a reduction of
symmetry to space group C2, Cl, PLln, or P2rln. The
presence of difractions forbidden in C2lc was determined
to be due to double diffraction (Grove and Burnham,
1974). We have examined CaTs by transmission electron
microscopy and have observed no violations of C2lc sym-
metry. Thus it seems that CaTs is a C2lc pyroxene with Ca
in the 8 coordinated M2 site, Al in the octahedral Ml site,
and Al and Si mixed in the T site. Each T site is sur-
rounded by four next-nearest-neighbor T sites (see Fig. l).
Two of these four share common oxygens with the regard-
ed T site and belong to the same tetrahedral chain oriented
along the c axis. These pairs of tetrahedra are related by a
c-glide and have a T-T distance of 3.125A frepresented by
T1A-T2AI (Designations using the nomenclature of Burn-
ham et al. (1967) are given in brackets here and below.)
They are designated here as A pairs. The next closest T-T
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Fig. 1. Three types of next-nearest pairs of tetrahedra in C2lc
clinopyroxene. The tetrahedra in the A pairs are related by a
c-glide. Those in the B pairs are related by an inversion center.
The C pairs are related by a 2-fold axis. After Cameron and
Papike (1981).

distance is 3.4214 and is between neighboring chains
within the (100) plane. These tetrahedra are related by the
inversion center at Ll4, ll4, 1/2 [represented by TIA-T2C].
This type ofpair is designated as a B pair. The closest pairs
between chains across M2, related by a 2-fold axis [repre-
sented by T1A-TlBl, are 3.984A apart and are designated
C pairs. Thus, each T site is a member of 2 A pairs, 1 B
pair and 1 C pair. (There are also pairs with distances of
4.2, 4.4, 4.7, 5.3 and 5.7A, but the occupancies of these pairs
were found to have minimal effect on the energy.)

The state of order is specified by the pair probabilities,
but all the pair probabilities are not independent. There are
three independent short-range order parameters, s(1), (2)
and s(3) corresponding to the A, B and C pairs, and are
defined as:

s(i) : 2P(i, AlSi) - P(i, AIAD - P(i, SiSi).

These parameters represent the extent of reaction for the
equation:

AlAl  + SiSi :2AlSi .

For CaTs, the short-range order parameters can vary from
- I to I since there are equal numbers of tetrahedral Al
and Si atoms. The value 1 represents complete short-range
order (only Al-Si pairs), 0 is random and - 1 represents
complete segregation of Al and Si. In fassaites, solid solu-

tions which do not have equal numbers of tetrahedral Al
and Si, such parameters cannot vary from - 1 to 1, and the
value 0 will have no special meaning. Nevertheless, vari-
ations in these parameters still measure the extent of reac-
tion for short-range order.

Fassaite

Fassaites are calcic clinopyroxenes containing appreci-
able amounts of the CaTs component. Peacor (1967) re-
fined the structure of a natural fassaite cofiaining -75yo

Si and 25% Al in the T site, and appreciable transition
metals in the M sites, in space group C2lc. Here the term
fassaite is used in a restricted sense to represent the 50%
CaTs, 50% diopside (CaMgSirOu) composition; the M2
site contains Ca. the Ml site contains 50% Al and 50o/o
Mg and the T site contains 25% Al and 75%o Si. It is most
convenient to use the same form for the tetrahedral Al-Si
short-range order parameters as used for CaTs. For a
random cation distribution in fassaite, each T-T short-
range order parameter has the value -0.438 rather than 0
as in CaTs. Values between -0.438 and -1 represent seg-
regation or clustering of Al and Si with greater probabil-
ities for AlAl and SiSi pairs, and values between -0.438

and 0 represent ordering of Al and Si with a greater prob-
ability for AlSi pairs.

In fassaite, there are also pairs representing short-range
order between M1 sites and T sites. Each Ml site is sur-
rounded by 6 next-nearest-neighbor T sites and each T site
is surrounded by 3 Ml sites. There are three different types
of M 1-T pairs at distances of 3.24, 3.26 and 3.44A. The two
shorter distances are for Ml-T pairs that belong to the
same I beam, while the longer distance is for the Ml-T
pairs between two I beams along b. The short-range order
parameters s(4Fs(6) are defined by:

s(i): P(i, MgSi) + P(i, AlAl) - P(i, MgAl) - P(i, Alsi)

for each type of Ml-T pair.
Finally, the short-range order parameter s(7), for Mg and

Al order along the octahedral Ml chain for pairs related
by the c-glide is given by:

s(7):2P(7, McAl) - P(7, MgMg) - P(7, AlAl).

The M1-M1 distance is 3.08A.

Omphacite

At high temperatures, omphacite has the same C2lc
structure as CaTs and fassaite. The M2 site contains 50%
Na and 50% Ca, the M1 site contains 50% Al and 50%
Mg, and the T site contains Si. There are 4 types of next-
nearest-neighbor pairs in omphacite.'s(1) is the short-range
order parameter for Ml-Ml pairs related by a c-glide at a
distance of 3.08A, s(2) is for tr.[2-M.2 pairs at a distance of
4.38A related by a c-glide, s(3) is for M1-M2 pairs at 3.19A

fsuch as M1(IFM2] and s(4) is for M1-M2 pairs [such as
M1-M2l at 3.424. We define for omphacite:

s(1):2p11, MgAl) - P(1, MgMe) - P(1, AlAl)
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s(2) :2p12, NaCa) - P(2, NaNa) - P(2, CaCa)

s(3, a) : P(3, 4, AlNa) + P(3, 4, MgCa) - p(3, a, AlCa)

- P(3,4, MgNa).

Notice that s(l) for omphacite corresponds to s(7) for fass-
aite.

Methods

For each composition of clinopyroxene, energies were
calculated for different cation arrangements on a fixed
framework. For CaTs, the observed structure determined
by Okamura et al. (1974) was used. For the other compo-
sitions, average C2fc structures were determined by dis-
tance least squares (DLS) (Bish and Burnham, 1984) using
the program DLS76 (Baerlocher et al., 1978). The pre-
scribed distances were obtained from known pyroxene
structures and structural systematics given in Cameron and
Papike (1981) and Clark et al. (1969). In each case, it was
necessary to fix the cell parameters, because they were not
well determined by the DLS procedure. For fassaite and
omphacite, experimental cell parameters for synthetic py-
roxenes of the proper compositions were used (Newton et
al., 1977; Wood et al., 1980). For MgTs, the parameters
were extrapolated from those of enstatite (Ganguly and
Ghose, 1979) and pyrope composition pyroxene (Ohtani et
al., 1981).

It was necessary to use a fixed structure rather than a
minimum energy structure because of the ionic nature of
the model. Burnham and Post (1983) have found that a
purely ionic energy minimization on diopside results in an
unrealistic structure in detail. This is probably because of
neglect of polarization and covalency effects, particulady
since pyroxenes contain over- and under-saturated oxygens
in terms of Pauling's rules. Catlow et al. (1982) performed
energy minimizations on diopside using empirical short-
range potentials. However, they were satisfied with discrep-
ancies of up to 0.25A from the known diopside structure.
Errors in ordering energies determined from energy mini-
mized structures would be extremely diffrcult to ascertain,
whereas the qualitative effects of using average structures,
are relatively straightforward (see below).

The repulsive parameters were obtained by fitting calcu-
lated MEG repulsive energies to a Born exponential (Burn-
ham and Post, 1983). A shell stabilized 02- wave function
was used with a shell radius of 1.0A. The parameters used
are given in Table 1. The program WMIN (Busing, l98l),
which calculates the coulomb energy using Ewald's
method, was used for the energy calculations.

Energies were calculated for various arrangements of
cations in hypothetical supercells. For CaTs, calculations
were performed on cells with a doubled c cell dimension
and on cells with a quadrupled c dimension, with a total
sampling of 35 cation arrangements. Many more arrange-
ments are possible. A smaller number of calculations were
first performed for the doubled cell and the short-range
ordering energies determined. After doubling the cell again
and doing more calculations, the derived ordering energies

Table l Repulsive energy parameters

l p

kJ /mol e E

332420
?910?0
358180
67 1 401
359200
563227

0.2451
0.2876
0.2428
0 .2516
0.2457
0,2351

did not change within error. Four of the cation arrange-
ments correspond to complete ordering in the normal unit
cell of tetrahedral Al and Si in space groups C2, Cl, P2ln
and P2rln. For fassaite and omphacite, a cell with a dou-
bled c dimension was used: 49 calculations were performed
on fassaite and 32 on omphacite. All cation arrangements
for which energies were calculated were subsequently
characterized by short-range order parameters. Multiple
regressions of energies versus the short-range order param-
eters were then performed in order to see how well the
variations in cohesive energies are predicted by the short-
range order parameters.

A different procedure was followed for MgTs. DLS
structures were determined for three cases: Al in Ml and
TB, Al in M2 and TB. and AI in Ml and TA. Prescribed
bond distances for Si-O, Mg-O and O-O were taken from
enstatite (Ganguly and Ghose, 1979), while those for Al-O
were determined by multiplying the Mg-O or Si-O dis-
tances by the ratio of the cation-oxygen distances predic-
ted from the ionic radii (Shannon and Prewitt, 1969).

Results

We find that the calculated cohesive energies can be rep-
resented very well by equations of the simple form: E - Eo
+ > \V(i)s(i). It is thus convenient to define W(i), the de-

rivatives of the energy with respect to the short-range order
parameters, W(i) : aE/as(i), as the short-range ordering en-
ergies. From these ordering energies, the AE for any short-
range ordering reaction can be calculated for constant
composition. The ordering energies are thus the coeffrcients
of the short-range order parameters in multiple linear re-
gressions. It was found that these derivatives are essentially
constant as a function of the state of short-range order.
Significance was tested with the T-test. Estimated standard
deviations for the coeflicients were calculated from the ex-
ternal estimate of the variance (Deming, 1943, p. 27) and
the coeflicients of determination, R2, were calculated from
the regression statistics.

The coordinates determined for the DLS structures used
for the energy calculations are given in Table 2. Table 3
gives the ordering energies, estimated standard deviations
and T-ratios for short-range ordering in CaTs, fassaite and
omphacite. All energies are given as kJ per 6 oxygen for-
mula unit.

For CaTs, the regression gives an R2 of 87o/o. Four of
the CaTs structures correspond to the completely ordered
states discussed by Okamura et al. (1974). The calculated

A l  - 0
0  - 0
s i - 0
C a - 0
M g - o
N a - 0
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Table 2. Results of distance least squares (DLS) refincments
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Assumed Cel l  Paraneters

a b c B e t a

Fassal te 9.665 8.775 5.281 706.26
0mphaci te 9.570 9.749 5.246 106.79
MgTs  18 .099  8 .475  5 .196  90 .00

Final  Coordinates

Fassa i  t e Onphac i te
x Y z x \ z

r , r1 0 0.9093 0.2500 0 0.9080 0.2500
M2 0 0.2923 0.2500 0 0.2993 0.2500
T 0.291 9 0.0903 0.2349 0.2909 0.0928 0.2294

01  0 .1166  0 .0759  0 .1361  0 .1144  0 .0804  0 .1396
02 0.3520 0.2621 0.3194 0.3622 0.2568 0.3036
03 0.3629 0.0200 0.0014 0.3548 0.0124 0.0022

MgTs: Al  in Ml  and TB Al  in MZ and TB Al  in Ml  and TA
X Y T X I Z X Y Z

Ml 0.3701 0.6605 0.8592 0.3743 0.6490 0.8537 0.3808 0.6631 0.8721
H2 0.37?2 0.4992 0.3569 0.3700 0.5044 0.3446 0.3821 0.4971 0.3682
TA  0 .27s1  0 .3439  0 .0378  0 .275 t  0 .3335  0 .0715  0 .2686  0 .3574  0 .0595
TB 0.4777 0.3536 0.1992 0.4710 0.3369 0.8082 0.4708 0.3413 0.8022

01A 0,1866 0.3266 0.0465 0,1870 0.3380 0.0217 0.1759 0.3280 0.0602
018 0.5705 0.3263 0.8266 0.5654 0.3444 0.8086 0.5598 0.3291 0.8138
02A 0.3096 0.5166 0.0328 0.3085 0.5071 0.0536 0.3187 0.5236 0.0465
028 0.4216 0.5037 0.6874 9.4223 0.4723 0.6454 0.4355 0.5014 0.7037
03A  0 .3089  0 .2309  0 .8094  0 .3101  0 .2106  0 .8589  0 .3053  0 .2155  0 .8526
038  0 .4460  0 .1900  0 .6155  0 .4473  0 .1619  0 .6394  0 .4412  0 .2016  0 .5994

stabilities are given in Table 4; the order of relative stabili- short-range order parameters derived from each distri-
ty was found tobe P2rln> C2> Cl> P2ln. For fassaite, bution.
the three ordering energies which correspond to ordering The DLS coordinates determined for ordered MgTs are
reactions in CaTs were taken as equal to those in CaTs. It given in Table 2 and the cohesive energies are given in
was found that the three ordering energies between Ml Table 4. These give -21 kJ per mole for the exchange
and T corresponding to s(4) - s(6) were statistically indis- reaction:
tinguishable. Thus in the final regression these were ac-
counted for as a single Ml-T ordering energy. The regres- AlM2 + Mg"t : Mguz * ot"t

sion gave an R2 of 96%.. The regression for omphacite gave and -41kJ per mole for the reaction:
an R2 of 92oh using the four short-range order parameters.
It can be seen that the ordering energy per pair is essen- AlrA + SirB - SirA + AlrB'

tially identical for the two types of M1-M2 pairs in om-
phacite. In summary, a simple linear model gives highly Discussion
significant regressions between calculated cohesive energies
for different cation distributions in a fixed structur.;;;; Short'range ordering energies in clinopyroxenes

The high R2 values of the regressions show that, to a
very good approximation, the configurational energy can

Table 3. Short-range ordering energes

CaTs tl l
|2
l,{3

Fassa i  te  14
li5

onphac i te  U l
t12
!13
I4

P a i r s  R e a c t i o n  S . R . o .  T
per Energy Rati o
6 0  k J / 6 0

{ e s d )

Table 4. Stability of ordered CaTs and MgTs structures

Long- ran9e order lng
MgTs

Space Group Cohesive Energy Cation Cohesive Energy
kJ/5 0 mole Arrangment kJ/6 0 mole

P21/n -32909 A1 in [1] and ]B -33055
C2' -32903 Al in M2 and lB -33034
Cl -32884 Al ln i l l  and TA -33014
Pz ln  -32856

A l A l  +  s i s i  =  2 A l s i  - 7 3 ( 5 )  - 1 4 . 0
A l A l  +  s i s i  =  2 A l s i  - 2 4 ( 4 1  - 5 . 5
A l A l  +  S i S i  =  2 A l S i  - 9 ( 4 )  - 2 . 3

AfS i  +  MgAl  =  A ' lA l  +  l t l ss i  -187(7)  -26 .7
MgMg +  1111 =  211t41  -38(2)  -22 .1

t'|gMg + 1111 = 214n11 -36(3) -I2.0
l . laNa +  CaCa =  zNdca -10(3)  -3 .4

Na l4g  +  6611 =  NaAl  +  Ca l49  -60(5)  - i l .7
tlal.4g + 9611 = NaAl + Cal49 -30(4) -7.2
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Fig. 2. Short-range ordering energies in kJ per pair per 6
oxygen mole versus 1/r. 'r' is the distance in ingstrcims between
the two sites of a pair.

be taken as a function of the next-nearest-neighbor pair
probabilities. It does not appear necessary to include
higher coordination shells or many-body interactions in
spite of the long-range nature of the coulomb potential.
The ordering energies are plotted against l/r in Figure 2. A
linear relationship holds (within error) giving a regression
equation (R'z : 91%) of:

E(kJ/pair 6 O mole) : 60.8 - 300(14(A).

This equation can be used to estimate the interionic cou-
lomb contribution to the short-range ordering energies in
pyroxenes involving heterovalent substitutions of other cat-
ions and vacancies, over the distance range examined here.

For each short-range ordering reaction, it is found that
next-nearest-neighbor cations of different valence are ener-
getically favored over cation pairs of the same valence. This
preference arises from electrostatics since the short-range
ordering reactions involve the effective transfer of one elec-
tron of charge between pairs. The potential for each pair
interaction is: qrqr/e"rrrrr, where the q's are the ionic
charges, r, is the distance between the ions and e.r, is an
effective dielectric constant (Krciger, 1964). This gives an
energy preference of efeeffrr2, where e is the charge on an
electron, for cation pairs of unlike valence over like cation
parrs.

The electrostatic preference for next-nearest-neighbor
cation pairs with unlike valence provides an energetic basis
for the aluminum avoidance principle proposed by Lowen-
stein (1954). Laves and Goldsmith (1955) suggested an elec-
ttostatic basis for the preference of Al-Si pairs by referring
to Pauling's rules. However, Smith (1974, p.76-79) pointed
out that even in ordered anorthite, Pauling's second rule
cannot be rigorously obeyed and he questioned the un-
critical acceptance of the "so-called" aluminum avoidance
rule. Indeed, there is probably nothing particularly un-
favorable about Al-Al pairs so that the term Al-avoidance
is misleading. In fact, there are crystals with structures
which contain exclusive Al-Al pairs, such as some dia-
Iuminates. The principle should be restated to the effect
that in a crystal of fixed composition, Al-Si pairs will be
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energetically more favorable than Al-Al and Si-Si pairs.
The same can be stated for Ca-Na versus Ca-Ca and
Na-Na pairs, etc. Aluminum avoidance should not be
viewed as a "law" but only as an energetic preference; in a
structure where order is variable, the number of like-cation
pairs will increase as temperature is increased since disord-
er increases the entropy. Thermodynamic models which
assume complete aluminum avoidance (Kerrick and
Darken, 1975; Ganguly and Ghose, 1979), imply a zero
temperature, ordered state for tetrahedral Al and Si, coex-
isting with a high temperature, random state for non-
tetrahedral cations. Such models are not satisfactory for
treating short-range order.

Omphacite has an ordering phase transition from C2lc
to P2ln which involves ordering of cations in the Ml and
M2 octahedral chains. The derived short-range ordering
energies Wl and W2 for omphacite (Table 3) predict cor-
rectly that the Ml cations will order to a greater extent
than the M2 cations (Clark et al., 1969). The ordering
energy along Ml chains for omphacite is the same, within
error, as that for fassaite. The high ordering energies for
fassaite suggest that a phase change might occur at lower
temperatures if not kinetically inhibited. Since natural fass-
aites are usually far from the DiroCaTsro composition and
contain abundant Fe3+, Fe2* and Tia+, which would
lower the transition temperature, it is not surprising that
natural fassaites with symmetry less than C2lchave not yet
been reported. Synthetic fassaites may be metastably dis-
ordered, or may be disordered because of the high temper-
atures of synthesis (over 1200'C). Ordered fassaites would
be expected in space group C2, or possibly P2.

It is important to emphasize that the short-range order-
ing energies defined here describe the configurational
energy as a function of short-range order (not the total
mixing enthalpy as a function of composition.) Even in the
absence of short-range order between pairs or at high tem-
perature, there may be a significant excess enthalpy from
ionic size diflerences and long-range electronic interactions.
We can write: H- : H" * H* where H- is the total mixing
enthalpy, H" is the configurational enthalpy, which is esti-
mated here and H* is the component of the enthalpy which
results from the non-pairwise interactions; The latter is pri-
marily composition dependent and is generally positive.
The configurational enthalpy, H", can be positive or nega-
tive depending on the state of order. The term H' was not
investigated here since energies in that case must be calcu-
lated for completely relaxed crystal structures and repulsive
parameters must be well known in order to estimate the
energy contributions from ionic size diflerences.

Of particular importance are the assumptions and possi-
ble errors which will systematically affect the calculated
cohesive energies, since effects which are not systematic will
be smoothed out by the regressions. Since less favorable
configurations might be expected to have a slightly larger
cell volume because of the lower cohesive energy, holding
the cell parameters constant might systematically increase
the ordering energies. Relaxation of microscopic strains
would probably reduce ordering energies as well. By far the
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largest source of error, however, is probably due to the
ionic nature of the model. In a real solid solution contain-
ing cations of different valenc,e, the electron clouds should
deform so as to reduce local charge imbalances. Polariza-
tion and covalency effects change both the short-range part
of the potential as well as the long range part. Screening
(Harrison, 1980, p. 280-314), caused by deformation of the
electron clouds, will lead to short-range ordering energies
which are lower than those calculated.

It seems reasonable to conclude that the calculated
short-range ordering energies are too high, but that they
are probably in approximately proper proportions to each
other. Comparison of statistical mechanical calculations
with experimental data suggests that the short-range order-
ing energies should be multiplied by a constant with a
value of 0.25 t 0.05 Cohen (19E5). The inverse of this factor
may be considered an effective dielectric constant which
accounts in a rudimentary way for the effects of polariza-
tion, screening, and covalency on short-range ordering en-
ergies. This factor is determined by estimating the configu-
rational entropy of CaTs from calorimetry, phase equilibria
data and NMR spectroscopy and will be discussed in an-
other paper.

Ground states for CaTs

Four of the cation configurations for CaTs correspond
to completely ordered configurations of Al and Si. The
ground state stabilities, neglecting differences in vibrational
energies, etc., are estimated from the calculated cohesive
energies. The most favorable structure has P2rln ordering.
In this space group, long-range ordering is achieved with
respect to A, B and C pairs (Fig. 3). That is, each type of
pair involves a crystallographically distinct T1 and T2 site,
thus permitting favorable Al-Si alternation for all three
types of next-nearest-neighbor pairs. The next most favor-
able structure is C2 in which A and B pairs still contain a
Tl and a T2, but C pairs split into Cl pairs consisting of
two Tl's, and C2 pairs consisting of two T2's. Thus, long-
range ordering will form unfavorable like-cation C pairs of
tetrahedra. In C1, the A and C pairs can order favorably,
while B will order unfavorably. Since the B interaction (W2
for CaTs, Table 3) is stronger than the C interaction (W3),
Cl is less favorable than C2. The least favorable ordered
structure is P2ln, in which only the A pairs can order
favorably.

Long-range ordering energies in MgTs

The sources of errors in the long-range ordering or ex-
change energies are somewhat different than those dis-
cussed above. Since a DLS structure was obtained for each
cation arrangement, the microscopic strains should be
small. Since completely ordered structures were modeled,
and the occupancies of crystallographically distinct sites
were changed, long-range screening and polarization
should have a much smaller relative effect than in the
short-range ordering case. Thus the calculated exchange
energies may be reasonable estimates of the actual ex-
change energies without use of a phenomenological ef-

Fig. 3. View down c ofthe pyroxene I-beams showing ordered
distribution of crystallographically distinct tetrahedra in several
possible space groups for CaTs. Long-range ordering allows A, B
and C pairs to order favorably in P2rln, but in the other space
groups long-range order induces unfavorable ordering in some
Palrs.

fective dielectric constant. In orthopyroxene solid solutions,
two things could affect the exchange energies in opposite
senses. First, the DLS minimizations were performed for
completely ordered structures; in real orthopyroxenes the
polyhedra will be configured differently depending on the
local environment. Mg in an M2 site would cause an adja-
cent M2 site to be larger than Al would prefer, so that the
exchange energies would be somewhat higher than those
calculated. On the other hand, because of unlike valence
preference, short-range ordering energies would drive some
Al into M2 or TA, exchanging with Mg or Si respectively.
These effects may partially cancel out. Based on a single
structure refinement of a synthetic orthopyroxene, Ganguly
and Ghose (1979) determined a free energy of 11 kJ per
mole for Al for Mg exchange from Ml to M2, which com-
pares favorably with the exchange energy of21 kJ per mole
calculated here. Also, the energy calculations suggest that
Al should partition heavily into TB over TA, though the
exclusion of Al from TA suggested by Ganguly and Ghose
(1979) is not borne out by the calculations. A direct deter-
mination of the Al site occupancies in orthopyroxene by a
method such as neutron diffraction could resolve this prob-
lem, which is very important to thermodynamic solution
modeling used for geobarometry and geothermometry.

Conclusions

1. Energy calculations can be used to calculate relative
short-range ordering energies in silicates which involve

n



COHEN AND BURNHAM:ORDERING IN ALUMINOUS PYROXENES

mixing of cations of different valence. Energies for short
range ordered silicates can be represented fairly well by
pair probabilities alone. Higher order cluster probabilities
do not seem necessary at this point, given errors in the
forms of the potentials.

2. Consideration of the form of the coulomb potential
and the cohesive energies explains what has been known as
the Al-avoidance principle, which should probably be
called'unlike valence preference."

3. Calculated short-range ordering energies correctly
predict the ordering of omphacite, and suggest that some
fassaites may be long-range ordered in subgroups of C2/c,
probably C2 or P2.

4. Ordered CaTs structures are stable in the sequence:
P2rln > C2 > C1> p2ln.

5. Large degrees of short-range order are expected in
crystals in which cations of different valence mix, such as
coupled solid-solutions.

6. Some Al is expected in both the M2 sites and the TA
sites, as well as Ml and TB, in aluminous orthopyroxenes.

7. Development of a method for calculating ordering
energies in silicates directly, such as those being developed
for alloys would be very useful, but probably does not lie in
the near future. Until such a method is developed, it will be
necessary to obtain ordering energies as small differences
between large cohesive energies.
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