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ABSTRACT

The infrared absorption spectrum of almandine-pyrope garnet from Nijosan, Japan is
shown in the wave number region between 1700 and 60 cm~. Factor group and site group
analyses of garnet are discussed and cause of the splitting of two absorption bands for the
tetrahedral SiOy ion is interpreted. By using Wilson’s G matrices the wave numbers of the
absorption band were calculated and the force constants in the Urey-Bradley force field
were determined, such as K 3.90, H 0.26 and ¥ 0.80 md/A for the tetrahedral SiO, ion and
K 1.60, H 0.14 and F 0.001 md/A for the octahedral R¥*Qs ion. The Jacobian matrix
shown was useful in the course of the calculation of the force constants and the potential
energy distribution indicated was necessary for the determination of the coupling of normal
modes.

INTRODUCTION

Infrared absorption spectra of garnet were studied by Launer (1952);
Wickerheim, Lefever and Hanking (1960); and Tarte (1965), who indi-
cated a variation in frequencies of the infrared absorption band of the
SiO, ion for six end-members of garnet. Several laser-excited phonon
Raman spectra of the rare earth doped garnets were studied by Koning-
stein and Mortensen (1968), Koningstein and Toaning-Ng (1968), and
Hurrell ef al., (1968).

In the present paper, the infrared absorption bands of almandine-
pyrope garnet obtained in the wave number region from 1700 to 60 cm™
are discussed theoretically, and the frequencies of two infrared absorp-
tion bands for the tetrahedral SiO4 ion and also those for the octahedral
R3tQ; ion were calculated by Wilson’s GF matrices method. Also the
force constants in the Urey-Bradley force field were determined and the
Jacobian matrix and the potential energy distribution obtained from the
calculation were shown.

INFRARED ABSORPTION SPECTRUM OF ALMANDINE-PYROPE GARNET

The garnet used for the study was collected by the author from the volcano Nijosan,
Osaka Prefecture, Japan, whose name in Japanese means “originated from the two isolated
peaks of the volcano.” Small trapezohedral grains of garnet occur abundantly in biotite
andesite and are distributed as placer garnet on surrounding slopes. It is recorded even as
early as AD 743 that old gem stones were polished by the placer garnets.

Garnet found in the biotite andesite is believed to be formed by crystallization in the
andesite magma which was contaminated by some argillaceous sediment in its reservoir
(Omori, 1942; Yamasaki, 1958; Shiroki, 1967).

The lattice constant and specific gravity of the garnet were determined as 11.542 A and
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4.104, respectively (Omori, 1942). From the chemical analysis of garnet (Kozu and Kaw-
ano, 1939) and the physical constants mentioned above, the molecular percentages of the
end-members of garnet were calculated as Alm. 67.66, Py. 13.20, Sp. 4.13, Gr. 8.58 and
And. 6.43. Thus, it is an almandine-pyrope garnet with a complicated molecular composi-
tion.

A specimen of garnet was powdered carefully in a diamond mortar and then in an agate
mortar. A KBr disk was made by the usual method (Omori and Kerr, 1964) for infrared
study in the wave number region between 4000 and 400 cm~. The infrared spectrum was
recorded by using a spectrophotometer Perkin-Elmer Model 125 with gratings.

Next, the polyethylene plate method was used for the infrared study in the wave num-
ber region between 500 and 60 cm~. The plate was covered by nujol mixed with a small
amount of powdered garnet. The far infrared spectrum was recorded by using a spectro-
photometer Hitachi Model FIS-1 with gratings.

Although the infrared spectrum of garnet was obtained in the wave number region
between 4000 and 60 cm™, only the spectrum between 1700 and 60 cm™ is shown in Figure
1, and wave numbers of the absorption bands measured are given in Table L.
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Fi6. 1. Infrared absorption spectrum of almandine-pyrope
garnet from Nijosan, Osaka Prefecture, Japan.
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TABLE 1. WAVE NUMBERS MEASURED AND CALCULATED OF THE
INFRARED ABSORPTION BANDS FOR ALMANDINE-PYROPE
GARNET FROM NIJOSAN, JAPAN

Wave number (¢cm™!) measured Wave number (cm™) calculated
1165 vw{sh)
1095 vw{sh)
1040 vw(sh)
995 vw(sh)
960 Vs V3 Py,
895 VS V3 Flu 920 V3 F_)(SIO4)
872 vs V3 Fi.
630 m V5 Flu 632 ¥i Flu(ROG)
562 S V4 Flu
470 Vs V4 Fm 510 ¥y Fz(SlO.;)
450 Vs vy Fiy
380 s Fi
345 vw(sh)
306 vw(sh)
235 m g Fiu 234 g F1,(ROg)
196 m Fiy
160 w Fu
135 s Fi,
110 m Fiu
80 w Fiy
68 m Flu

Remarks: vs, s, m, w and vw indicate very strong, strong, medium, weak and very weak
absorption bands and sh in parentheses shows a shoulder of the band

FacTtor GROUP AND SITE GROUP ANALYSES OF GARNET
AND ASSIGNMENT OF THE ABSORPTION BANDS

The 240 degrees of freedom for 80 atoms contained in the Bravais unit
cell of garnet were classified under the irreducible representation of the
factor group Oy shown in Table 2, which predicts 18 vibrations in the
only infrared active species Fy, (Hurrell ef al., 1968; Koningstein and
Toaning-Ng, 1968; Koningstein and Mortensen, 1968). One of these is
the acoustic mode leaving an expected 17 infrared active modes. Thus, in
Table 1 the distinct 15 normal mode frequencies measured are assigned
as species Fy,.

Since the site groups are subgroups of the factor group, the factor
group can be decomposed into the site groups. The representations of
both .S, and S, site groups for the SiO4 and the R*Q, ions, respectively,
are composed of the characters of O, which are shown in column of the
site group in Table 2, where the infrared active species are B, E, Au,
and Eu.
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TABLE 2. REpUCTION OF THE FREE S10; AND AlQ; ToNs INTO
THE FACTOR GROUP REPRESENTATIONS OF GARNET AND THE
SELECTION RULE OF THE INFRARED ACTIVE SPECIES

Factor group Site group Free ion
S4{Si0y) Sl AlOg) Ta(8i00) Oyt AIOY)
Oy | Si Al Ca O | Total Tra.ns- — |—
lation | 4y B Em |4, 4y Ey By| A E F |dy Ey Fu Fy
{ | = — — i
Ay l oo o 3 | k] [§] 1 0 0 1 0 0 0 1 1 0 1 0 0 1
Ay 1 1 0 3 5 1 0o 1 0 0o 1 0 0 0 1 1 n o 1 0
Ao, 1 0 1 3 5 8] 0 1 0 10 0 0 |0 1 i; 1 0 0 1
Asy 0 1 1 3 3 4] 1 0 0 0o 1 0 0 1 1 0 0 0 1 0
E, 0 1 6 8 0 1 1 0 0o 0 2 0 1 1 o 2 o0 2
Ey 1 2 1 6| 10 0 1 1 0 0o 0 0 2 1 2 1 g o0 2 o0
Fy 2 0 L 14 [i] 1 0 2 1 0 2 O 1 1 2 12 0 3
Fu, 3 3 3 9 18 1 o 1 2 0o 1 0 2 g X 3 @ 0o 3 0
Fay 3 0 2 9 ‘ 14 it 0 1 2 it 0 2 0 o 1 3 1 2 0 3
Foy | 2 3 2 9 16 | 0 SUNSIRCV I 7 0o 1 0 2 1. A 2 60 0 3 0
I 1 I L 1 1

Infrared active species

Likewise, the representations of both Ty and Oy groups for the free
Si0, and the R**Og ions, respectively, are shown in the {ree ion column in
Table 2, where the infrared active species are Fs (3 and vy) and Fy,
(vs and vg).

In the Bravais unit cell of garnet there are 12 SiO4 tetrahedra and there
are 12 of each of these kinds of vibrations. In the free SiO4 ion these
modes would all have the same frequency but in the crystal they are
coupled and the simple molecular-like frequencies are distributed among
the various irreducible representations of the factor group. Only a few
appear in the infrared active Fy, representation and these are responsible,
along with the site group splitting caused by the S4 symmetry of the
tetrahedral site, for the multiplicity of bands which appear in the SiO,
stretching region of the spectrum. There are, in fact, many fundamentals
which are observed on the other hand in the Raman spectrum and these
in turn have frequencies somewhat different from the equivalent infrared
frequencies because of the factor group splitting.

ANALYSIS OF THE NORMAL MODES OF VIBRATION OF
THE TETRAHEDRAL S10,; IoN IN GARNET

There should be strong coupling between the various polyhedralions in
the unit cell and this coupling is not taken into account in the normal
coordinate analysis. The coupling that leads to the factor group splitting
is of this type.

Assuming that the crystal can be separated into various molecular
units, one fundamental frequency was calculated for a particular molec-
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ular motion when there should be many if the full unit cell is included.
In the calculation of the normal coordinate analysis for the crystal
usually such assumptions and limitations are inherent.

Normal modes of vibration can be analyzed theoretically by Wilson's
method using the GF matrices (Wilson, Decius, and Cross, 1955; Colthup,
Daly, and Wiberley, 1964). The G matrix is given by the relation of
matrix multiplication form, G="UgU’, where U is the matrix formed by
the coefficients of the symmetry coordinates, U’ is the transpose of U, and
g is the kinetic energy matrix given from the internal coordinates of the
ion examined. The F matrix is given by the relation showing the same
form, F=UfU’, where f is the potential energy matrix formed by the
force constants.

From the G and F matrices the secular determinant is obtained as
I GF — E)\| =0, where E is the unity matrix and \ is the eigenvalue of the
frequency for the normal mode of vibration. Then, the frequency » in
em=! can be calculated from the relation »=+/)\/2m¢, where ¢ is the
velocity of light.

Then, the elements of the G and F matrices of the Fy mode of vibration
for the tetrahedral SiO4 ion were calculated by using the following rela-
tions.

4
Gu = po) t 3 Hen Fin =K+ 1.2F
8
G2 = — — e Fi, = 0.60F
3y
1 /16
G =—; ?I‘(Si) + 2#(0)) Fy = r*(H + 0.5F),
Y

where oy and sy were the reciprocal mass of the oxygen and silicon
atoms, respectively; » was the bond length between the oxygen and
silicon atoms; and the constants K, H, and F are the force constants in
the Urev-Bradley force field (Urey and Bradley, 193 1). For the 8i0, ion
K is the stretching force constant between 8i-O; H is the bending force
constant between 0-8i-0; and F is the repulsive force constant between
two oxygens O - - - O.

The force constants K 3.90, 7 0.26 and F 0.80 md/A were determined
from several calculations using a computer, upon which the Jacobian
matrix obtained was reflected.

The frequencies calculated, »=920 and ya=510 ecm™., are nearly
similar to the following average values of the corresponding wave num-
bers measured v; =922 and v4= 511 cm™, respectively.
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The Jacobian matrix J was useful for the determination of the force
constants.

dN3/0K  O\y/0K 0.1098875 0.0001887
J = [ 8\s/6H oXy/6H | ={0.0935618 0.2213096
oXz/8F  8\,/8F 0.0569697 0.1186374.!.

And the potential energy distribution (Morino and Kuchitsu, 1952)
was calculated as

[0.5340518 0.0009174i|
0.0617307 0.1460642 ],

from which it is known that there are couplings between the stretching
vibration and the bending vibration, which are the cause of the high
hardness of garnet.

The force constant K 3.90 md/A for the SiOy ion in garnet is smaller
than the constant K 6.00 md/A for the SO, ion in alunite (Omori, 1970a)
and 6.45 md/A for sulfohalite (Omori, 1970b). The increase of the force
constant K varies linearly with the decrease of specific gravity of garnet
4.104, alunite 2.82, and sulfohalite 2.48. Thus, it is found that the large
frequencies of the stretching vibration occur in the lighter mineral and
the small frequencies of the stretching vibration occur in the heavier
mineral.

As the distances between two oxygens in the SiO4 ion of garnet are
given as 2.56 A(2) and 2.72 A(4), where the numbers in parentheses
show the numbers of occurrence (Abrahams and Geller, 1958; Euler and
Bruce, 1965), it is known that the form of the SiO, ion is distorted from
the form of T,. Three splitting bands of the triple degenerate species are
caused by the slight distortion of the SiO, ion (Wickerheim, Lefever, and
Hanking, 1960).

ANALYSIS OF THE MODES OF VIBRATION OF THE
OCTAHEDRAL R3¢ Ton IN GARNET

Since the octahedral R¥+Qy ion is larger than the tetrahedral SiOy ion
and it is believed that the bonding of R to oxygen is of the same order of
strength as the bonding of oxygen to other parts of the structure, the
octahedral ion vibrates much more weakly than the tetrahedral ion, thus
the absorption bands of the octahedral ion appear weakly in the smaller
wave number region than the tetrahedral ion. But, it seems that the
determination of the force constants of the octahedral ion are not useless,
because these can be compared with the constants of the tetrahedral ion.
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The wave numbers of the octahedral ROg ion were calculated by using
the following elements in the G and F matrices.

Gu = K(0) + 2ur) Fn=K-+ 1.8F
4

G = — —uw Fiy = 0.9¢F
Y

2
G = — (o) + 4uw)  Fau = r(H + 0.55F),
o

where w0y and u(g) are the reciprocal masses of the oxygen atom and the R
atom respectively, and 7 is a bond length between oxygen and the R
atom. The force constants in the Urey-Bradley force field were K 1.60,
H 0.14, and F 0.001 md/A, obtained from the similar calculations men-
tioned above. The calculated wave numbers, ;=632 cm™! and ve= 234
cm™! are similar to the measured wave numbers, »3=630 cm~! and
vg=235 cm™!, respectively, where the Jacobian matrix obtained was

0.1294661 0.0023918
J =10.1995772 0.2028793
0.0534694 0.1555413

and the potential energy distribution calculated was

[0.2071457 0.0038268]
0.0000000 0.0285146,

from which it is known that the »s band is the pure stretching vibration
(R—0), but the »¢ band is the bending vibration (O-R-O) coupled with
the stretching vibration.

CONCLUSIONS

The infrared absorption spectrum of almandine-pyrope garnet from
Nijosan, Osaka Prefecture, Japan was obtained in the wave number re-
gion between 1700 and 60 cm~! and the wave numbers of the absorption
bands were measured. The cause of the splits of the absorption bands of
v and v are interpreted.

It is important in the infrared study of minerals that the absorption
bands should be theoretically analyzed. The factor group and the site
group analyses for the Bravais unit cell of garnet were discussed and the
numbers of the infrared active mode of vibration obtained from the selec-
tion rule were similar to the numbers of the absorption band obtained.
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It is believed that there are strong couplings between the various SiO4
ions in the structure of garnet, and the vibration of the ROgion is weaker
than the SiO, ion. But, it is useful to determine the force constants of

these ions.

By using Wilson’s GF matrices the wave numbers of the absorption
bands were calculated and were compared with the wave numbers mea-
sured as shown in Table 1. The Jacobian matrix was useful in the course
of the calculation of the force constant, and the potential energy distri-
bution obtained was also necessary to know the existence of the coupling
between the vibrations.
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