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Abstract

The geometries of a variety of borate polyanions extracted from borate crystals and proto-
nated to achieve quasi-neutral or neutral molecules have been optimized using quantum
mechanical molecular orbital methods. The calculated bond lengths and angles for the neutral
molecules are in good agreement with those in borate minerals. However, calculations on
molecules with negative charges as large as two electrostatic units yield bridging angles that
depart by as much as 15' and BO bond lengths that depart by as much as 0.03A from
observed values. Even in this case, when these molecules can be neutralized by further
protonation, the calculated angles agree with observed values. A regression analysis of bond
strength and calculated BO bond lengths yield bond strength-bond length parameters that
are identical with those obtained for crystals. Deformation electron density maps calculated
for various borate molecules mimic experimental maps of comparable units in crystals; how-
ever, they fail to provide evidence for the bonding of discrete OBO units into endless chains
as recently proposed for LiBOr.

A reaction involving a monomer, a dimer and a 6-membered ring of triangles is examined.
An analysis of the energetics of the reaction indicates that an important component of the
destabilization energy of the ring is bond angle strain.

A variant on a hybrid orbital model is developed and used to rank bond lengths in
distorted borate triangles and tetrahedra in crystals. One inescapable conclusion drawn in
this study is that the bond lengths and angles in polyanions in borate crystals behave as if
they are primarily determined by short-range forces.

Introduction density deformation distributions, etc., behave as if they are
determined by short-range forces. In studying these proper-

Molecular modeling of solids has been successfully used ties, a small representative aggregate of atoms is extracted
to study the physical properties of the more common rock- from the slructure of a crystal and its static and dynamic
forming minerals. In these studies, static properties such as properties are calculated using the methods of compu-
geometries and charge density distributions and dynamical tational quantum chemistry (cf. Szabo and Ostlund' 1982).
properties such as force constants and vibrational fre- In order to mimic the crystalline environment from which
quencies of minerals have been calculated. In numerous the aggregate was taken, protons are added to the ends of
cases, the results of these calculations have reproduced ex- the bonds severed in the imaginary extraction process. This
perimental data within the experimental error. makes the aggregate neutral or nearly so and models, in

The premise upon which this modeling rests is that part, the local connectedness of the aggregate with other
properties such as bond length and angle variations, charge atoms in the crystal. The geometry of this aggregate is then
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optimized by simultaneously varying both bond lengths
and angles until the total energy ofthe resulting configura-
tion is minimized and an optimal wave function for the
molecule is determined. Much ol the work to date has been
concerned with silicates, aluminosilicates, borosilicates,
thiosilicates and phoshates (Tossell and Gibbs, 1977,1978;
Newton and Gibbs, 1980; O'Keeffe et al., 1980; Gibbs et
al. ,  1981; Newton, 1981; Gibbs, 1982; Hi l l  et al. ,  1983;
Ross and Meagher, 1984; Geisinger et al., 1985; O'Keeffe
and Gibbs, 1984; Geisinger and Gibbs, 1981; Navrotsky et
al., 1985; O'Keeffe et al., 1985). The electronic structure of
the boron atom is simpler than that of silicon, and so it is
reasonable to expect that the molecular modeling approach
may be applicable to the borates as well.

Snyder (1978, p. 151-166), Gupta and Tossel l  (1981;
1983), Gupta et al., (1981), and Joyner et al., (1980) have
used molecular modeling to calculate reaction energies,
bond lengths and angles for borate monomers and dimers.
The calculated bond lengths are in good agreement with
those in crystals, but calculated bridging angles depart by
as much as 10" from those observed. In this study, calcula-
tions are presented for borate triangles and tetrahedra
comprising a variety of polyanions. The calculations show
that both bond lengths and angles agree with observed
values when completed on neutral molecules and when po-
larization functions are added to split valence basis sets for
the bridging oxygen. A mapping of the deformation elec-
tron density of a HoBrO, dimer shows a spatial distri-
bution of the bonding and lone pair electrons that is topo-
graphically similar to that recorded for a borate crystal. An
analysis of the calculated reaction energy involving a six-
membered ring indicates that an important component of
the destabilization energy of such a structure is bond angle
strain. Also, Coulson's (1961) hybridization model is adapt-
ed via an optimization procedure to calculate the fraction
of s-character of the bonds in distorted borate triangles and
tetrahedra. This study serves to advance our understanding
of the crystal chemistry of the borates by showing that the
forces that govern the local geometry behave as though
they are primarily short-range.

Borate polyanions

Christ (1960) and Christ and Clark (1977) have shown
that borates can be classified on the basis of the poly-
merization of BO3 triangular (A) and BOo tetrahedral (T)
groups into polyanions. In this scheme, the constitution of
a polyanion consisting of n triangles and p tetrahedra is
denoted by the symbol (n + p: nA + pT). In modeling the
bond lengths and angles in these polyanions, we optimized
the geometries for various combinations of corner sharing
borate triangles and tetrahedra. Drawings of these polya-
nions are given in Figures 1,2 and 4. Each of these polya-
nions is found in one or more minerals (Christ and Clark,
1977). For example, the triangular monomer (1 : A) H.BO.,
occurs in the mineral sassolite (orthoboric acid, H.BO,),
whereas the tetrahedral monomer (1:T) occurs in the bo-
rosilicate reedmergnerite, NaBSi.O, (a structural analogue

(o)  (b)

Fig. 1. Structures of borate monomers determined with near

Hartree-Fock level calculations. (a) H.BO, (Cr) and (b) H4BOI-

(Dro). The large spheres in this figure and Figures 3 and 4 repre-

sent O and the intermediate and the small ones represent B and

H, respectively. No significance is attached to the relative sizes of

these spheres.

of low albite). The dimer polyanion BrOS-, consisting of
two corner sharing triangles (2:2L), is found in suanite,
MgrBrO, and the dimer BrO!-, consisting of the two
corner sharing tetrahedra (2:2T), is found in danburite,
CaBrSirO* (Phillips et al., 1974). Among the trimers, the
6-membered (3:34) metaborate ring B.O.(OH), is found
in metaboric acid, HBO, and the B.O?- polyanion is be-
lieved to be a major component of boron oxide glasses
with alkali oxide content less than 25 moleoh. The trimer
B3O3(OH)', consisting of a ring of two triangles and a
tetrahedron G:2A * T) occurs as an insolated unit in ame-
ghinite, Na[BrOr(OH)o] whereas the trimer B3O3(OH)3-,
consisting of a ring of a triangle and two tetrahedra (3: A
+ 2T), is found in meyerhofferite Ca[B.Or(OH)s]'6H2O'

The geometry of each polyanion was optimized using an
STO-3G basis set. Several were also optimized using split
valence 6-31G basis sets with and without polarization
functions (Binkley et al., 1980). Also, all were optimized
assuming the point group indicated in Figures 1,2 and 4.
All deformation electron density maps were calculated
from optimal wave functions with a 6-31G basis set aug-
mented with polarization functions on both B and O.

(c)  (d)

Fig. 2. Structures of borate dimers. (a) HAB2Oi (C)'

H6B2O1- (CrJ' (c) H8B2O7 (Cr")' (d) HsB2O6 (C').

(b)
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Monomers
HrBO3( I  :  A)

The BO bond length in the monomer H.BO, has been
optimized using an STO-3G basis by Gupta and Tossell
(1981) (1.394) and by Gibbs et al., (1981) (1.37A). These
values are in agreement with the observed BO bond
lengths (average R(BO): 1.3614) in orthoboric acrd (Za-
chariasen, 1954) where B(OH)3 molecules are linked to-
gether by hydrogen bonds. Using a split valence 4-3lG
basis set, Gupta and Tossell (1983) obtained a BO bond
length of 13644, again in agreement with the observed
value. In their calculations, all OBO angles were fixed at
120' and the molecule was assumed to be planar. In our
study, we optimized the geometry of B(OH)3 with I I de-
grees of freedom using a more robust 6-3lG* basis (a
6-3lG basis augmented with d-type polarization functions)
and obtained the geometry shown in Figure la. All the
bond lengths and angles were varied, and the molecule was
allowed to be noncoplanar (C, point symmetry). Despite
this latter degree of freedom, the optimized molecule is
planar. All three of the optimized BO bonds (Table l) in
the molecule are of identical length (1.358A) and agree to
within 0.fi)3A of the average BO bond length in orthoboric
acid. It is of interest that two of the three eBO angles in
the observed structure are on average about 0.4 degrees
wider than 120'whereas the third is on average 0.8 degrees
narrower than 120'. This conforms with the calculated
structure which shows a similar angular distribution with
two angles 0.2 degrees wider and one 0.4 degrees narrower
than 120'. Moreover, the angles in one of the borate
groups in orthoboric acid are in exact agreement with the
calculated values. The calculated BOH angles of the mol-
ecule agree to within about 1.0" of the average of those
observed in orthoboric acid. The OH bond lengths calcu-
lated for the molecule are slightly longer than those ob-
served, but this is as expected inasmuch as no correction
was applied to the experirnental values for thermal motion
and because the delocalization of electrons between hy-
drogen and oxygen moves the charge density centroid
toward the oxygen atom. As the symmetry of this molecule
departs negligibly from Cro, we optimized the geometry of
H3BO3 assuming Cro symmetry. Because the energy of this
calculation is identical (Table 1) with that of the C, calcu-
lation, we conclude that the point symmetry of H.BO. is
Crn.

Table 1. Comparison of optimized and experimental geometries
for the monomer H'BO,

H3B03 I '0NOMER [1:A)

R(Bo)A R(oH)A <oBo '  ET (a .u . )
o P T  ( 3 - 2 1 G * )  C r  r . 3 7 7  0 . 9 6 2  1 2 0 . 0  _ 2 4 9 . 8 0 9 4

o P T  t 6 - 3 1 G )  C r  1 . 3 7 0  0 . 9 4 7  1 2 0 . 0  _ 2 5 1 . 0 8 3 5

120.2  (2x)

o P T  ( 6 - 3 l G * )  C r  I  3 5 8  0 . 9 4 6  1 1 9 . 6  ( 1 x ) - 2 5 1  . 1 8 1 7

0  9 4 7  1 2 0 . 0  - 2 5 1  . 1 8 1 7

0 . 8 8  1 2 0 . 0
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H4B?L- ( I :T )

In a study of the bond distances, one-electron energies
and electron density distributions in first row tetrahedral
hydroxy and oxyanions, Gupta et al. (1981) and Gibbs et
al. (1981) optimized the BO bond length in the monomer
HIBOI- using an STO-3G basis. Despite the charge on
the molecule, the calculated bond length of 1.48A agrees
with the average experimental value (1.478A). To learn
whether a 6-3lG* basis calculation would yield com-
parable results, we optimized R(BO), R(OH), and I-BOH
assuming that the monomer had Dru symmetry and identi-
cal tetrahedral OBO angles (Fig. lb). The optimized values
are R(BO) :1.4744, R(OH):0.946A and LBOH =
104.0'. The average BO bond length optimized (6-31G*)
for the neutral molecule H'BO4 is 0.02A shorter than that
for H*BO|-. The average BO bond length (1.465A) for
reedmergnerite (Appleman and Clark, 1965) agrees with
that calculated for the borate monomer. In addition.
O'Keeffe and Gibbs (1984) calculated the SiO bond length
in monosilisic acid (l.62lA) which agrees with the average
SiO bond length (1.615A) in the borosilicate.

Dimers

HnB2Ot(2:2A)

Gupta and Tossell (1983) have optimized the bridging
BOB angle for the H4B2O5 dimer assuming planar Cr"
symmetry and fixed R(BO) : 13794, R(OH) : 0.96A and
LOBO :120". The optimized angle was determined in
two separate calculations using a STO-3G and a split val-
ence 431G basis set yielding bridging angles of 130 and
144 degrees, respectively. The BOB angle obtained with the
STO-3G minimal basis is within 4' of the average (133.9')
angle observed for crystals (Table 2) whereas that obtained
in the more robust 4-3lG split valence calculation departs
more than 10'from this observed value. While Gupta and
Tossell only optimized the bridging angle, we completely
optimized the geometry of a planar molecule using mini-
mal (STO-3G) and split-valence 6-31G basis sets with and
without polarization functions. These results (Table 2) are
compared with corresponding experimental results ob-
tained from crystals. The STO-3G results agree with the
observed values quite well. However, the split valence
6-3lG basis calculation (Cr" symmetry with 14 degrees of
freedom) yielded a BOB angle that is about 10' wider than
that typically observed in crystals. Adding polarization
functions to the basis set for the bridging oxygen (6-:tC+
basis), the geometry of the HoBrO, dimer was optimized
assuming Cr, symmetry. The calculation yielded bond
lengths and angles that agree with observed values. This
reduction of the bridging angle by addition of polarization
functions to the basis set of the bridging oxygen is the same
as that observed by Ernst et al. (1981) for HuSirO. The
more robust calculations also reproduced the tendency for
R(BO)b. to be slightly longer than R(BO)nb. and the tend-
ency of L Oob,BO.b, to be wider than L Oo,BOoo" as ob-
served in crystals with borate triangles. As the dihedral
angle between the planes of adjacent triangles in diboron

o P T  ( 6 - 3 1 G * )  C a h  1 . 3 5 8

E X P  A V E .  1  3 6 1

E X P  M N G E  I  .  3 s 3 -  1  .  3 6 s  . 8 0 -  . 9 6  1 1 9  . 2 _ r 2 o  . 4
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Table 2. Comparison of optimized and experimental geometries for the dimer H4B2O5

r24l

H q B 2 O 5  D I M E R

OPT STO-3G (Czv)

oPT 6-31G (Cs)

OPT 6-3 tG*  (Czv)

oPT STO-3G (C2)

oPr  3 -21G*  (C2)

oPT 4-3 lG (C2)

oPT 6-31G (C2)

oPT 6-3 lG*  (C2)

EXP.  AVE.

EXP.  MNGE

R(BO.  )A  RTBO ,  )A'  Dr -  nDT_

t . *  t . * , r -
7 . 3 7 4  1  .  3 6 8

1 . 3 6 8  1 . 3 6 4 , 1 . 3 5 0

1  . 3 6  r . 3 7  , L . 3 6

1 . 3 8 2  r  . 3 7 9 , 1 . 3 7 2

7 . 3 7 3  1  . 3 7 2 , 1 . 3 5 8

L . 3 7 7  1 . 3 7 3 , 1 . 3 6 3

1 . 3 6 3  1 . 3 5 8 , 1 . 3 s 1

1 . 3 8 2  1 . 5 6 3

1 . 3 4 - t . 4 7  1 . 3 3 - 1 . 4 0

<bub

1 5 0 . 0

1 4 1 . 8

133.4

1 2 9 ,  9

1 3 5 . 8

1 4 1 . 7

1 3 9 . 9

1 3 1 . 5

1 3 3 . 9

1 2 8 - 1 5 3

1 1 8 . 9

1 1 8  . 8

122.3

1 1 8  . 8

1 1 9 . 5

1 1 9 , 1

1 1 9 . 4

1 1 9  . 4

t23  .7

t27-126

<0. Bo "
DT NOI

7L9.2

1 r 9 . O , 1 2 2 . O

1 1 6 . 8 , 1 2 0 . 9

L r g  . s , t 2 r  . 9

L 2 0 . 4

l r o  I  1 ? l  n

r 2 o . 3 , 1 2 0 . 3

1 \ 9 . 9 , 1 2 0 . 7

1 1 8  I

t t 2 - 1 2 2

< o .  B o . '
nDr nDr

B E ,  ( a . u . )

o -420.6126

o  - 4 2 6 . 1 7 0 5

o  - 4 2 6 . 3 4 1 8

9 -420.6127

- 4 2 4 . 0 2 4 0

9  - 4 2 5 . 7 5 3 5

6 1  - 4 2 6 . 1 7 2 4

5 8  - 4 2 6 . 3 4 3 5

6-75

trioxide varies between 5o and 75" (Gurr et al., 1970), we
completely optimized the geometry of the dimer (C2 sym-
metry) permitting the triangles to rotate out of the plane
(Fig. 2a). The calculations were done sequentially be-
ginning with an STO-3G basis set and followed in suc-
cession with 4-31G, 6-31G and 6-3lG* basis sets. The re-
sults are given in Table 2. The diheral angles calculated
using the 6-3lG and 6-31G{'basis sets are both about 60'
falling within the range of values reported for diboron
trioxide. As the energy difference between a dihedral angle
of 0" and one of 60" is only 6 kJ mole- 1, the wide range of
observed dihedral angles in BrO. can be related in part to
the ease with which this parameter can be distorted from
its equilibrium value. This observation may also explain in
part why BrO, is amenable to glass formation (Gibbs,
1982; Navrotsky et al., 1985).

H 6Bz}z j -  and H BB,O 1 (  2 :  2T )
The HuB2Of 

- dimer consists of two borate tetrahedra
each bonded to three protons (Fig. 2b). A previous opti-
mization of this molecule by Geisinger et al. (1985) yielded
a bridging angle of 134.2", 15" wider than that of the
average value in crystals. This wide angle may be ascribed
in part to coulomb repulsion induced by an excess charge
of 2- on the molecule. To reduce this charge and neutra-
lize the molecule, protons were attached to two of the non-
bridging oxygens of HrBrOl- to form the HrBrO, mol-
ecule shown in Figure 2c. The geometry of this dimer was
optimized using an STO-3G basis with all BO bond
lengths constrained to be equal (Cr, symmetry and 13 de-
grees of freedom) and with all the OBO angles fixed at
1W.47". The resulting BOB angle and BO bond lengths are
123.2" and 1.46A, respectively, which compare well with the
experimental averages of 119.0' and 1.49A. This result is
consistent with the notion that the wide angle calculated
for HuBrOl- is due in large part to coulomb repulsions
induced by the excess charge.

H 5 B 2 O ; t ( 2 : A + T )

An HrBrOu 1 dimer consisting of corner sharing BOo
and BO3 groups was used to model the BOB group shared

between a tetrahedron and a triangle (Fig. 2d). The geome-

try of the molecule optimized using an STO-3G basis yield-

ed a bridging angle of 122.8', R(B![O) : 1.33A, R(BrvO) :

1.46A. These results compare moderately well with the ex-
perimental values of 120.5', 1.36A and 1.49A, respectively,
despite the charge of I - on the molecule. The narrow
range of observed bridging BrlroBrv angles (118' to 128')
between BO. and BOn groups suggests that the bending
force constant of the angle is somewhat larger than that for
a BIvOBrv angle. To determine the energy required to dis-
tort the angle, we completed calculations on HrBrO! 1,

varying the bridging angle from 119" to 129" but fixing the
bond lengths at the optimized values. The resulting ener-
gies are plotted as a function of the angle in Figure 3 where
they are compared with frequencies of obaerved angles
taken from borates with BTIIOBry linkages. The agreement
between the calculated energy curve and the histogram of
the observed angles is good. The range of BIVOBIV bridging

BRIDGING BOB ANGLE

Fig. 3. Potential energy curve calculated for HrBrO[- as a

function of the BOB angle. The histogram is a frequency distri-

bution of the corresponding angles observed for borate crystals.

J
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angles in borate crystals is about twice as wide (115-138')
as that for BrrOBrv (Geisinger et al., 1985) in conformity
with the lesser energy required to distort the angle of a
(2:2T) polyanion from its equilibrium value.

Trimers

HsBxO6(3:3A,)

We optimized the geometry of H'B.O6, a trimer consist-
ing of a 6-membered ring of three borate triangles, using
both STO-3G and a 6-31G split-valence basis sets and
assuming C.o symmetry (Fig. aa). The geometry calculated
with the G31G basis agrees well with that recorded on the
average for borate crystals (Table 3). The STO-3G calcula-
tion reproduced the BO bond lengths well but reversed the
order of the angles with a calculated OBO angle about 4'
wider than observed. Note that the BOB angles of the
trimer are more than 5o narrower than those in the
H4B2O' dimer discussed above, suggesting that the bridg-
ing bonds are strained in the ring structure. In a detcrmi-
nation of the magnitude of this strain energy, we con-
sidered the reaction

3(H3BO3) * H3B3O'+ 3(H4B2O'). (1)

Synder and Basch (1969) have established, for such an iso-
desmic reaction (where the number and type of bonds in
the reacting molecules is conserved), that differences in
SCF energies close to the Hartree--Fock limit give good
estimates of heats of reaction. For example, O'Keeffe and
Gibbs (1984) have used such energy differences to obtain
estimates of the SiOSi bond angle strains in 4- and 6-
membered rings in silicate molecules. More recently,

(b)

Fig. 4. Structures of borate trimers.
H4B3OI-(Cr"), (c) HsB3O3- (C,).

( c )
(a) HrBrO"(Cr"), (b)

O'Keeffe et al. (1985) calculated energies for the hydrolysis
of TOT linkages (T - Si or P) in silicate and phosphate
molecules, for hydrolysis of the monomeric metaphosphate
ion and for the deprotonation energy of both phosphoric
and silicic acids. For reaction (1), the calculated energy
(using a 6-31G basis) for the right-hand side of the equa-
tion is 42 kJ mole-l lower than that for the left. The right
side involves 6 unstrained BO bonds whereas the left in-
volves 6 strained BO bonds, hence the strain energy per
bond is 7 kJ mole-r. This value is 10 kJ mole-1 less than
the strain energy per SiO bond calculated for a 6-
membered ring of 4-coordinate Si atoms (O'Keefe and
Gibbs, 1984). The larger strain energy for the silicate rings
is consistent with the paucity of Gmembered Si3O6 rings in
silicates and their breakdown during a trimethylsilylation
reaction (Chakoumakos et al., 1981). Structures containing
the 6-membered borate ring are not uncommon (Christ
and Clark,1977).

H4Bp+- (3:2L + T)
An H.B.O|- trimer consisting of a ring of two triangles

and a tetrahedron was optimized (STO-3G) assuming C,
symmetry (Fig. 4c). The experimental values listed (Table 3)
are averaged values observed for B3O, trimers in mono-
clinic metaboric acid (Zachariasen, 1963), biringuccite (Co-
tazza et al., l98l) and ameghinite (Negro et al., 1975). With
the exception of the OBO angles, all of the calculated bond
lengths and angles fall within the range of values recorded
for these solids.

HsBsoe - (3 :A+27 )
An HrBrO!- trimer consisting of a triangle and two

tetrahedra was optimized assuming C, symmetry (Fig. ,ld).

Jhe resulting values are compared with experimental
values (Table 3) taken from hydrochlorborite (Brown and
Clark, 1978) and parahilgardite (Wan and Ghose, 1983).
The agreement among the calculated and observed values
is poorer than that for the lesser negatively charged
H4B3O+- trimer. In particular, the calculated BOB angle
between the two borate tetrahedra is 15" wider than the
average observed value. As in the case of H"BrOf 

-, 
this

discrepancy may be due to its 2- charge. To correct the
problem, we neutralized H'B2O?- by protonating two of
its nonbonding oxygen atoms. Unfortunately, in the case of
H5B3O!-, we could not find satisfactory protonization
sites and, therefore were unable to test this possibility with
a calculation on the neutral molecule H?83O8.

Deformation electron density rnaps

The deformation density of a molecule is defined as
Ap(r) : pM(r) - pP(r) where pM(r) is the total molecular or-
bital density of the molecule and pP(r) is the electron den-
sity of the promolecule which is defined to consist of
spherically symmetric free atoms centered at the appropri-
ate positions in the molecule. Thus, a map of the defor-
mation density provides an estimate of the redistribution of
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Table 3. Comparison of optimized and experimental geometries for the trimers H3B3O6, H4B3O+- and H5B.O!-

H3B3O5 TRIMER

OPT STO-3G
oPT 6-31G
E X P .  A V E .
EXP. RANGE

R(BO. )A'  Dr '

I  . 3 9 0
1 . 4 0 1

1 . 3 7 3 - 1  . 4 3 3

RTBO .  )A' n D r

1 . 3 5  1 1 8 . 8
1  . 3 5 1  1 2 3 , 8
1  . 3 2 2  1 2 2 . 7

t  ,280-1 .355 120-L25

H4B3o7- l  TRIMER

BO. B.
DT

o. Bo. '
DT DT

E T  ( a . u . )

t 2 t . 2  - 5 1 8 . 4 5 3 4
1 16 . 1 -525 .2507
L t 7 . 3

1 1 5 - 1 2 0

oPT.  ST0-3G (C2v)

EXP,  AVE.

EXP. MNGE

n(g IVo)* r I I I  n (s I I Io ) *s IV

1 . 4  9  L . 3 2

L  . 4 7 8  1  . 3 5 3

1 . 4  4 -  1 . 5 1  L  . 3 2 - L  . 3 7

n(g . I  
I  Io ) * r I  I I

1  . 3 6

I . 3 8 7

1 . 3 4 - 1 . 4 1

HsB3o8-2  TRIMER

.B IVoBI  I  I

r 2 3 . 8

t 2 2 . 5

117 -725

<BITIoBI I I  .oBIVo .oBI I Io

1  15  .4  108 .0  L24 .6

1 1 9 . 9  1 1 0 . 9  1 2 0 . 7

1 1 9 - 1 2 0  1 1 0 - 1 1 3  r l 9 - L 2 4

oPT s'ro-S (cs)
EXP.  AVE.

EXP.  MNGE

n(g IVo)*s I I I  n (s I I ro ) .s IV

1 . 4 8  1 .  3 3

1 . 4 9 5  1 . 3 7 1

1 . 4 8 - 1 . 5 2  1 , 3 6 - 1 . 3 9

.BIVoBII I  .BIVoBIV .oBIVo .oBII Io

r22 ,O  130 .6  109 ,5  126 .5

1 1 9 , 5  1 1 5 . 8  1 1 1 . 3  L 2 L . 2

1t3- t24 1L5-120 110-113 127-122

n ( sIVo) *sIV

1  . 4 5

1 . 4  5 8

L  . 4 3 - t . 4 7

the electron density that occurs when a collection of non-
interacting spherically-averaged atoms is transformed into
a chemically bound molecule.

If the forces that govern the charge density distribution
in a crystal behave as if they are short-range and if the
procrystal truely consists of spherical non-interacting
atoms, then the deformation density calculated for a repre-
sentative protonated aggregate of atoms extracted from a
crystal should mimic the experimental density of the aggre-
gate in the crystal. The main complication is in the choice
of the basis sets used to model the atoms in the promole-
cule. One option followed by Gupta and Tossell (1983) is
to assume that the promolecule consists of a set of spheri-
cal closed-shell ions. This approach is unsatisfactory for
our purposes for the following two reasons: (1) The pro-
crystal density is calculated using spherical atoms instead
of ions (Coppens, 1982). Hence, comparisons between the
deformation densities are inappropriate; and (2) defor-
mation densities derived with a promolocule of closed shell
ions subtract too much density from atoms like O and not
enough from B and H. Clearly, the worst case is for H*
which has no electrons. Thus the resulting maps in this
case have a positive peak centered at the hydrogen site
rather than on the OH bond.

Another option is to determine a quantum mechanical
description of each of the ground state atoms using unre-
stricted Hartree-Fock formalism. The resulting descrip-
tions, which are not spherical ifthe atom has partially filled
p or d shells, must be modified to yield an atomic density
matrix with the proper spherical symmetry (cf. Engel and
Hagler, 1977). We have used this technique to calculate the
promolecule density. By subtracting this promolecule den-
sity from the total molecular density, deformation maps
were calculated for the monomer H3BO3, and a planar
modification of the corner-sharing dimer HnBrOu to gain

insight into the spatial distribution of the bonding and
antibonding electrons in these molecules.

H 3BO 3 deformation density

The deformation map for the H3BO3 molecule (Fig. 5)
shows peaks of bonding density in the BO (0.5 e/A3) and
OH (0.6 e/A3) bonds. In addition, a larger peak of lone pair
density (1.0 e/A3) is observed on the back side of the BOH
angle. The heights and positions of the peaks on the BO
bond agree with those obtained in experimental maps of
Li3B'Os(OH), (Shevyrev et al., 1981) and LiBO2 (Kirfel et

Fig. 5. Calculated charge density map for an H.BO3 monomer.
The contour interval is 0.1 e/A3 with negative contours dashed
and the zero level dotted, The map was calculated using a G3lG*
basis set.
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al., 1983). As in the molecule, the peaks in these borates are
displaced toward the more electronegative oxygen atom.
Also the BO bonding peaks are displaced offthe BO bond
vector away from the lone pair density and toward the H
atom as one might expect from simple electrostatic con-
siderations.

H 48 20 s deformation density
The deformation map calculated for the HnBrO, corner

sharing dimer is compared in Figure 6 with a static map of
a comparable unit in an LiBO, crystal (Kirfel et al., 1983).
In the derivation of the experimental map, rigid pseudo-
atom multipole refinements of the borate crystal were com-
pleted with Hartree-Fock (HF) and Eeneralized scattering
factors (GSF) calculated from diatomic BO and LiO dia-
tomic wavefunctions. Both refinements yield identical posi-
tional and thermal parameters, and the topographies ofthe
resulting deformation maps are quite similar. As the defor-
mation map of the monomer shows close agreement with
the map derived with the Hartree-Fock formalism, we
compared our results with this map. Although the maps
are topographically similar, the charge density distribution
of the OBO units in the two systems is different. The two
peaks in the OBO unit of the monomer (Fig. 6) are not
only well-developed, but they are also identical in both
position and height. On the other hand, the peaks in the
OBO unit of the crystal are dissimilar---one is well-
developed with a peak height of O.7 elAs and the other is
lower (0.6 e/A3) and more diffuse. In rationalizing this dif-
ference, Kirfel et al. (1983) suggested that the chains in
LiBO, are polymerized from BO, anions in such a way
that a "free" sp2 hybrid orbital on B can overlap with a 2p
orbital on the bridging oxygen atom. However, the map
calculated for the dimer neither shows features that may be
ascribed to a "free" sp2 hybrid on B nor evidence for a unit
composed of a BO, anion as proposed for LiBOr,

Fractional s-character of BO bonds in crystals

A semi-empirical molecular orbital study of the borates
by Schlenker et al. (1978) has shown that wide angles tend
to involve short bonds with large overlap populations for
triangular and tetrahedral B oxyanions. However, their
analysis did not provide a suitable model that could be
applied to BOa groups in which the symmetry is not C3,.
For the general case we shall examine whether the bond
lengths in borate tetrahedra and triangles in crystals ofany
symmetry can be ranked in terms of the fractions of s-
character of the bonds.

Borate tetrahedra

We have applied the sp3 hybrid model (Coulson, 1961 ;
Bingel and Luttke, 1981) to individual tetrahedral oxya-
nions in borate crystals. However, because of the distor-
tions imposed on these oxyanions by linkage factors, pack-
ing and bonding requirements, we found, as forewarned by
Klahn (1983), that care must be exercised in the adaptation
of this model to tetrahedra in crystals.

In the model, the hybrid orbital &, in the ith valence
direction (i : 1,2,3,41is written as a normalized linear com-
bination of the s-orbital and the p,-orbital

n , :5 r  ! -P t
lla,s + fprll

where c, and B, are weighting coefhcients for the s- and p-
orbitals. Defining the hybridization parameter ,ti to be the
ratio prf ur, this equation becomes

,  s * i r p ,  s * ,1 . , p ,

l ls +,l ,p' l l  Jt +E

where lls + trprll : ffi since {s,p,} forms an ortho-
normal basis set. From this equation, we find that the frac-
tion of s-character of ft, is \: U0 + ,1.,2). Because the

Fig. 6. Deformation density maps for corner-sharing triangles. (a) Calculated map for planar HnBrO, contour description is the same
as in Fig. 5. (b) Experimental static deformation density map for LiBO, from Kirfcl ct al. (1983). The contour interval is 0.1 e/A3, the
dashed contour is for zero and negative contours are dotted.
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Fig. 7. A scatter diagram ofobserved BO bond lengths, R(BO),
in borate crystals as a function of the s-character, f", of the bond.
Closed circles represent single points and open circles represent
two superimposed points.

hybrid orbitals are constrained to form an orthonormal set,

the ,iis are functions of the valence angles (the angles be-
tween these orbitals). The six valence angles themselves are
not independent. For example, given the valence angles
9rt, ?tt,0rr where 0,, denotes the angle between h, and hr,
all of the other angles and the fraction of s-character for
each hi can be calculated. Similarly any set of valence
angles of the form 0ii,?iy,1ir(i + j + k) can be used (Bingel
and Luttke, 1981). The basic equations are ofthe form

1?: -  " l ' 0 , * .
cos oij cos oik'

These equations together with the fact that f, + f, + f.
* fn : 1 allow one to calculate all of the 0,r's and ['s.

One approach in applying the hybrid orbital model to
actual borate tetrahedra would be to take the angles {,.,
between the ith and jth BO bonds to be the valence angles.
The difficulty with this approach is that if, for example, the
bond angles ftr, Q,.t, Q6 arc taken to be valence angles
0p, 0s,0r., then the other calculated valence angles 014,
9to, and 0.o often depart from the corresponding bond
angles 414, Q2o and Qroby significant amounts (as much
as 15"). Consequently, the calculated t values are unre-
liable. Another approach would be to repeat the process
for each set of thr€e indices {ij,k} and average the calcu-
lated t values. However, the disparity in f, values for a
given i can be as great as a factor of 2 and hence this
approach is also unsatisfactory. Thus, we have taken the
approach of fitting to the set of bond angles the set of
valence angleS that are closest in terms of least squares. We
then use each calculated f, value as the fraction of s-
character for the ith bond. Using this procedure, the largest
angle variation l0i; - 4,;l was found to be less than 5.5". In
a typical case, the largest angle variation is about 2.5'and
the average less than 1.5'. Because of the forbidden regions

for the valence angles (Klahm, 1983), a computer program
was written using an approach to minimization that is de-
signed to search within acceptable regions to find the ap-
propriate valence angles. In Figure 7, the f; values found for
tetrahedrally coordinated boron atoms in borate crystals
are plotted against the observed bond lengths. A statistical
analysis shows that the linear correlation is highly signifi-
cant, that 6O% of the variation in the bond lengths can be
explained in terms of a linear dependence on the fraction of
s-character with shorter bonds tending to involve larger f,
values.

Borate triangles

A similar approach was taken to study the fraction of
s-character vs. bond length variations in BO3 groups. In
the case of planar triangles, the bond angles and the val-
ence angles can be taken to be exactly the same since the
only restriction on the valence angles is that their sum be
360'. For nonplanar triangles with angles of 0t,0, and 0r,
a number k was found so that k(0r + 02 + 03): 360" and
the valence angles were taken to be k0t, k0, and k03,
respectively. The calculation of the fraction of s-character f"
is then made as for the tetrahedron (Bingle and Luttke,
1981); only borate triangles without BOH bonds were con-
sidered. Regression analysis showed that the correlation is
highly significant, but only 30% of the variation in bond
length can be explained in terms of a linear dependency
upon I.. When triangles with BOH bonds were considered
separately, the correlation between bond length is not sig-
nificant at the 95oh confidence level.

Discussion and conclusions

One of the most important and challenging problems in
mineralogy today is the study of the forces that bond
atoms together into a complex crystal structure. Progress
toward understanding these forces has been made in the
case of silicates. aluminosilicates, borosilicates, thiosilicates
and phosphates. In these studies, it it observed that the
bond lengths and angles occurring in the crystals are essen-
tially the same as those calculated for corresponding mo-
lecular models. The close agreement between observed and
calculated values presented in Figure 8 (see also Tables 1,2
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Fig. 8. A comparison of bond lengths, R(BO), and angles, 0,
calculated for the neutral molecules in Figs. 1, 2 and 4 with
average values observed in borate crystals. The average departure
of R(BO) and 0 from the 45' line is 0.01A and 3', respectively.
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and 3) shows that the bond lengths and angles in borate
crystals are also similar to those of protonated borate poly-
anions. In a study of bond lengths calculated for a number
of hydroxyacid molecules, Gibbs (1982) showed an excel-
lent correlation between ln(R) and In(s) where s is the Paul-
ing bond strength and R is the bond length. An analysis of
the regression equation fit to the BO bond length data
calculated in this study with split valence sets yielded the
equation s: (R(BO)/l .3631-r 'sr.  The bond strength-bond
length parameters in this equation are statistically identical
with those obtained in an analysis of observed bond
length-bond strength variations in more than 20 borate
crystals (Brown and Shannon, 1973; Table 1). The close
agreement between these two sets of parameters is evidence
that the bonding forces in these crystals behave as if short-
range. This is strengthened by the observation that 60% of
the bond length variation of borate tetrahedra and 30% of
the bond length variation of borate triangles in crystals can
be ranked in terms of information obtained from the angles
observed within borate polyanions. These results suggest
that the bonding forces that govern the local geometry of a
crystal are quite similar to those that govern the geometry
of a representative molecule extracted from the crystal.
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