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Experimental determination of univariant equilibria using divariant solid-solution assemblages
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Abstract

A precise method for the determination of univariant equilibria is described. This makes use
of the fact that small concentrations of a component in solid solution may shift a reaction

curve by an appreciable amount, if the component in question enters only one of the solid
phases. The direction of reaction can be determined by analysis of the solid-solution phase,

and the position of the end-member curve calculated by assuming that this phase obeys
Raoult's Law.

The method has a number of advantages over that normally used for determining uni-
variant equilibria: (a) the small amounts of additional components tend to increase reaction
rates; (b) small degrees of reaction can be detected; (c) metastable univariant equilibria could

be determined by studying stable divariant assemblages of the appropriate phases.
The method is illustrated by the reaction: anorthite = grossular * kyanite * quartz. The

univariant boundary describes the following line in P-7 space P : 214 + 22.57 (oC) bars.

Introduction

The experimental methods most commonly used to
determine univariant equilibria are as follows:

(a) Crystalline mixtures of the two-phase assem-
blages stable on each side of the reaction boundary
are recrystallized under physical conditions near to
the equilibrium values. Experiments are performed
such that the observed changes in proportions of
phases bracket the equilibrium boundary.

(b) The stable low-temperature assemblage is re-
crystallized at progressively higher temperatures until
the high-temperature assemblage appears. The in-
verse procedure with the high-temperature assem-
blage brackets the equilibrium boundary.

(c) One of the phases involved in the reaction is
added to the charge as a single crystal. The direction
of reaction at any pressure and temperature is deter-
mined by the change in weight of this crystal.

The "modal" methods (a) and (b) often result in
very large uncertainties, particularly at low temper-
atures in volatile-free systems where reaction rates
are very low. In addition, the use of relatively in-
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acrurate X-ray methods to determine proportions of
phases necessitates, as the criteria of reaction, the
observation of large changes in peak-height ratios. At
low temperatures such large extents of reaction may
only be observed under conditions far removed from
the equilibrium phase boundary. The weight-change
method (c) is precise, but not suitable under an-
hydrous conditions, because of the difficulty of sepa-
rating the single crystal.

ln cases where (c) is impracticable we believe that
increased precision over (a) and (b) may be obtained
by using starting materials in which one of the phases
is a solid solution of two components. In such cases
the criteria of reaction are small changes in the com-
position of the solid-solution phase. Since phase com-
positions can, in general, be determined far more
accurately than the proportions ofthe phases present,
this method is considerably more sensitive than the
"modal" approaches.

The solid-solution method
For most univariant reactions at least one of the

phases involved is an end-member of an extensive
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sol id-solut ion ser ies.  As an examole consider  the re-
act ion:

3CaAlrSi rO,  = CarAlrSi ro, ,  + 2Alrs io,  + SiO,  ( l )
p lagioc lase garnet  kyani te quar tz

in which p lagioc lase and garnet  may be readi ly
turned into sol id  solut ions by the addi t ion of  other
components.  We shal l  consider  the d ivar iant  equi l ib-
r ium in which only garnet  is  a sol id  solut ion.  Taking
standard states of  a l l  components to be the pure
phase at  the temperature and pressure of in terest ,  the
standard f ree energy change of  react ion ( l )  is  g iven
by :

(AGo)., ' : LHo,n^,,r -f Sf + f AW.dP

: -RTr" ( "gl'' gll,'-'',lc'.,) (2)
\ ao.LTi+,p" /

where a l  is  the act iv i ty  of  component  i  in  phaseT.  I f  a l l
phases are pure then:

fPo
A H ? u u , , r  -  7 n A S o  +  I  L W . d P :  - R T  I n  I  : 0

J l b a r  

( 3 )

where Po is  the equi l ibr ium pressure of  the univar iant
react ion ( l ) .  I f  a l l  phases are pure except  the garnet
(aFI"  < l )  then we have:

AHo,ou,,r - rLSf + [" Lw.dp : -RT ln aE!"
"  l b a r

(4 )

For  mix ing on three cat ion s i tes per  formula uni t ,
the activity-composition relationships for the
CarAlrSi rO, ,  component  of  the garnet  so l id  solut ion
are g iven by:

ass!" :  (X"rr .^y" ,o)"  (5)

where X*.o is the mole fraction of grossular com-
ponent  in  the garnet  so l id  solut ion and 7*.o is  the
activity coefficient. At constant temperature the
change of Xg.o : 1 to Xg.o < I results in a pressure
change which is negative. Then assuming Alrc to be
constant in the pressure range po to p, we obtain
f rom (3)  and (4) :

(P"-P) :  
#ln 

(X*.o ?*.o),  (6)

For concentrated solutions where Xe.o approaches
uni ty ,  Raoul t 's  Law can be assumed to hold.  Apply-
ing th is  assumpt ion to (6)  y ie lds:

(p"-p) = 
##n Xg,o (7)

For the invest igat ion of  react ion ( l ) ,  we suggest
that CarAlrSisOrz-FesAlrSirO, garnet solid solution
crystals of composition Xg.o = 0.97 are first synthe-
s ised and mechanical ly  mixed wi th sui table amounts
of pure anorthite, pure kyanite, and pure quartz.
Crystall ine reversal runs can then be carried out using
this starting mix. The first experiment should be run
at a pressure somewhat lower than the expected equi-
l ibr ium pressure of  the univar iant  end-member reac-
t ion.  I f  the resul t ing garnet  so l id  solut ion in  th is
d ivar iant  assemblage has a lower X",othan 0.97,  the
run pressure should be increased by a few tenths of a
kilobar for the next experiment, and this procedure
repeated unti l an increase in Xg,o is observed. A slight
decrease followed by a slight increase in Xg,o relative
to the star t ing composi t ion,  in  response to only  a few
tenths of a kilobar pressure difference between con-
secut ive runs,  ind icates c lose approach to the t rue
univar iant  equi l ibr ium pressure Po;  the la t ter  can be
calculated by adding (P"-P) obtained from (7) to the
run pressure P.  The same procedure could a lso be
followed with pure CarAlrSirO,, garnet and anor-
th i te-r ich p lagioc lase sol id  solut ion.  This would en-
able close bracketing of the univariant curve from
both sides by the use of two different divariant assem-
blages.

Experimental techniques

All experiments were carried out in a conventional
p is ton-cy l inder  apparatus (Boyd and England,  1960),
using talc and pyrex glass as pressure media. Piston-
out  procedure was used throughout ;  the run was
in i t ia l ly  brought  to the requi red temperature at  a
pressure 5 kbar above the nominal run pressure, be-
fore lowering and maintaining at the desired pressure
wi th constant  survei l lance.  The uncer ta inty  in  pres-
sure gauge reading is  t0 .05 kbar .

The apparatus has been calibrated with respect to
other laboratories and good agreement with pre-
v iously  publ ished data has been found (Hensen and
Barton,  1975).  Johannes et  a l .  (1971),  in  thei r  in ter-
laboratory pressure calibration of piston-cylinder ap-
paratus, report an average preferred value for the
alb i te breakdown react ion of  16.3 kbar  at  500'C.
With the same jadeite starting material as Johannes el
al., the albite breakdown reaction was reversed be-
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tween 16.5 and 16.7 kbar at 600"C on this apparatus
using the "modal" method. This suggests that a pres-
sure correction of -2 percent applied to our nominal
piston-out values would be appropriate.

Although we have applied this correction to our
nominal pressures (Table 1), it should be noted that
its magnitude is within the generally accepted repro-
ducibility of piston-cylinder pressures (10.5 kbar ap-
proximately). Our results do not necessarily imply a
precision in pressure measurement of better than
10.5 kbar, although we consider that continual ad-
justment to the nominal pressure may improve repro-
ducibility. As evidence of good precision we can cite
runs at 16.5 and 16.7 kbar (at 600"C see above) and
at23.0 and23.2 kbar (at l000oc, Table l), in which
the nominal pressure differences of0.2 kbar produced
results in accord with pressure differences of the cor-
rect sign.

Temperatures were controlled using Ptroo-PtE?Rhls
thermocouples, and the effect of pressure on the emf
has been neglected. The temperature on top of the
capsule is controlled throughout the run to *l'C.
However, in view of longitudinal temperature gradi-
ents and assembly variations, temperature precision
is probably not better than t5-lOoC.

Synthetic crystalline starting material was used in
all experiments and consisted of 60 percent anorthite,
18 percent almandine-grossular solid solution (Xc" :
0.978), 12 percent kyanite, and l0 percent quartz.
The iron-bearing starting material was dried at I lOoC
and run in unsealed graphite capsules. Individual
parts of the pressure cell were carefully dried in a
bunsen flame before each run.

Run products were examined optically and by X-
ray powder diffraction to ensure that the full mineral
assemblage of interest was present. Garnet unit-cell
parameters were determined from X-ray powder dif-
fractometer tracings made at f 20 per min, using
NaCl as internal standard (checked against silicon).

The (420) garnet peak was measured against the (200)
NaCl peak for l0 to 20 oscillations and the results
averaged.

In order to obtain garnet compositions from cell-
edge measurements, pure grossular and pure alman-
dine were also synthesised and their cell edges deter-
mined. Pure synthetic grossular crystallized from a
gel at 700'C and I kbar and recrystallized at 1000"C
and 20 kbar had a cell-edge of ll.849,4' (+0.001)'
Almandine synthesised from a glass was found to
have a cell edge of 11.5264 (+0.001) in agreement
with many previously-reported values. This suggests
that the/Oz is sufficiently low to ensure the absence of
any FesFerSisO, component when using graphite
capsules. For the small concentrations of almandine
component of interest here, a linear relationship be-
tween cell edge and composition was assumed.

Experimental data

Reaction (1) has been determined experimentally
by Hays (1966) and Hariya and Kennedy (1968) in
the temperature range 950-1400"C. Their experimen-
tal data yield the following expression for the equilib-
rium pressure (Schmid and Wood, 1976)

(8)

where I is in oK and P is in bars. This corresponds to
a slope of the reaction of 23.85 bars/"C and a pres-
sure of 30.02 +0.7 kbar at 1350"C. Our own piston-
cylinder experiments carried out with pure phases at
the same temperature using the "modal" method in-
dicate an uncorrected piston-out pressure of 31.0
*0.5 kbar. At temperatures slightly below l300oC,
reaction (l) becomes very sluggish and can only be
bracketed to *1.0 kbar using the "modal" method.

Experirnents on divariant assemblages have been
carried out at 900, 1000, and I 100'C and the equilib-
rium pressure for reaction (l) at these temperatures

Table l. Experimental data on the reaction An : gro * ky * qz

fime
hr

Temp
oc

Pressure
Kb

starting garnet

"o 
Xca

ga.rret after nln

"o 
Xc"

an=S  rox *
av

P + A P = P
o

P  - 2 %
oRun

No.

L2
L2

900
900

135
138

L25
128
L24
L20

131

20.77
20 .90

23, 00
23.L6
23 .90
24.20

25. 30

0 . 1 7
0 . 1 0

0 . 1 3
0 .  07

23 .  13
25.23

22.67
22.761000

1000
1000
1000

1100

11.8412 0 .978 11 .837  0 .963
11 .841  0 ,977

11 .840  0 .9?3
11.84t4 0,985
11 .847  0 .993
11 .847  0 .993

11 .836  0 .960

20.94 20.t2
21 .00  20 .58

t4
L2
L2
10

L2

bulk CalCa+Fe = 0.993 above curve

0 . 2 1 25.5L 25.00
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Table 2. A comparison of data on the anorthite breakdown reaction

Present shrdy Heat of solution data
(970K - Newton) combined with
the present data

_ 94oo (+ 570) + Pbars Avo

( avo) tor

Entropy of grossular data
Perkins & Essene

at8oo *

avo
TemD
o C -

p  - 2 V o
o

dP
dT

dP
dT

900
1000
1L00
13sol

20 .6
2 2 . 7
25 .0
3 0 . 4  +  0 . 5

2 2 . 6  e 0 . 3 )
2 2 . 5  ( +  0 , 3 )
2 2 . 5  ( +  0 . 3 )
22 .4  ( t 0 . 5 )

2 2 . 0  x 0 . 6 )

I Determined by the rtnodalrr method using pure phases.
SfOO values for anorthite, kyanite and quartz ard V!r, are taken from Robie & Waldbaum (1968).

has been calculated for this apparatus using the solid-
solution approach. The results are shown in Table I,
for which the uncertainties of cell-edge measurements
range between +0.001 and +0.0016, corresponding
to an error in mole fraction of +0.003 b 40.005
respectively. It should be noted that the garnet com-
position has only been reversed at 1000.C thus far.

Heat of solution data of Newton (personal com-
munication) for anorthite, grossular, kyanite, and
quartz (at 1000'K) enable calculation of the slope of
reaction (l) at each ofour experimental data points.
The corrected piston-out data yield the following ex-
pression for the anorthite breakdown reaction:

P (bars) : 214 + 22.571("C)

Fig. l A comparison of experimental data on the anorthite
breakdown reaction. Open squares (Hariya & Kennedy, 1968)
products grew, closed squares reactants grew. Open triangles
(Hays, 1966) products grew, closed triangles reactants grew.
Crosses (this study), equilibrium points determined by the solid-
solution approach (by the "modal" method at 1350.C) from
reaction in both directions at l000oC and in one direction at 900
and 1000'C. Star, calculated equilibrium point ofNewton (1966).

Recent calorimetric measurements of the entropy of
grossular by Perkins and Essene (personal communi-
cation) together with data from Robie and Wald-
baum (1968) also enable the slope of reaction (l) to
be calculated. A comparison of data on the anorthite
breakdown reaction is shown in Table 2, indicating
good agreement between the present data and those
of Newton and Perkins and Essene. As can be seen
from Figure 1, the present study is consistent with the
earlier experiments of Hays (1966), Hariya and Ken-
nedy (1968), and Newton (1966). Our results at
1350"C also bracket the 30 kbar equilibrium point
reported by Boyd (1964).

Conclusions
The solid-solution method for the determination of

univariant equilibria seems to be more sensitive and
less ambiguous than conventional "modal" methods,
because it allows the direction of a reaction to be
observed not only by changing amounts of phases but
also by changing solid-solution composition. The
small amounts of additional components in solid so-
lution tend to increase reaction rates and enable small
degrees of reaction to be detected, even at relatively
low temperatures. It thus provides a reasonably pre-
cise method of determining univariant boundaries
under P-Z conditions for which reaction rates are
very low.
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