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Ansrracr
The nuclear electric quadrupole coupling tensors of Al2? at the four nonequivalent alu-

minum sites in kyanite have been determined by use of nuclear magnetic resonance. The
eigenvalues and the asymmetry parameters 4 are: 10.0 MHz, 9.4 MI{2, 6.5 Hz, 3.2
MIfz, and0.27 ,0.38, 0 59, 0.89, respectively. The magnitudes of two of the coupling tensors
are the greatest found to date in any aluminum compound. Each of the four tensors in-
dicates a strong electronic polarization of the aluminum atoms approximately parallel to b.

The external electric field gradient tensors at the aluminum sites have been calculated
by the ionic point charge model. while there is a coarse agreement between the observed
and calculated eigenvectors of the tensors, the eigenvalues do not agree. Especially the two
largest eigenvalues cannot be explained bv this model.

INrnorucrroN

Nuclear quadrupole coupling tensors of atoms in crystals are very
sensitive parameters of the actual electron density distribution in the
crystal structure. They are a measure of the slight electronic deforma-
tion of the atoms at their sites caused by the net charges of the neighbor-
ing atoms (ionic polarization) and by bonding. In this paper, the quad-
rupole coupling tensors of Al27 in kyanite are reported. The crystal struc-
ture of kyanite is particularly appropriate, and we will present a brief dis-
cussion of the Al27 tensors of this mineral, although definite conclusions
are not as yet possible.

The nuclear electric quadrupole interaction of an atom which possesses
a free ionic state with noble gas configuration such as Al+3 is usually
written as

eQvi j :  eQ\ -  t )V 'o i '

Q in equation (1) is the nuclear quadrupole moment, Va1 is the electric
field gradient tensor at the nucleus which is a second rank tensor with
vanishing trace,.y- is the polarization factor of Sternheimer, and Vai.*r is
the electric field gradient tensor at the atomic position due to the net
charges of the neighboring ions. Q of Al2? is known (0.149X10-2a cm2).
7- has been calculated theoretically for the free Al+3 ion (Das and Ber-
sohn, 1956; Burns, 1959).

The symmetry properties of the field gradient tensors V ;1 and V 1i.*t ate
determined by the point symmetry of the atomic position. ff the position
possesses a cubic point symmetry the tensors will vanish. However, if the
point symmetry is lower than cubic a permanent field gradient at the
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NUCLEAR QUADRUPOLE COUPLING IN KYANITE 1633

nucleus will be induced by V;i.*, and a definite quadrupole interaction
will occur. V;i'*t can be derived from the crystal structure by using the
ionic model. If the nuclear quadrupole coupling tensors eQV ii are deter-
mined experimentally the Sternheimer factor 7. and V;iu*L can be tested
by means of equation (1).

Kyanite is a particularly favourable case for such a test. Its structure
has the relatively high number of four non-equivalent aluminum sites
with low point symmetries (C) in a relatively small unit cell which con-
tains only three different atoms and only four formula units Al2SiO6.
Since the quadrupole coupling tensors at the four Al sites are not reduced
by any symmetry elements they are each described by five independent

Tasle 1. Tn.a.xslonrrreuoN Matnrx lnolt Tnrcl,rNrc to OnrrrocoNLr, Axrs r,on KvaNrrr

parameters. Therefore, the four tensor equations (1) consist of 20 linear
equations with 20 experirnentally determined independent parameters.

Since silicates such as kyanite are resonance structures which cannot be
fully accounted for by the ionic model discussion of equation (1) and a
test of its adequacy will be interesting.

ExpBnruBNrer

The four quadrupole coupling tensors of Al27 have been measured by nuclear magnetic
resonance. For this, we have used the perturbation theory approach in which the nuclear
magnetic energy levels are perturbed by the nuclear electric quadrupole interaction.l A
single crystal from Brazil was cut to a cubic shape with an edge length of about 10 mm.
Resonance was observed at a fixed frequency of 11 MIIz by sweeping the magnetic field
from about 8 to 12 kilogauss. The homogeneity of the field was higher than necessary
(-10-7 within the volume of the crystai). The field was repeatedly calibrated with the
resonance line of an AI aqueous solution. The resonance signals of the crystal were exceed-
ingly strong and relatively sharp u'ith a half width of about 5 gauss. A typical resonance
spectrum is given in Figure 1.

The quadrupole coupling tensors can be accurately determined under such conditions.
Misalignment of the crystallographic axes with respect to the magnetic field is the largest
source of error. The accuracy is hence mainly determined by the goniometer facilities avail-

I For a detailed description of the technique the reader is referred to the articles of
Pound (1950) and Volkofi eJ aJ. (1953).
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able for the resonance experiment. For our investigation rve did not attempt to align the

crystal more precisely than about 1 one degree, although an error of one degree may lead

to line shifts of more than 30 gauss in extreme cases, rn'hile the lines can be measured with a

precision of t one gauss or better. The crystal was oriented with the back-reflection method

of Laue.
It is convenient to represent the tensors in an orthogonal crystal system *', y', z'. For

this, we have chosen 1' parallel to the b-axis, and z' in the b-c plane, as shown in Figure 3.

The matrix for the coordinate transformation from the triclinic system o, D, c to the sys-

telrr' x', y', z' is given in Table 2. The crystal was rotated around an axis perpendicular to

the magnetic field. Spectra were taken every 7.5 degrees. Three rotations were performed

with x', y', and z', respectively, parallel to the axis of rotation.
'Ihe 

angular dependence of the difierences A of the inner paft of satellite signals (ru:
-3/2+-l/2, m:1/2+tp) was used for determining the parameters A;, 86, and Ci of

the three rotations. If the terms of third and higher order of perturbation theory are neg-

lected the dependence of A (A) on A i, B ;., and C is simply

n(0) : At * B; cos 20 * C; sin 20i i : $', !', ,' (2)

g in equation (2) is the rotation angle. Aa, B;, and Ct were found by fitting A to the data of

each of the three rotations and by use of the five identities

A, ,  T  A , ' +  A , '  :  O
8", -l Br,+ 8,, : O
Aa, + Ba' : A', - B,'; etc,

IE IIc IIe l6,tr6 EG,EB llIB EB tre IB

. [ In '

r o 5 to.o
Kilogouss

Frc. 1. Resonance spectrum of kyanite, z' is perpendicular to the magnetic field. The

angle I between *'and the magnetic field is 45o. The numbers I, II, III, IV refer to the

tensor numbers (Table 3). The subscripts C and B indicate central signals and inner satel-

Iites, respectively. a: outer satellites. Dispersion mode signals,

9.5



NUCLEAR QAADRUPOLE COUPLING IN KYANITE 1635

The,4; and B; values were weighted according to their precision and averaged. It is pos-
sible to derive Ci also frorn the angular dependence of the central signals, although condi-
tions of accuracy did not permit this in our experiment.

The quadrupole coupling tensors are finally given by the relations

eQV,,,, : - 2hA",

e Q v a , u ' : k ( A " ' + 8 " , )

e Q V " ' " , : k ( A " ' - 8 y )

eQVs, , , :  -  kC" , ;e tc .

, 2r(2r - 1)^&
6

1 in equation (7) is the nuclear spin (5/2 fiot Al27) and -y is the gyromagnetic ratio (7 of
AP7: 6.9706 MHz /kilogauss).

Tensor *' rotation kilogauss 1" rotation kilogauss z' rotation kilogauss

(3)
(L\

(6)

(7)

0.523
1 .965
o 992

0. 879
r .641

-0.379

0 .679
0.993

-0.+42

0 422
0. 503
0.  281

0  . 7 1 4
- r . 77 r
- t, - tr l.)

A" ' ,  0 .370
B,', -2.145
c,, _0. 109

Au',
B, '

-0.463
0 .377
0.294

4 , ' ,  0 . 1 5 5
B" ' ,  -1 .513

c, '  -0.117

0.043
-0.892

0 .018

RBsulrs

The parameters Aa, Ba, ar.d C; are listed in Table 2. The dimension of
the parameters is kilogauss since we found it more convenient to sweep
the magnetic field than the frequency. Table 3 presents the eigenvalues
of the diagonalized tensors and the eigenvectors with respect to the r', y',
ar'd zt system. Two of the tensors have extremely great eigenvalues.
This is manifested by the extraordinary splitting of the satellite reso-
nance Iines by several kilogauss at ll MHz. The central signals which de-
pend on second- and higher- order effects only are shifted by several
hundred gauss.

We have used the fi.nal quadrupole coupling tensors to calculate all the

TAsr,e 2. .4t, Bt, AND G Par.tunrnns or Kvnur:rr

Ao', -1.239

Br', -0.207

cr '  -0 .186

An', -1.244

Bo', 0.496
cr '  -0 .054

An ' ,  -0 .831

Bo', 0.522
co' -0.232
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line positions as a function of d for each of the three rotations, using per-
turbation theory. The third-order terms have been included. They were
found to average about 20 gauss, the greatest contribution being 60 gauss
for tensor II (z'rotation,0:30o). The third-order effects are thus sub-
stantial. They can be well resolved in the spectrum. Therefore, equation
(2) yields only approximate values for the tensors. Ilowever, the third
order efiects are still of the order of the errors of alignment of the crystal
with respect to the magnetic field. The maximum deviation of the calcu-

T,qBr,n 3. Mnesunno Nucrren Quannurom CoupuNc
TrNsons ol Al27 rN Kv.tNnr

Eigenvectors (Direction Cosines)

0.964 + 0.010
-0 .265+0 .014

0.00810.020

0.042 + 0 .007
-0.999+0 003

0.026 t0.020

0 .197+0 .007
-0 .979+0 .016

0 .05210 .025

-0 .342 +  0 .006
0.939 +  0 .020

-0 .032 +0.028

" The sign of the eigenvalues cannot be determined experimentally.

lated central signal positions from the observed lines was 10 gauss. From
this, we conclude that the quadrupole coupling tensors should be correct
within the limits of error marked in Table 3, although the third-order
effects have been neglected. A refined determination of the tensors should
nevertheless take them into account. ft would also be interesting to re-
examine the tensors by means of pure quadrupole resonance.

Drscussron

In Table 4, the AI27 quadrupole coupling tensors of kyanite are com-
pared with those of a number of aluminum oxides and aluminum silicates.
The four kyanite tensors are surprisingly distinct. Two of them are by
far the greatest observed to date in any aluminum compound. The two

+  3 .68+0 .07
+  6 . 3 4 + 0 . 1 3
+  10 .04+0 .20

+  2 .89+0 .04
+  6 . 5 2 + 0 . 1 0
+  9 . 3 7  ! 0 . t 4

1 .35  t0 .03
5 .20+0 .09
6 . 5 3 + 0 . 1 2

0 .20  +  0 .01
3 . 5 2 + 0 . 0 7
3 . 7 0 + 0 . 0 7

0.069 + 0.007
0 .223+0 .012

-0 972+0.Ot l

- 0 .116+  0 .006
0 .021+0 .011
0.993+0.005

-0.220+0.005
0.008 + 0.014
0 .976  +  0 .013

0 .256  +  0 .013
0 .938+0 .013
0 .233+0 .033

0 992+0.004
0.045+0.025
0 .115+0 .034

0 .955+0 .011
0.204 + 0.030
0 .213  +0 .037

0 .253+0 .009
0.060 + 0.023

- 0.966 + 0.012

0 .905+0 .012
o .339 +O .029
0.258 + 0.03 1
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others are considerably smaller. The quadrupole energy difference of
more than 6MIIz between the smallest and the greatest value is unusually
large for Al27 tensors of nonequivalent sites with the same number of
nearest neighboring atoms. Such marked differences of the tensor prop-
erties must be attributed to distinct crystallographical properties of the
corresponding sites.

The crystal structure of kyanite rras determined by Naray-Szabo,

Te.sm 4. Trn Nucr,nan Qualnueor-r Coupr-rNc TBNsons or Al27 rN Sour
Ar,rnnrNrru Oxrons Auo AtuurNun Srr,rcerns (M.lxruuu ErcnN Var,urs

ANn Asvuuetnv Plnauerens 4)

A. Oxides
1. Corundum (AhOs)

2. Chrysoberyl (BeAlzOr)

3. Spinel (MgAhOr)

4. Lithium Aluminate
(LiAL60s)

5. Berlinite (AlPOt

B. Silicates
6. Natrolite

(NarAlrsLolo2Hro)
Euclase (HBeAISiO6)
Beryl (BesAlz(SiOa)e)
Spodumene (LiA

Albite (NaAISLO'
Microcline (KAISLO8)

12. Kyanite (AhSiOt

eQV""/h
MIJz

2.393
2 .850
2.846
3 .68
0.284
0.683
4.088

1.663

Al-site

0
0 94\
o .76 )
0
0 \
0.347)
0.367

0.698
0
0.94
0 . 2 6
o . 2 l
0 .27)
0 . 3 8  [
o.sel,
o.8ej

3.093
2.950
3 .29
3 . 2 1

I ro. o+
)  e . 3 7

I  o . r r
[  3 .70

octahedral
octahedral
octahedral
octahedral
tetrahedral
octahedral
tetrahedral

tetrahedral

octahedral
octahedral
octahedral
tetrahedral
tetrahedral
octahedral
octahedral
octahedral
octahedral

0. 5029

Reference

Pound (1950)

Hockenberry (1958)

Brun (1952)

Stauss (1964)

Brun (1961)

Petch (1962)

Eades (1955)
Brown (1956)
Petch (1953)
Hartmann (1963)
Hartmann (1963)

This work

8.
9.

10.
1 1 .

Taylor, and Jackson (1929). A refinement of the atomic coordinates was
performed by Burnham (1963)r. The structure is described as a distorted
cubic close-packed arrangement of oxygen atoms in which the aluminum
atoms are located in certain octahedral interstices while silicon occurs in
certain tetrahedral interstices. The distribution of aluminum among the
octahedral interstices is such that one half of the Al-O octahedra, AI(1)
and Al (2), form chains parallel to the c axis, successive octahedra sharing
edges. The other half of the aluminum octahedra, Al(3) and Al(4), link
the chains together in that they share edges with the chain octahedra.

I Another refinement of kyanite was performed by de Rango el d., (1966).
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The Al(1) and Al(3) octahedra each share five edges with neighboring
aluminum octahedra while Al(2) and Al(4) each have four edges with
other octahedra in common. Thus, each of the four Al sites is topologi-
cally distinct:

AI(1) octahedron of a chain parallel to c,five edges shared
Al(2) octahedron of a chain parallel to c, four edges shared
Al(3) not in a chain, f.ve edges shared
Al(4) not in a chain, four edges shared

Frc. 2. Projection of the kyanite structure parallel to c. Reproduction
of Fig. 2 of Burnham (1963).

It would be interesting to know the assignment of the four tensors f,
II, IIf, and IV to the four Al sites. However, since the point symmetry of
all four sites is the same (C), the tensors cannot be assigned simply by
symmetry considerations and inspection of the spectra. Burnham (1963)
found that the Al(4) octahedron is strongly distorted, possessing the
shortest and one of the longest AI-O distances observed in aluminum
silicate minerals. Its assignment to one of the tensors with the large
eigenvalues is therefore probable, although by no means definite.

Second rank tensors with vanishing trace are represented geometrically
by three axial hyperboloids. The eigenvectors describe the directions of
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the hyperboloidal symmetry axes and the eigenvalues give their axial

Iengths. The eigenvectors of the four measured Al27 tensors are shown in
Figure 3. For each tensor, one symmetry axis is nearly parallel to the D

direction of the crystal, and another is nearly parallel to c. In each case

the symmetry axes parallel to D are in the direction of the greatest electric

field gradient. Thus, all the aluminum atoms are strongly polarized in

i ra
A

drs )Y :b

Frc 3 Stereographic projection of the observed and calculated eigenvectors of the

nuclear quadrupole tensors. Cftcles'. V"", triangles: 7t", squares: 7**. Open symbols: ob-

served vectors; solid symbols: calculated vectors. The numbers of the solid symbols refer to

the subscripts of the AI sites.

that direction. The b-direction is in fact a special direction of all Al-O
octahedra in the kyanite crystal structure, (Fig. 2).

Using the point charge model, we have calculated the electric field
gradient tensors V uP at the four aluminum sites. For this the Ewald lat-
tice potentials at the sites were expanded in spherical harmonics (the
gradients can be computed very accurately by this technique). The
atomic coordinates of the refinement of Burnham were usedl. The eigen-
values and eigenvectors are listed in Table 5; the latter are also shown in

I We have repeated the computations using the atomic coordinates of de Rango al al',
(1966). Although there are difierences in the results due to the slightly difierent coordinates,

the conclusions are not afiected.

F

i^;l']*.^o
.1 t

g O
.2

.o
A
tr

3J4
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Tnrro 5. Clr-curarrn Er,rcrnrc Frnr,o GrelrrNrs lr lre Al
Srrrs rN KyaxrtB (Porxr Crrancn Moonr,)

Eigenvalues Eigenvectors (Direction Cosines)

V,,
V,,
V,.

V,"
t/

v""

v,"
Vnn
V""

V

II

t/

-0.32
- 2 . 1 0
)-) /.1

+0.40
+ r . 7 9
- 7  1 A

z '
0.045
0 .93s
0 .351

0.005
0.949
0 . 3 1 6

-0 .83
- t . 2 1
+2 .03

+ 0 . 1 6
+2.s9
- 2 . 5 6

0.372
o.926
0.072

0.995
0.o77
0.070

Figure 3. In Table 6, the maximum eigenvalues and asymmetry param-
eters 4 of the quadrupole coupling tensors calculated by use of equation
(1) are given. For the calculation, the theoretical value 7-: -2.45 of the
free AI3+ ion was taken. Further. it was assumed that

v\i' = vI. (8)

The agreement between the observed and the calculated eigenvalues of
the quadrupole coupling tensors is far from being satisfactory in spite of
the fact that there is coarse coincidence between the eigenvectors. Al-
though it is reasonable to expect that the computed field gradient tensor

rae'n6orsn;H,"d;ifi 
::::T:#;f"Tr.:rcENvALUEs

Measured Calculated

eQV*/h, MH"
(l-t")eQV,,P /h

MII,

10 .04+0 .20
9  . 3 7  + 0 . 1 4
6 . 5 3 + 0 . 1 2
3 .70+0 .07

0 .27  +0 .02
0 .38  +  0 .01
0 .59  +  0 .02
0.89 + 0.02

- 2 . 5 6
+2.43
- 2 . t 9

+2.03

0 . 8 7
0 . 7 3
6.63
0 .  1 9

Ar (4)
Al (1)
Ar (2)
Al (3)

-0 .  178
-0 310

0.934
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at the AI(4) site is the greatest of the four (see Table 4), the four tensors
are roughly equal, and the unique values of the tensors I and II cannot
be interpreted by the simple point charge model. Two of the symmetry
axes of the calculated tensors are more or less parallel to the b and c
directions of the crystal, in agreement with the experimental results out-
lined above. The symmetry axes parallel to b are, with one exception,
again the directions of the greatest field gradient. ft is to be noted that
the eigenvectors are fully determined with respect to the crystallographic
axes a,b, c oI the crystal. There is no freedom for any rotation. The direc-
tion of the vectors together with o, 6, c is plotted in Figure 3.

Two possibilities may explain the discrepancy between observed and
calculated eigenvalues: first, the point charge model is generally inade-
quate for the calculation of ionic field gradients at lattice sites. The higher
electronic moments of the ions contribute considerably to the effective
gradients Z;ru*t. Their contribution is of the same order of magnitude as
the point charge contribution alone, particularly in crystal structures with
low lattice symmetry. Secondly, the purely ionic model is probably not
very accurate for resonance structures such as silicates. However, it must
be remembered that any nonionic contribution to the quadrupole tensors
can be determined only when the electric field gradients of the ideal ionic
model are known. Therefore, self-consistent calculations of the ionic fi.eld
gradients, including the higher electronic moments of the ions, are neces-
sary. Unfortunately, such computations for kyanite are lengthy, due to
the relatively high number of nonequivalent atomic positions and their
low point symmetries. A detailed investigation of the higher electronic
moments in kyanite is under way.

This work was supported by the National Science Foundation under Grant GP-5097. The

experiments were performed at the Institute for the Study of Metals at the Llniversity of

Chicago.
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