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THERMODYNAMIC BEHAVIOR ep g,aa+, [la+
AND Fe3+ DISTRIBUTIONS IN GARNETS1

RosBnr F. Munr,Bn AND SuBRATA GHosE
God.d,ard. Space Ftight Center, Greenbel,t, Maryland. Z0ZZI

Arsrnacr
Data on the distribution of Ga3+, Ala+ and Fe3+ among the tetrahedrar (d) and octahedral(o) sites in certain garnets were examined in terms of a thermodynu-i. -oal*t i.t yi"ra.the following expression for the distributio., .orrrt".ri i.,

K" : {'(!_- x)!!:
X"(I - Xa)6"6

Here the x's are site occupancy fractions and the s,s are equivarent to activity coefficientproducts factors. It is shown that for the elements ji*"*.a (6a"/6"a)_l,corresponding toideal mixing on the individual sites. Thus we obtain
Garnet Xa, Xo

YcGa.Fes-,Or: Gas+i/(G.aB+ * Fes+) 6.71 l&3
YsGa.Als-.Orz Gat+/(Gas+ + Als+) _2.24
EuaGa"Fes-,Or z Gat+/(Gas+ 1 pga+; _4.46

where * ranges from zero to five.
with the presently available precision the calculated temperature sensitivity of Ko is

;:::"',f"t 

variations of several hundted a"g."". i.r ti. rintering temperature .t oirta r" up-

rt is stressed that this form of,ideal mixing on the individuar sites corresponds to non_ideal mixing of the component end members igFesOrz and yaGa5e' when referred to theirmole fractions and mean molar vorumes. This is consistert *ith trr" 
"pfu."rripo.itru"deviation of the mean molar volume from a straight line.

INrnooucrtoN
Nearly all crystarline materiars are of a nonstoichiometric characterand at the same time have crystal structures in which each atom or ion isdistributed over two gr more nonequivalent structural positions. rn thegarnets Qa3+, {la+ and FeB+ are distiibuted among two different crystal-lographic sites with octahedral (o) and tetrahedral (d) coordinations ofthe 02- ions. The nature of the distributions or order-disord.er relationsb.etween these positions are functions of the total crysilri". ."-p"ri-tion, the temperature and the pressure in the equililrium state. In adisequilibrium state the distribuiions are also dependerrt on the f..rio.,.h.istory of the sample and on the time and providl an interesting-"ppri.*-

tion of chemical kinetics.

I Paper presented at the gth rnternational congress of crystallography, stony Brook,N. Y., 15 August, 1969.
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The first comprehensive treatment of the thermodynamic theory for

order-disorder phenomena was provi

for the simple binary alloys. Analol

given by others for the sPinels. Er

were made by N6el (1950), Smart

and Kriessmu" (1SSO). Recently Borghese (1967) interpreted the mag-

netic properties of certain spinels and garnets in terms of the model in

which mixing on the indiviiual lattice sites has the character of ideal

solutions. Analogous equilibrium equations were also derived for the

distribution of Mg'+ and Fe2+ among the nonequivalent structural

sites of pyroxenes and amphiboles (Muelter, 1962)' As distinguished

from the previous treatments of metallic alloys, spinels and garnets, the

latter equations were formulated in terms of the atomic fractions (site

o..rrpurr.u fractions) of the cations on the individual sites, a procedure

wh ichw i l l beadop ted in th i spape ra l so .Th i s fo rmu la t i onhas thead -
vantage of yielding more simplified data plots'

Altiough the efiect of temperature on the intracrystalline distribu-

tions forms an important pa.i of the problem and is implicit in all the

theoretical treatments, this aspect of the problem has not been sufficiently

appreciated in much of the experimental work on garnets so that more

often than not the temperatuie of preparation of the specimens is not

given. We shall attempi here to unoly" the character of the solid solu-

tions and to calculate the effect of temperalure on the distribution iso-

therms.

Onsrnvnt Drsrnrnurrous

There are five sets of experimental data for the distribution of Ga3+

and Fe3+ among the tetrahedral and octahedral sites of the garnet

YaGa,Fes-,Orz, where r can in theory range from zero to five' corre-

,forrJing to complete substitution o{ Ga3+ for Fe3+' These data were

obtained from the analysis of residual magnetic moments (Li'ithi and

Henningsen, 1964; Geller, Cape, Espinosa and Leslie' 1966); nuclear

magneti"c resonance (Streever and Uriano, 1965); X-ray and nzutron

diff"raction (Fischer, Hiilg, Stoll and Segmiiller 1966); and bv Miiss-

bauer spectroscopy (Czer"linsky, 1969)' These data may for convenience

be separated into two groupr, one constituting the magnetic data and

the other those data cotteited by other means. Distributions deter-

mined from the latter group are piesented in Figure 1 and the distribu-

tion from magnetic aatu at" presented in Figure 2' These fiqures are

plotted in terts of the atomic fraction 6ur+7(Ga3+*Fe3+) .(where 
the

chemical symbol represents the number of moles) of gallium in the

tetrahedraf and octahedral sites of the total 6na+1Fe3+ on each site'
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Fro. 1' Distribution, exclusive of magnetic data, of Gai+ and Fes+ among the tetra-
hedral and octahedral sites of y3Ga,Fe6+Ou. The curve is fitted to the data oi Fischer, at
al. and corresponds to ideal mixing on the individual sites with an equilibium constant of6.7r.

Data for the distribution of Alr+ and GaB+ in ysAl, Ga5_,op available
from X-ray diffraction experiments (Marezio, Remeika, and Dernier,
1968) are given in Table 1.

Distribution for Al3+ and Fes+ from rnagnetic data by Geller, wil-
liams, Espinosa and Sherwood, (1964) for y3Al,Fe5_"Op and as discussed
by Borghese (1967) are shown as points in Figure 3.

Finally some experimental points obtained for the distribution of GaB+
ald Fe3+ in the garnet Eu3Ga"Fe3_"Orz by Miissbauer spectroscopy are
shown in Figure 4.

, unfortunately it is not possible to evaluate some major uncertainties
in the experimental site occupancy fractions because of Iack of informa-
tion on the conditions of sample preparation. However, according to
Fischer et al. (1966) the X-ray and neutron diffraction data embody
probable errors of about 4-5 percent of the measured values. It should
also be borne in mind that the actual site occupancy fractions plotted
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Frc. 2. Distribution based on magnetic data and-the model of GeIIer et al" of Ga3+ arrd

Fe3+ among the tetrahedral uJ o.iui"arur sites of YsGa"Fes-,orz. The curve is the same

as in Fig. 1.

'I'leLE 1. DrsrnrlurroN ol Ga3+ AND AI3+ rN YsGa'AlL"Orz AND

rrrt Co**r's"oNDrNG EQUrLrBnrun CoNsreNT ol EXcEANGE

DaIa are taken from Marezio el ol'(L968)

K.6ur+7(eaa+*AI3+)

Tetrahedral (d) Octahedral (o)

o.290
0.491
0.653
0. 863

0.080
0 .223
0.470
0 . 7 M

4 .69
3  .36
2 . r 2
, ,  | 7
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Frc' 3 Distribution of AIB+ and Fer+ among the tetrahedrar and octahedral sites oI
-Y-f]tFeo-"ou. The points are_derived tro- ^ug;.ti. data and the model of Geiler et ar.(1964). The curve is based on ideal mixing on rittr sites and corresponds to a distributionconstant of 3 (Borghese, 1967).

Although the curve drawn through the data of Figure 1 is a quite goodfit it.is important to point out thaibecause of the temperature effect onthe distribution coeftcients (to be discussed later), noi ail these pointstu" 
l" 

represented by one curve. The curve shown has been fitted tothe data of Fischer et al. which represenrs a temperature cf about
L643"K' we shall see that the other i istributions established at knowntemperatures should bear definite relations to the curve. unfortunatery
little is known of the thermal history of the other data shown i" nig"r. r.Again, although the thermal histories of most of the samples of Figure2 are known, we shall see that this information has littre meaninf *n..,the model from which these points were derived is considered.

Vantatrow oF TirE MraN Moran Voruun
wrru ColrposrrroN

The variation of the unit cell volume of y3Ga.Fe5_,Orz withGa3+/(Gaa+4Fe3+) is shown in Figure 5. These data, which have a
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Fro. 4. Distribution of Ga3+ and Fe3+ among the tetrahedral and octahedral sites of

E,ugct f"r-,Orz (Nowik and Ofer, 1967)' The curve is based on the model for ideal mixing

on toth sites and corresponds to a distribution constant of 4'46'

whole is non-ideal in character'

0
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ceil
volumes are proportional to the mean molar volumes.

TnBnMooyr,reurc CRen.qc.rER oF rnp Sorro SorurroNs
If the dependence on composition of the free energy of exchange be_tween the nonequivarent Iattice sites is largery .onnn.a to the entropy

of mixing terms, it is,.convenient to write (Mueller, 1967) the following
expression for a quasibinary crystal such as a garnet:

u. : x4r- J')!l 
,1\

X"(7 - xo)6"o \r.,

Here the X's are the site occupancy fractions of one of the two exchang-
able species on the octahedral (o) and tetrahedral (d) sites, ,(J-i, th.
equil ibrium constant and the @ factors are analogous to activity co-
efficient products and are derived from kinetic fortulas. By definition
Ki.:r 

I 
function only of the temperature and the pressure ior volume)

while the @'s are also functions oi the total composition. However, only
the temperature dependency is significant for these condensed ,yrr._,
at low to intermediate pressures.

- 
The^ site occupancy fractions are related to the totar more fraction x,

of a given end member (such as yrGasOrz) as
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X 1 : 3 a X 7 + 3 ) ,

a1  :  f , 7215 f , o215
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(2)

(3)

( 1 ) .
The data of Figures 1 and 3 should be directly related to those of

Marezio et al. as given in Table 1 if certain simplifying assumptions are

introduced, for we have the following related exchange reactions and

equilibrium constants :

Ga(o) * Fe(d) A Ga(d) * Fe(rz) Klo

A1(o) * l-e(d) e Al(d) * Fe(a) K'o

Ga(a) * Al(d) a Al(o) * Ga(d) K'o

in which a and d. refer to the octahedral and tetrahedral sites. If we now

assume that the mixing properties of the ions are invariant with respect

to which other ion is present we obtain

K , O- " - : 7 t ' " o : 2 ' ) 4

T U O
n 2
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Table 1 shows the values of Ko as derived from the data of Marezio et
al. (1968). Atthough the correspondence with K3o :2.24 is quite good
for several specimens, the others difier considerabry from this varue.
rt is not known if these differences are attributable to the uncertainties
in the data such as arise from the conditions of sintering or to a failure
of the assumptions employed in the model.

The distribution curve and the corresponding equilibrium constant
Kao for the distribution of Gas+ and Fe+ among the tetrahedral and
octahedral sites of Eu3Ga"Fe5_ sOn &rE shown in Figure 4. In this case
the curve gives a quite good fit with Kn :+.+O if the most Ga_rich
sample is disregarded. It is clear from a comparison of these data with
Figure 1 that the substitution of europium for yttrium tends to favor
Fe3+ in the tetrahedral site. However here again it must be remembered
that the effect of the thermal history is unknown.

- 
Taken together, Figures 1 and 5 point up an interesting feature of the

thermodynamics. If the data of Figure 1 truely .o.r.rp"rri to the simpli_
fied model with (ga"/g"a):1, the system is a form or iaeat solution in
which theonlycompositionaldependence of the free energy comes from the
entropy of mixing on the individual sites as given by equation (3).
However, this result in turn impries non-ideal mixing between the macro-
scopic components YaGasOrz and ysFe6,O12 in which the sites are not
distinguished. The apparent positive deviation from a straight rine of
the mean molar volume in Figure 5 is compatible with this i"nterpreta-
tion.

ElrBcr on TpupBnarunp
of primary interest is the determination of the effect of temperatures

of annealing on the equilibrium constants. This effect could of course be
evaluated directly it AHo the standard enthalpy of exchange were
known, since

d ln Ko AHo

d T RT2

However, in the absence of independent knowledge of Aflo we can esti.
mate AGo, the Gibbs free energy of exchange from the distribution data
of Figure 1 for which the annealing temperature is known, since

AGo : - R? ln Ko (4)

According to Fischer et at. (1966), the temperature of sintering for their
specimens was 1643oK, and since Kr" =6.7I, we obtain AGro.-: _6220
cal. Also we have the general relation
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dAGro

Af 
-  -  AJ1- '

where ASo is the standard entropy of exchange'

Now we have reason to suspect that Asro wilt be small since the system

is condensed and no Iarge volume changes are involved. Also, this

anticipation has recently been substantiated for the case of the order-

disorder relations of Fe2+ and Mg2+ in (Mg,Fe)SiO3 (orthopyroxene)

(Virgo and Hafner, 1969), which represents a situation closely parallel

to the garnets.
Thus if ASlo -:0 we have

Af11o lz AG1o,

and the temperature effect can be estimated directly

This has been done for five isotherms in Figure 6.
for equation (4).

If Figure 6 is valid indication of the temperature sensitivity of K1o, it
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Frc. 6. Calculated isotherms for difierent (hypothetical) temperatures from the mode

which assumes ideal mixing on the individual sites of YsGa"Fe;-"O12'
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is clear that from the amount of scatter shown in Figure 1 variations of
several hundred degrees in sintering temperatures should be detectable.
rt is unfortunate that the thermal histories of most of the specimens are
unknown. unfortunately probable systematic errors, differences be-
tween the different investigations, as well as lack of sufficient data on the
thermal histories of the samples, make it impossible to evaluate the
effect of temperature precisely. rrowever, it is clear that the r323"K
and 1733oK points of czerlinsky are in harmony with the data of Fischer
and with equation (4).

Equation (4) and the isotherms of Figure 6 can also be used to estimate
deviations from ideal mixing on the individual sites from systematic
deviations of the data from the isotherms. The excess f.ee e.re.gy cor,-
tributions for such a source should have the same effect proportioially as
temperature variations. It is possible that some of the deviations from
the data points from the isotherm of Figure 1 are attributable to this
source, but the uncertainties in the data preclude any quantitative
estimate of the effect at this time.

DBvrerroN ol THE DrsrnrsurroN FRoM MacNBrrc Dare
The model utilized by Geller, et al. (1964, 1966) to determine site

occupancies from magnetic data has already been discussed (czerlinsky,
1969). It is an assumption of this model that the intrasublattice and
intersublattice interactions are independent of the nature of the non-
magnetic ions. However, we already know that such independence does
not exist with respect to thermodynamic properties. EacL exchangable
ion confers its unique thermodynamic properties on the distribution
coefficients and these directly influence the magnetic properties. The
result is that the model of Geller et al. yields distribufions which are
inconsistent with thermodynamic theory and, indeed, with the results of
other methods as shown particularly by Figure 1. The deviation be-
comes increasingly marked as the quantity of non-magnetic ion is in-
creased, These two sets of data thus provide an interesting illustration
of the value of thermodynamic models in guiding the interpretation of
experimentally determined distribution data.

EquarroN or, THE ExcrraNcB KrNBrrcs

Although no kinetic data exist for the exchange reactions in garnets, it
is interesting to write down the phenomenological form oi the rate
equations. This may be done if we assume as did Dienes (1955) that the
rate controlling process is the exchange iather than some other process
such as nucleation. Thus, if co is the concentration (in moles or pirticles
per cm3) of the total tetrahedrally and octahedrally coordinated ions,
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we obtain the following equation (Mueller, 1967) for the rate of change

of concentration of one of the ions on the tetrahedral site:

d x ^ 2 ?
- 

* - 'o  
: lcoKu^ea,Xa( l  -  x . )  -  l .coK"ua'ax"(1 

-  xa) .  (5)
d t  5 -  s

This is related to rate of change on the other site as

3 dx^ dX,r

2 d t

Kaa and K46 &r€ the specific rate constants for exchange in the t"r'o

directions. It is apparent that when (dXa/dt):9, equation (5) reduces

to equation (1). The important point to be made here is that although

6u^/6^u may approach unity with essentially ideal mixing on the stable

lattice sites, the individual d's may deviate widely from unity. The reason

for this is that these factors embody the thermodynamic properties of

the transitional state, and. mixing in this state might be far from ideal'

Of course, if mixing were also ideal in the transitional state, the d's would

reduce to unity and equation (5) would assume its simplest form'
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Norn Aoonu rN Pnool

Since our paper was submitted for publication, Czerlinsky and McMillan (1970) have

shown that in the YaAtFes-fol2 garnets, the AI-Fe distribution in equilibrated samples

cannot be represented by a single constant Ko. Ilowever, for compositions, r(1, the

cation distribution follows the ideal solution model as shown in this paper and by Borghese

(1g67) and zol the distribution curve implied from magnetic measurements by Geller

et al. $964).
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