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Abstract

Multiple regression analysis has been used to determine the relationships among the formal
charges and Shannon-Prewitt radii of the non-tetrahedr al M I and M2 cations in thirteen C2/ c
(or C2) pyroxenes and their lattice parameters, their mean M-O and Si-O bond lengths, and
their O3-O3-O3 chain angles. Crystal-structure data from three groups of silicate pyroxenes
(both natural and synthetic) were used in the regression analyses: Li pyroxenes with trivalent
Al, Fe, and Sc in the M\, sites, Na pyroxenes with trivalent Al, Cr, Fe, Sc, and In in the Ml
sites, and Ca pyroxenes with divalent Ni, Mg, Co, Fe, and Mn in the Ml sites.

'Using only first-order l inear regression equations in terms of the radii of the Ml and M2
cations (rya, and ryr) and the charge q on the M2 cation, it was found statistically that more
than 98.5 percent of the variation in the a cell dimension can be attributed to the variation in
/ilr alone, and 97.5 percent in b can be attributed to variations in both tyy dnd r1ar. The
parameters c sin 0 and unit-cell volume require a third term, q, to produce the most highly
significant regression equations: c sin B has a standard error of estimate (SEE) of 0.0l I A and
volume 2.2 As. The mean M1-O distance is l inearly related only to ru, (SEE : 0.007 A) and
the mean M2-O distance to both ry, and rru, (SEE : 0.013 A) or, more significantly, to ry1,
ry", and q (SEE : 0.009 A). Both the mean Si-O bridge bond lengths (range: 1.624-1.688 A)
and the grand mean Si-O distances (range: 1.618 to 1.644 A) may be estimated to better than
0.004 A, and the tetrahedral chain angle O3-O3-O3 (range: from 163.8o in the O-rotated
chain ofjohannsenite to 189.5'in the S-rotated chain ofspodumene) to better than 2.6o, using
a regression equation in three terms.

Because it has been shown that the eflective radius of the M2 cation (or the (MZ-O)
distance) is not independent of the size of the Ml cation, it is possible to rationalize the
d i s t i nc t l y  non - l i nea r  cu rves  o f  vo lume  us .  ( r ; a , ) s  f o r  t he  i sos t ruc tu ra l  se r i es
NaAl-NaCr-NaFe-NaTi-NaSc-NaIn, and LiAl-LiFe-LiSc, as well as the series
CaNi-CaMg-CaCo-CaFe-CaMn, which has an opposite curvature from the pyroxenes with
monovalent M2 cations.

Introduction

Crystal-chemical studies of the pyroxenes are nu-
merous, but we, in the course of a classroom exercise,
have produced yet another which pertains to the or-
dered clinopyroxenes of C2/c (or C2) symmetry, spe-
cif ically those with Ca, Na, or Li in the M2 site and Si
in the tetrahedral site(s). At present count thirteen
such structures have been refined, some of them more
than once. Where there was a choice, we selected data
from the more recent study (see Table I ). The prelim-
inary account of our work (Ribbe and Prunier, 1976)
has been subjected to considerable revision.

Relationships between cell dimensions and chem-

ical composition have been extensively investigated
for naturally occurring orthopyroxenes (Smith el c/.,
1969) and synthet ic  or thopyroxenes (Turnock
et al., 1973). Turnock et al. have also calculated
trend sur face equat ions for  the c l inopyroxenes
in the diopside-hedenbergite-ferrosil i te-enstatite
(CaMg-CaFe-FeFe-MgMg) quadrilateral based on
62 synthetic one-phase samples, many of which must
be considered metastable because of their crystall iza-
tion within the two-phase region or in the stabil ity
field of orthopyroxenes. Third-order trend surfaces
gave the best fit for a, b, c, and B, while a fourth-order
equation was required for volume. The authors (p.
57) "emphasize that the data are not directly appli-
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Table l. Lattice parameters, mean bond lengths, interatomic angles, and effective ionic radii for I 3 ordered clinopyroxenes.

Formula  (Ref .  )  a Volune <M1.-O> <Mz-O> <s i -o>  <Sl -O>br  03-03-03 .Ml tMz

L iA ls i2o6 ( r )  g .44sa

L i F e s i r O U  ( 1 )  9 . 6 6 6

L i S c S i 1 0 6  ( 2 )  9 . 8 0 3

N a A l s i 2 0 6  ( 3 )  9 . 4 2 3

N a C r S i r O U  ( 3 )  9 . 5 7 9

N a F e S i r o .  ( 1 )  9 . 6 5 8

N a S c S i r O U  ( 4 )  9 . 8 4 4

N a l n S i r O U  ( 5 )  9 . 9 O 2

c a N i s i 1 0 6  ( 6 )  9 . 1 3 7

caMgSi206 ( l )  9  .7  46

C a C o S i r o .  ( 6 )  9 . 1 9 7

C a F e S i r o .  ( 3 )  9 . 8 4 5

C a l f n S i r 0 U  ( 7 )  9 . 9 7 8

8 . 3 8 6 i  s . 2 1 s A

8 . 6 6 9  5 . 2 9 4

8 .  958  5  . 352

8 . 5 6 4  5 . 2 2 3

8  . 7  2 2  5  . 2 6 7

8 . 7 9 5  5 . 2 9 4

9 . 0 4 4  5 . 3 5 4

9 . 1 3 1  5 . 3 5 9

8 . 8 9 9  5 . 2 3 1

8 . 8 9 9  5 . 2 5 L

8 . 9 5 4  5 . 2 4 3

9 . 0 2 4  5 . 2 4 5

9 -1 ,56  5 .293

l1o . r '  388 .1A3  r . 919 i

1 1 0 . 2  4 t 6 . 4  2 , 0 3 1

110 .3  440 .8  2 . rO7

r o 7 . 6  4 0 1 . 8  L . 9 2 9

L07 .4  420 .0  1 .998

707 .4  429 .L  2 .025

L07  . 2  455 .3  2 . tO2

L07 .2  462 .9  2 . t 4L

1 0 5 . 9  4 3 5 . 9  2 . 0 7 2

105  . 8xx  438 .2  2 .077

105 .4  443 .4  2 .102

lo4 .7  450 .6  2 .L30

1 0 5 . 5  4 6 6 . 0  2 . L 7 3

2 .2 rLE  1 .6181  L ,6z4L

2 . 2 4 9  r . 6 2 0  L . 6 2 6

2 . 2 8 9  L . 6 2 4  1 . 6 3 0

2 . 4 6 9  1 . 6 2 5  L . 6 3 4

2 . 4 8 9  L . 6 2 4  L . 6 4 3

2 . 5 1 8  L . 6 2 8  r . 6 4 2

2 . 5 6 4  r . 6 3 2  1 . 6 5 3

2 . 5 6 8  L . 6 3 2  L . 6 5 2

2 . 4 9 4  L . 6 3 4  L . 6 7 3

2 .498  1 .635  ] .  676

2 . 5 0 6  r . 6 3 4  r . 6 7 4

2 . 5 L L  r . 6 3 5  r . 6 7 6

2 . 5 3 Q  r . 6 4 4  1 . 6 8 8

189  .  5 '  0 , 5303 ,  0  . 7401

1 8 0 . 0  0 . 6 5 2 *  0 . 7 4 2 *

L 7 5 . 6  0 . 7 4 5  0 , 7 4 0

1 7  4  . 6  0 . 5 3 0  r .  1 6 0

L 7 2 . r  0 . 6 1 5  1 .  1 6 0

L 7  4 . O  0 . 6 4 5  1 . 1 6 0

1 7 3 . 6  0 . 7 4 5  1 . 1 6 0

1 7 0 . 8  0 . 8 0 0  r . 1 6 0

1 6 5 . 1  0 . 6 9 0  1 . 1 2 0

L 6 6 , 4  0 . 1 2 0  1 . r 2 0

1 6 4  . 8  0 . 7  4 5  1 .  I 2 0

L64  . 5  0  .  780  1 ,  120

1 6 3  . 8  0 .  8 3 0  1 .  1 2 0

CLark  e t  aL .  (L969) ,  (2 )  l iawthorne and Grundy (1975) ,  (3 )  Cameron e t  aL .  (1973) ,  (4 )  Hawthorne and Grundy (1973) ,
( 5 )  H a w t h o r n e  a n d  G r u n d y  ( 1 9 7 4 ) ,  ( 6 )  S c h l e n k e r  e t  a L .  ( L 9 7 7 ) ,  ( 7 )  F r e e d  a n d  P e a c o r  ( 1 9 6 7 ) .

A l1  rad i i  f ron  Shannon and PrewlEt  (1969,  rev ised 1970)  fo r  the  ordered c l inopyroxenes;  these va lues  are  ad jus ted  to
account  fo r  the  s l igh t ly  Fe2a- r ich  fo rnu la  repor ted  by  C lark  e t  aL .  (L969,  p .  33 ,  Tab le  4 )  fo r  L iFe  pyroxene.

T h e  B  a n g l e  o f  1 0 5 . 6 ' r e p o r t e d  b y  C l a r k  e t  a l . ,  ( L 9 6 9 )  d i s a g r e e s  w i t h  e v e r y  o t h e r  v a l u e  r e p o r t e d  f o r  d i o p s i d e .  S e e
Nolan  and Edgar  (1963) ,  F inger  and Ohash i  (1976)  ,  Warner  and Lu th  (1974) ,  Ruts te in  and Yund (1969)  and che comenEs
by Sch lenker  (1976)  on  whose recomendat ion  we dec ided to  use  I05 .8"  in  our  regress lon  ana lys is ,  Note  a lso  tha t  the
105.6"  B  ang le  fo r  d iops ide  is  the  on ly  anona lous  va lue  in  F igure  5  (p .  597)  o f  Caneron e t  a l .  (1973) .

cable to natural pyroxenes, since other elements in
the latter may affect unit-cell parameters." They do
not attempt to relate lattice parameters to site occu-
pancy. Their paper is an excellent review of earlier
work on pyroxenes in the quadrilateral (e.g., Rutstein
and Yund,  1969).  Nolan (1969) determined uni t -ce l l
dimensions and refractive indices for synthetic cli-
nopyroxenes in the system diopside-hedenbergite-
acmite (caMg-caFe2+-NaFe3+), and found nearly
linear variations of a, b, c, and B with composition
between end members. Variations of refractive in-
dices were not quite as simple, but a ternary plot
contoured for b and d refractive index us. composi-
tion proved to be a reasonable determinative method
for natural alkali pyroxenes, provided the sub-
stitution of Al, and Fe8+ for Si in the tetrahedral
chain and Ti (in octahedral coordination?) was very
limited.

The early classic work on the crystal-chemical
characterization of clinopyroxenes is that of Clark el
al. (1969), who discussed the structures of eight of the
"end-member" ordered pyroxenes (LiAl, LiFe,
NaAl ,  NaCr,  NaFe,  NaIn,  CaMg, and CaMn) that
presently concern us. Since then the crystal structures
of f ive other pyroxenes have been published: CaFe
(Cameron et al., 1973), CaNi and CaCo (Schlenker et

al. ,1977; Ghose and Wan, 1975),  and NaSc and LiSc
(Hawthorne and Grundy, 1973 and 19'17 respec-
tively). New refinements of NaAl (Cameron et al.,
1973) and NaIn (Hawthorne and Grundy, 1974)
pyroxenes complete our data set. A plethora of struc-
tural studies of pyroxenes at high temperatures has
recently appeared; among them are those involving
ordered C2/c end-members (Cameron et al., 1973;
Ohashi and Burnham, 1973; Finger and Ohashi,
1976) and others which invert to C2/c symmetry at
elevated temperatures (e.9., Brown et al., 1972;
Smyth and Burnham, 1972; Smyth, 1974). Our in-
vestigation, however, is restricted to the structures of
ordered phases at room temperature whose symmetry
is C2/c or C2.

The C2 structures are the LiW+ pyroxenes which
differ from the C2/ c Narlf + and CatrI2+ structures in
two respects: (l) the Li ion (radius r : 0.74 A) is six-
coord ina ted ,  whereas  Na ( r :  l .16  A)  and Ca ( r :
l.l2 A) are considered to be eight-coordinated, and
(2) the smaller Li causes very slight structural dis-
tortions which produce two symmetrically non-
equivalent Ml sites and two symmetrically non-
equivalent M2 sites in the octahedral layer and two Si
sites in the single tetrahedral chain. However, these
distortions are so slight and the deviation from C2/c
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symmetry so small that "even the temperature factors
for  the [L iAl  and L iFe]  spodumenes ref ined in C2/c
are ent i re ly  comparable to those found in other  or-
dered c l inopyroxenes" (Clark et  a | . ,1969,  p.  42) .  We
have therefore taken the average structures of the
LiMs+ pyroxenes and examined them together  wi th
the other ordered C2/c pyroxenes.

Results of regression analyses

There is  mer i t  in  knowing exact ly  what  the re la-
t ionships are between the la t t ice parameters,  the
bond lengths and angles,  and the ef fect ive ionic  radi i
o f  atoms occupying the coordinat ion polyhedra in  so
important  a group as the ordered C2/  c  s i l icate pyrox-
enes,  and we propose to explore them. Other  in-
vestigators have suggested some of these: (l) Clark el
a l .  (1968) ment ioned that  " the b cel l -d imension of  the
Na and Ca c l inopyroxenes is  found empir ica l ly  to  be
a l inear  funct ion of  the average Ml-O dis tance."  (2)

Prewitt et al. (1972) and Hawthorne and Grundy
(1974) plotted lattice parameters as a function of the
radius of the M I cation, ryy, ot (ry,)s for the NaM3+
pyroxenes, and the latter authors have in press a
comparison of the geometric parameters of the
LiMs+ and NaMs+ pyroxenes which were discussed
ear l ier  by Brown (1971).  (3)  Papike et  a l .  (1973,  p.
264) have elaborated on the topologies of pyroxene
structures,  not ing " that  the ionic  charge of  the cat-
ions occupyine M(2)  and M( l )  cat ion s i tes should
also be taken into considerat ion"  in  the obvious re la-
tion "between the mean ionic radius of the M(2) and
M( l )  ca t i ons  . . .  and  the  te t rahed ra l  cha in  ang le
O(3)-O(3)-O(3)" in C2/c pyroxenes (c/. their Fig. 4,
p.  260) .  (4)  Ghose and Wah (1975) recognized four
d is t inct  groups of  C2/c pyroxenes (L iM3+Siro6,
N aM'+ SirO., C aM2 + SizO u and Ca Ms + A lSiO6) "in all
of which the average M2-O distances increase line-
ar ly  wi th an increase in the average M1-O dis tance.
In each series, an increase in the Ml-octahedron re-
sul ts  in  a s imul taneous increase in the k ink ing of  the
tet rahedral  chain and a s l ight  increase in the Z-O
(brg.)  and O3-O3'  ( te t rahedral  edge) d is tances."

By contrast  wi th prev ious invest igators,  our  in i t ia l
approach was to use the standard techniques of  mul-
t ip le l inear  regression analys is  (Dixon,  1973) to sys-
temat ize re lat ionships between the Shannon and
Prewitr (1969, 1970) effective ionic radii of the Ml
and M2 cations and the unit-cell parameters, the
mean MI-O,  M2-O and Si-O dis tances,  and the
O3-O3-O3 chain angle. Later it was found necessary
to introduce a term to account for the charge 4 on the
M2 cation.

The \M I-O) and (M2-O) distances

As expected,  the mean M1-O dis tances,  (M1-O),

are very highly correlated (coefficient of determina-
t ion R2 :  0.993)  wi th the radi i  o f  the Ml  cat ions,  r iv '
(F ig.  I  and Table 2) .  But  (M2-O) d is tances corre late
less well wilh ru", and a glance at Figure I suggests a

strong interdependence on rp11 as wel l .  For  a g iven

M2 cation. (M2-O\ increases with size of either the

tr iva lent  cat ions or  the d ivalent  cat ions in  Ml  (see

Ghose and Wan,  1975).  Mul t ip le regression produces

a s igni f icant ly  improved corre lat ion (F ig.  2)  where

the regression coefficient for r7a, is more than half as
great as that for rqa, (Table 2). On the graph of

calculated us. observed lM2-O) values there are sti l l

d iscrete populat ions for  the Na and Ca pyroxenes.

This may be due to inadequate est imates of  the ef fec-
t ive radi i  o f  Na andlor  Ca,  or ,  as wi l l  appear la ter ,

the need to in t roduce a th i rd term into the regression
eq uat lon .

The relationship between (M2-O) and the radius of
the M I cation is probably due to the fact that the M2
polyhedron shares three edges with octahedra of the
M I  chain.  A s imi lar  ef fect  was noted in  the

Ca-garnets, in which the mean Ca-O distance is ob-
served to increase with increasing radius of the triva-
lent  cat ions (Al ,  Cr ,  Fe)  in  octahedra which share

( M l - O ) ' O B l 5 r M t * 1 4 9 6
(:.oo7) ( ! o2t)

Rz = oses !
/

I

{

/'a
a

O
L

iYf us .,

. S (
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240  6
I

(\J

=
6 2
f,=
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2 3 0

220
0 6  0 8  r o

Cofion rodh.F , A (mor coordJ

Fig.  I  Plots of  the radi i  of  the Ml cat ions us the mean of  the

M l -O bond lengths ( le i t  ordinate)  and the radi i  of  the M2 cat ions

us the mean of  the M2-O bond lengths (r ight  ordinate)  for  l3

ordered c l inopyroxenes Regression equat ions (wi th est imated

standard errors in brackets)  are given for  the l ines shown. R'? is the

coeff ic ient  o l  determinat ion Li -pyroxenes are designated by

tr iangles,  Na-pyroxenes by c i rc les,  and Ca-pyroxenes by squares

t z
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Table 2 Regression coefficients, intercepts, and error and significance statistics for selected lattice parameters and bond distances and

interatom ic angles in I 3 ordered clinopyroxenes. (Degrees of freedom: I I for eq uations in one independent variable, l0 for those in two,

and 9 for those in three variables. To calculate I tl, divide the regression coemcient by its standard error )

Regress lon  coef f i c len t (s )  Range o f  res idua ls  Mu l t lp le  cor re l ,  coe f .  F
Parameter  ; - : I " td - * ; t  r ; - (s td .  e r ro r )  q  (s td .  e r ro r )  In te rcept  (s td .  e r ro r  o f  es t . )  (coe f .  o f  de tern ,  =  R2)  va lue*

728

3 1 6

r93
t74

t29

4 2 0

1 5 5 3

506
6 5 2

L24

l5

3 0

7t3

o  L . 7 2 8  ( 0 . 0 6 4 )

; s i nB  L .729  (0 .087 )

b  2 ,160  (0 .123 )
2 . 2 7 5  ( 0 . 1 2 0 )

csinB 0.  545 (0 ,  039 )

volune 235.32 (7.91)

<M7-o>  0 ,  815  (0 .021 )

< t42 -O>  0 ,32 r  ( 0 .041 )
0 . 3 7 0  ( 0 . 0 3 3 )

<s t -o>b r  0 ,062  (0 ,0 r4 )

<s i - o>  0 .036  (0 ,013 )

03 -03 -03  -26 .19  (9 .01 )

0 .  3 s 7  ( 0 . 0 4 3 )

o . 2 6 5  ( 0 . 0 6 i )
o .295  (0 .060 )

0 .198  (0 .019 )

30 .79  (3 .94 )

0 .614  (0 .022 )
0 , 6 2 7  ( 0 . 0 1 7 )

0 .040  (0 .007 )

0 .016  (0 .006 )

- 1 9 . 1 i  ( 4 . 4 9 )

0 .090  (0 .017 )

-o .049  (0 .023 )

-0 .035  (0 .007 )

- 5  . 9 2  ( 1 .  s 3 )

-0 .021  (0 .006 )

o .029  (0 .003 )

0 . 0 0 6  ( 0 . 0 0 2  )
- 6 . 6 1  ( L . 7  4 )

0 .059  (0 .02 r )

0 . 0 6 0  ( 0 . 0 2 s )

0 .110  (0 .039 )
0 .  q8s  (0 .034 )

0 .026  (0 .011 )

6 . 4 8  ( 2 . 2 5 )

0 . 0 2 3  ( 0 . 0 0 7 )

0 . 0 4 0  ( 0 . 0 1 3 )
0 .o27  (0 .009 )

0 .009  (0 .004 )

0 .007  (0 .004 )

8 . 2 7  ( 2 . s 6 )

0 . 9 9 3  ( 0 . 9 8 5 )

0 . 9 9 s  ( 0 . 9 9 1 )

0 .987  (O  . 975 )
o . 9 9 2  ( 0 . 9 8 3 )

0 . 9 8 9  ( o . 9 7  7  )

0 . 9 9 6  ( 0 . 9 9 3 )

o  . 9 9 7  ( 0 . 9 9 3 )

0 .995  (0  . 992 )
0 . 9 9 8  ( 0 . 9 9 s )

0 . 9 8 8  ( 0 . 9 7 6 )

0  . 9 r2  ( 0  . 832 )

0 . 9 5 4  ( 0 . 9 1 0 )

8 . 5 2 5

7 . 5 8 3

7  . 083
7 .O39

4 .499

247 ,0.6

I . 4 9 6

1 . 5 8 7
r  . 5 6 8

L .529

r . 5 8 0

2L9 .33

*  S e e  D i x o n  ( 1 9 7 3 )  f o r  d e f i n i t i o n  a n d  u s a g e .

edges with the CaOe polyhedron (Novak and Gibbs,
l97l ;  see Fig.  2 in  Higgins and Ribbe,  1977).

The a cell dimension

Statistically, the most significant correlation be-
tween the a cell dimension and cation radius is repre-
sented by the equation a : 1.728ru, * 8.525, which
for the l3 ordered structures has a standard error of
estimate of 0.021 A (Fig. 3). The a dimension is
obviously a measure of the thickness of the octahe-
dral layer, and although asinB might have been con-
sidered a better measure, regression statistics do not
bear this out (Table 2). What is interesting to note is
that the addition of ruzto the regression analysis does
not improve the estimate of a, as though the size of
the M2 polyhedron does not affect the thickness of
the octahedral layer. (The coefficient of determina-
tion of a linear regression between rM2 and a is only
0.06.) This is explained by the fact that these irregular
polyhedra, containing large Na or Ca cations, are
free to expand laterally into the rift zone between
octahedral bands and are flattened normal to (100),
as shown in Figure 3 of Clark et al. (1969, p. 38).
Thus, it is to be expected that the size of the M2
cation influences 6, which is a measure of the width of
the octahedral band, and c, which is a measure of its
uni t  length.

The b cell dimension

Clark et al. (1968) recognized the relation between
b and (Ml-O), and indeed the equation b : 2.29ru, *
7 .27 produces a standard error of estimate of 0.060 A

for the l3 pyroxenes (Fig. 3). But this is reduced to
0.039 A when the rM2 term is added (Table 2). Al-
though the regression coefficient for this term is only
one-eighth the magnitude of that for r7ar, its partial
correlation coefficient is 0.78, and it significantly im-
proves the coefficient of determination from 0.935 to
0.975 (cf. Figs. 3 and 4).

z r o  €
6"
=

Fig. 2. Plots of the observed us. calculated mean Ml-O (right
ordinate. lower abcissa) and mean M2-O distances (left ordinate,
upper abcissa). Symbols as in Fig. l; observed values are listed in
Tab le  l .

o
I

ol=

<lri2-O' o 32kur.O 6l4rM2+ I 587
( !or3l ( !o4l) ( io22)

R2 . 0.994

(l{l-O) 'O El5rMt. | 496
( !oo7) ( !o20

R2 . o.9!t3
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o

- 8.80
-o

ro.oo R2 = 0.985

R2 = 0.935

b = 2.29r*r+ 7.27
(  1.06)  (  t .18)

o.50 0.70
Rodius of Ml cotion ,

rur. Although the Shannon-Prewitt radii for 8-
coordinated Na and Ca are very nearly equal (rp' :

l .16 A, rc^:  l . l2 A),  the equat ion csinB :  0.463 r1a,
t 0.176ru, + 4.531 gives a standard error of estimate
of 0.019 A and R2 : 0.922. Values of csin0 calculated
with this equation are plotted in Figure 6 at the ends
of the vertical lines opposite the symbols. Careful
examination of these data show that there are stil l
distinct Li, Na, and Ca populations, and that the
calculated csinB values for the Ca pyroxenes lie sys-
tematically above the 45o line and those for the Na
pyroxenes below it. This same phenomenon was ob-
served for \M2-O) in Figure 2 and to lesser degree for
b in Figure 4.

In order to compensate for this discrepancy, a third
term was added to the regression analysis and tested
for all parameters reported in this study. That term is
q, the formal charge on the M2 cation: when 4 is
specified for M2, a like term is implied for Ml, i.e.,
either qy, : 2 and 7ur : 2 ot Quz : I and qpar: 3. As
stated earlier, the q term may in part account for
inadequate estimates of the effective radii of Na and
Ca in S-fold coordination, and of course a three-
parameter equation is expected to give a better fit
than a two-parameter regression equation. There are
statistical tests to ascertain whether the addition of an
independent variable is significant. The Biomedical
Computer Programs (Dixon, 1973) use .F ratios and
the more familiar ltl tests, among others. For ex-
ample, when q is added to the equation in rryr and ry"
for (M2-Ol (il lustrated in Fig. 2), the F value in-

9.20
R2 = 0.975

/ b = 2.160r",+ O.265rua+ 7.083
( !o39) ( ! . r23)  ( ! .067)

- 
8.80(,

o
o'

8.40

8.40 8.80 9.20
o

bobc , A
Fig. 4. Plot of the observed us. calculated D cell dimensions using

an equation in ry, and ry2 fromTable 2. Symbols as in Fig. 1.

I

o.90
A

Fig.  3.  Plots of  the a and b cel l  d imensions us the radi i  of  the
cat ions in the Ml s i tes.  Symbols as in Fig.  L

The c cell dimension and B
When the c dimensions are plotted against rs1,

those of the Li and Na pyroxenes fall on a straight
line, but the Ca pyroxenes are a distinct population
with barely a semblance of order (Fig. 5). A regres-
sion equation in terms of both r1ia1 zr.d rM2 shows no
improvement in predicted values over that in terms of
ry, for the c dimension.

Li pyroxenes have a B angle of 110.2 + 0.1" (B
increasing with rr,) and Na pyroxenes have B :
107.3 + 0.3",  (B decreasing with rr ' ) ,  but B values for
Ca pyroxenes are scattered around a mean value of
105.5" (Fig. 5). A regression equation for p in terms
of r,y1 and rp is of no greater value in predicting B
than knowing the atomic species in M2 and guessing
B to be equal to the mean value for that cation.

By contrast it is most surprising to observe in Fig-
ure 5 that three distinctly ordered populations with
nearly parallel trends emerge when csinB is plotted us.
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creases from 506 to 652, the standard error of esti-
mate decreases from 0.013 A to 0.009 A, and with 9
degrees of freedom ltl : -3.20 for the q term, in-
dicating an extremely high degree of significance. For
the b cell-edge, the significance of the addition of the
q tetm is less clear because f'decreases, but I I | : -2.1
with 9 degrees of freedom, suggesting that it is not
possible at the 95 percent confidence level to reject
the hypothesis that the 4 term is significant (Draper
and Smith, 1966, p. 20). The regression data for
\M2-Ol and b are given in Table 2.

From Figure 6 it is obvious that an equation in ry1,
ry2 and 4 (Table 2) gives better estimates of csinp
than one in r,y, and ry":the standard error of estimate
is improved from 0.019 to 0.01I A with an increase in
the F ratio from 59 to 128. The computed I t I value for
the 4 term is -4.65, and with 9 degrees of freedom it
is not possible at the 99.9 percent confidence level to
reject the q term.

The fact that csinp is linearly related to ry, and c
and B separately are not, indicates that some of the
expansion in the pyroxene cell caused by increased
size of cations in the octahedral layer is taken up by
slight [001] displacements of the tetrahedral chains
above and below the octahedral layer, producing

5 r o R2 = O.9??

c sinP= 9.545r"f O.F8r"a
( !o i l t  ( !o38)  ( ! .or9)

-O.O35q + 4'49!)
( !.o07)

5.OO 5 rO

csinPo5. , A
Fig. 6. Plot of observed us. calculated values of csinB. The

symbols represent values calculated using the equation in ryy ry2,
and 4 (Table 2), whereas the tails of the vertical lines represent
values calculated using an equation in ry1 and ruronly. Symbols as
in Fig. l .

concomitant small changes in the B angle (cl Papike
et al., 1973, p. 265).

Volume

It is interesting to note that the q term carries over
into the regression equation for volume (: a x b x
csinB), as indicated by the following self-explanatory
data:

Vol = 22l.3ru'  1- 27. l rp" + 252.2

(Std. error of estimate, 3.5 As;R' = 0.981; F : 260)

Vol = 235.3ru, i 30.8ru, - 5.9q + 247.1

(Std. error of estimate, 2.2 As;R' = 0.993; F : 420)

In the latter equation a ltl test indicates that at the
99.5 percent confidence level the q term cannot be
rejected.

The rctahedral chain angle, O3-O3-O3

The (SiOs)- chain in pyroxenes extends parallel to
c, and adjacent tetrahedra are related by a c glide
(Fig. 7). The chain is nearly straight so that the c cell
dimension is slightly less than four times the radius of
oxygen: c -5.2 to 5.3 A < 4 X 1.36 A. The crenula-
tion of the chain is expressed in terms of the
O3-O3-O3 angle, which varies from 189.5" for the S-
rotated chain in LiAl pyroxene to l80o for the
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Fig. 7. A schematic ,:;1": i, ,'"o 
"o.n"r-sharing [Siol

tetrahedra in the [SiOr]- chain of diopside (data from Clark et al.,
t969).

straight chain in LiFe pyroxene to 163.80 for the O-
rotated chain in CaMn pyroxene.

In the regression analysis of the O3-O3-O3 angle,
a remarkable improvement in predicted values is ob-
tained with the addition of the q term to the regres-
sion equation in r1a, zrld ry2 (Fig. 8). Perhaps it is not
immediately obvious why the O3-O3-O3 angle
should be related to any of these parameters, so the
interested reader is referred to the discussion of Pa-
pike et al. (1973, p. 264-267) for topologic details.
But we would comment further that the 03 atom is
the bridging oxygen between adjacent tetrahedral
sites and also is bonded to either one 6-coordinated
M2 cation (in the case of Li+ pyroxenes) or two 8-
coordinated M2 cations (in the case of Na+ and Ca++
pyroxenes). Intuit ively, then, the charge on the M2
cation, the M2-O3 distance(s) and the coordination
number of 03 all may be expected to affect the 03
position and thus the O3-O3-O3 angle. Clark et al.
(1969, p. 35-42) hint at this in their discussion of
bonding in the ordered clinopyroxenes. It is impos-
sible to miss the implications of the following tabula-
tion, which shows positive correlations between
(Si-O3) and the mean of the sums of the formal
Pauling bond strengths S to O3, and negative correla-
tions of (Si-O3) and S with the mean O3-O3-O3
angles.

L i+ Na+ Ca++

Mean Si-O3 (A)
Mean S to 03
Mean O3-O3-O3 ( ' )

tetrahedral chain angle to rTal As we saw earlier, it is
the size of the Ml cation that largely controls the c
dimension for the pyroxenes with monovalent or
divalent cations (Fig. 5), but it is also true that c :

2[O3 . . .03] X sin '/z[O3-O3-O3], where [O3 . . .03]
is the length of the edge of the tetrahedron most
nearly parallel to c (Fig. 7). Thus Figure 8 and the
regression equation in Table 2 represent a simplistic
rationalization of the variation of the O3-O3-O3
angle in terms of the charges and radii of the non-
tetrahedral cations.

The O3-O3-O3 angle is correlated with the p angle
(P : 0.231O3-O3-O3I + 67.76; R' : 0.80) and the
mean of the two Si-O3 bridge bonds (Si-O)b" :
2.1140 - 0.0027[O3-O3-O3]; R' : 0.80). The former
arises from relative displacements of the tetrahedral
chains above and below the M2 site "which are neces-
sary to accommodate changes in coordination
around M(2)" (Papike et al.,1973,p.265). The latter
is best understood in the terms detailed in the pre-
vious paragraphs, keeping in mind that the bridging
oxygen atoms Op, in the letrahedral chain are 03
oxygens. Obviously, the greater the Coulombic inter-
action of O3 with its non-tetrahedral neighbor(s), the
longer will be the Si-O3 bond lengths and the greater
will be the O rotation of the tetrahedra.

The Si-O bond lengths
We have seen that (Si-O)b. is correlated to the

O3-O3-O3 angle for reasons discussed above, and

O3-O3-O3 = -?6.2twf 19.2r*,
(12 .6 )  (19 .o )  ( ! 4 .5 )

- 6'6q * 2193
( t t 7 )

I

Ra = O.9lO

lToc lEoc l9o"

O3-O3-O3 ongle, observed
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Fig. 8. Plot of observed us. calculated values for the O3-O3-O3

of the magni tude of  the angle.  Same symbol  convent ion as in Fig.  6.But what of the relation
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thus it comes as no surptise that (Si-O)b, is highly
correlated to r7,4r, ty2, a,fld q. In the ordered cli-
nopyroxenes the range of observed mean Si-O3
bonds is 1.624-1.688 A, and as in other regression
analyses, there are three distinct populations of data
for Li, Na, and Ca pyroxenes when only rMl and rM2
are considered in the regression. But when the formal
charge on M2 is included, the standard error of esti-
mate improves threefold (from 0.013 to 0.004 A) and
R2 increases from 0.67 to 0.98. This is well-docu-
mented in Figure 9, where the tails of the vertical
l ines represent calculated values of (Si-O)5, using
only r*, and r1a2, and the symbols represent those
calculated using q in addition to ryy and ry2.

By contrast with the bridging Si-O3 bonds, the
non-br idging Si -Ol  and Si-O2 bond lengths are on
the average longest for Li pyroxenes and shortest for
Ca pyroxenes. However, as previously noted for
(Si-O)b., there is a high correlation of (Si-O)"r. with
the Pauling bond strengths S to Ol and 02. The
followine table summarizes these observations:

L i+ Na+ Ca**

Mean S i -O l  (A)  1 .635 1 .631 1 .607
Mean S i -O2 (A)  1 .593 1 .592 1 .588
Mean (Si-O)"u. (A) 1.614 1.612 L595
M e a n S t o O l  &  0 2  1 . 8 3 4  1 . 8 1 3  1 . 7 5 4

The Si-O2 bonds are relatively constant (see com-
ments by Clark et ql . ,1969, p. 36),  the Si-Ol bonds

are highly correlated to 4 (although not to t1a1or t742),
and the means of the two Si-O3 bridge bonds are
highly correlated to r7a1, t1a2, znd q (Fig. 9). Thus the
grand mean Si-O distances may be calculated with
the equation

(Si-O) : 0.036ry, * 0.0l6ruz + 0.0064 + 1.580,

all of whose terms have nearly equal significance,
according to I I I tests, and whose standard error of
estimate is (0.004 A (R'z : 0.83).

Evaluation of other data

Figure l0 has been prepared tq summarize the
lattice parameters of some synthetic C2/c pyroxenes
found in the literature. Data for Li pyroxenes are
taken from Brown (1971), for NaTi and Naln pyrox-
enes from Prewitt et al. (1972); and for CaNi and
CaCo pyroxenes from Ghose and Wan (1975). Most
of these fall within the range of residuals of the calcu-
lated values, although many are outside the range of
standard errors of estimate as indicated by the paral-
lel diagonal lines.

Twenty-two pyroxenes synthesized by Nolan
(1969) in the system CaMg-CaFe'+-NaFe3+ are rep-
resented as dots in Figure l0: end-member data, la-
beled Di, Hd, and Ac, respectively, are taken from
Table l. The assumption used in our calculations of
a, b, and csinp is that all of Nolan's pyroxenes are
ordered with Na and Ca in M2 and the other cations
appropriately apportioned in Ml. The q tetm is ap-
propriately weighted to give the average charge on
M2. The extreme consistency of his data with the
parameters we used in our regression equations for
CaMg (Di) ,  CaFe (Hd),  and NaFe (Ac) pyroxenes
affirms this assumption, although for this system any-
thing less than -10 percent disorder would not be
detectable within estimated errors.

It is difficult to evaluate the lattice parameters de-
termined by Drysdale (1975) for six Li pyroxenes
containing trivalent Al, Cr, Fe, V, Sc, and In, because
his estimated standard errois on a, b. and c are ex-
ceptionally large, ranging betweqn 0.01 and 0.03 A.
Parameters reported for the LiSc arld LiIn pyroxenes
are so markedly divergent from values calculated
with regression equations (as well as from earlier
literature data for LiSc pyroxenes), that we suspect
either the stoichiometry of his material or his tech-
nique for lattice-parameter determination.

Lattice parameters determined by AbS-Wurmbach
and Neuhaus (1976) for 12 compouhds in the solid-
solution series jadeite (NaAlSLO.)*cosmochlore
(NaCrSirO.) present some difficulty of interpretation,

r.620
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o
-9
)
l:
o(,
-o

o
. !
U'

Rz = 0.976

(si- o)or=
(!.oo4)

+

O.062rrf O.O4Orr2
(t .ot4) ( t .oo7)
O.O29q + | 529
(t.o03

t .620 r.650 t .680

Gi-O)br observed , E
Fig. 9. Plot of observed us calculated mean Si-O bridge bond-

lengths: (Si-O)b. :  [(Si-O3) + (Si-O3')]  + 2 (cl.  Fig 7). Same
symbol convention as in Fig. 6.
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which is not made any simpler by the fact that
they omitted B angles from their complications
and mislabeled the right ordinate of their vol-
ume-composition plot. In the synthesis of the NaCr
end -member  (and  pe rhaps  NaA lo  'C ro  ,  and
NaAlo rCro.r), they may have produced a non-
stoichiometric or otherwise off-composition product.
Their reported volume for NaCr is 417.8 A3, whereas
that observed by Cameron et al. (1973) on a synthetic
material whose structure was determined is 420.0 A3
(Table I ). If the 420.0 As value is plotted instead of
417.8 A3, the volume-composition relationship
shown by Abs-Wurmbach and Neuhaus (their Fig. 4)
becomes linear and no longer requires a third-order
equation to fit the data. Furthermore, the 417.8 A3
volume for NaCr falls substantially below the ex-
pected value on the NaMs+ curve in Figure 11.

Figure I I is a graph of the relationship between
unit-cell volume and the cube of the radius of the Ml
cation, (r;yr)a for the Na, Ca, and Li pyroxenes. Note
that the curves for LiM"+ and Narlf+ are somewhat
similar, whereas that for CaM2I has an opposite
curvature. There are so few data points that calcu-
lation of a higher than first-order curve for Li is
impossible, but second-order curves for Na and Ca
pyroxenes have coefficients of determination R2 )
0.997.  Addi t ional  points for  NaTi  and NaIn pyrox-
enes are shown as large open circles. They were taken
from Prewitt et al. (1972), who expressed concern
that the NaIn point in particular did not f it what at
that t ime they assumed should be a straight-l ine plot
of volume us. (rn')3. Our evidence indicates that there
is  no such s imple re lat ionship:  vo lume is  a funct ion of
three parameters, raa,, ry2, &nd q. Even the "size" of
the M2 cation is not independent of the effective ionic
radius of the cation occupying the edge-sharing Ml
octahedra. Furthermore, when in our regression
analyses we used (rnar)3 and (rrr)3-with and without
q-to calculate equations for unit-cell volume, we
discovered that these parameters did not account for
variations in volume nearly as well as did riyr and r4ar.

All this simply reemphasizes a fact which has been
restated frequently: effective ionic radii, l ike those

Fig. 10. Plots of observed us. calculated a, b, and csinB cell

parameters for data selected from the literature Values for Ac
(NaFeSi,Ou),  Hd (CaFeSi,O") ,  and Di  (CaAlSi ,Ou) are f rom Table

I (open symbols); values for the 22 pyroxenes in the system

Ac-Hd-Di  (b lack dots)  are f rom Nolan (1969);  values for  NaTi

and Naln pyroxenes from Prewitt et al (1972), for Li-pyroxenes

from Brown (  197 |  )  and for  CaCo and CaNi pyroxenes f rom Ghose

and Wan (1975) (crosses).  Values for  a,  b and csinB were calculated

from eouat ions in Table 2
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Fig.  I  L Plots of  the re lat ionships of  uni t -cel l  volumes and (ry ' )a

for the NaMs+, CalVl+, and LiMx+ pyroxenes. Large open circles

are data points from Prewitt el al (1972): tails of vertical lines

represent values of  volume calculated using the equat ion in Table

2 .

determined by Shannon and Prewi t t  (1969,  1970),  are
not "hard" values, even relative to an assumed
primary coordination number and oxygen radius.
Secondary coordination is important , and these C2/ c
ordered pyroxenes demonstrate this especially well
for sil icon in tetrahedral coordination, because even
the mean Si-O bond lengths in these isostructural
compounds are strongly correlated to the formal
charges and effective sizes of the non-tetrahedral Ml
and M2 cations.

Summary

The lattice parameters of ordered C2/c (and C2)
pyroxenes with Li, Na, or Ca in the M2 site may be
expressed in terms of the formal valences and effec-
tive ionic radii of the non-tetrahedral cations. The a
cell dimension is a function of rvar, b of r1a, afld ry2,
and csinB and volume are functionS of riur, r*r, and q,
the charge on the M2 cation. Multiple regression
analyses indicate that the mean Ml-O distance is best
expressed in terms of rr, only, whereas the mean
M2-O distance, the mean Si-O bridge and grand
mean Si-O bond lengths, and the O3-O3-O3 angle
require three-parameter equations in rrr, ry2 and q.
The bond lengths and cell parameters are all pre-
dicted to approximately 0.5 percent of their values,
whereas the chain angles are estimated to within -5

percent of their values using the regression equations
of  Table 2.
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