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CORRELATION OF SOME PHYSICAL PROPERTIES AND
CHEMICAL COMPOSITION OF SOLID SOLUTION

Taxkasur Fuyn, Department of Geology, University of North Carolina.

ABSTRACT

The tacit assumption for the linear correlation of the density and the chemical com-
position of a solid solution is twofold: one is an ideal solid solution and the other identical
or nearly identical molar volumes of the components. In an ideal solid solution, the differ-
ence in densities obtained by the non-linear and linear treatments are discussed. These
are applied to the spessartite-almandite, almandite-pyrope, forsterite-fayalite and wurtzite-
greenockite systems. The garnet systems can be treated practically by the linear correla-
tion, but the olivine and the wurtzite systems must be treated with caution. Coefficients
of thermal expansion and compressibilities of the ideal solid solution can be discussed in
the same manner. But when the solid solution is ideal, the linear correlation of molar heat
capacities and chemical composition is possible. The linear correlation of refractive index
and chemical composition of an isotropic solid solution can be derived from the Gladstone-
Dale equation, but it is required that the system must be ideal and the molar volumes of
the components are equal or nearly equal. If the concept of the volume fraction is intro-
duced, density, coefficient of thermal expansion, compressibility and refractive index can
be correlated linearly with the volume fraction in an ideal system.

I. DENSITY

Density has been correlated linearly for the determination of the chem-
ical composition of a solid solution. Bloss (1952), however, found out that
this is not actually true in an ideal binary solid solution. This can be
proved more rigorously in a multicomponent system by a simple thermo-
dynamical discussion. The difference between the densities obtained by
the non-linear and linear treatments in the ideal system is of considerable
interest to us. Since we usually use the linear correlation for the deter-
mination of the composition, we want to know the maximum density
difference from non-linear correlation, so the accuracy of the density
measurements for the linear correlation can be stated. See Fig. 1

Zen (1956a) discussed the validity of Vegard’s law in an ideal cubic
solid solution and concluded that unless molar volumes of the compo-
nents are equal or nearly equal, the law does not hold. A similar situation
arises in the correlation of density and chemical composition of a solid
solution. The importance of the molar volumes of the components in the
correlation has been pointed out by Bloss. He suggested that the negative
and positive deviations of the non-linear treatment from that of the
linear depend entirely upon the ratio of the molar volumes of the compo-
nents in an ideal binary solid solution.

In the s component solid solution, the mass, M, is given by

M =3 niplV; (1)
¥
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where #;, p; and V; are the number of moles, the density and the molar
volumes of the ith component of the solid solution, respectively. The
volume of the solid solution, V, is

V=Zm

where ?1 is the partial molar volume of the ith component, and k de-
notes all the components except the ith. The volume can be also ex-
pressed by
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Fic. 1. Correlation of density and chemical composition of an ideal binary solid solution.
The curve [1}is the non-linear correlation and [2] linear approximation. For other symbols,
see the text. The example is given for the case of Ap,>0, which is termed the positive devia-
tion from linearity. When the error of the density measurement is larger than Ap,, the [2]
correlation can be used approximately instead of [1]. If the density measurement is de-
signed to be more accurate and the error is smaller than Ap,, the correlation should be
more properly made by the non-linear curve [1]. It is noticed that eXN: 1~0.5.

where V is the molar volume of the solid solution. The division of (1) by
(2) gives the density of the solid solution, that is,

1 m _
b= ; NipiVs. C)]
Also

1 -
o= SN > NipiVls #)
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since

i
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where N; is the mole fraction of the ith component. This procedure of
deriving (4) is essentially the same as that of Bloss. But (4) can be ap-
plied for both cases, ideal or non-ideal solid solution systems.

In an ideal solid solution we can set

<3

Vi =7 (5

Therefore, we have

o z NipiVs. (6)

1
T T
If the densities of all the components happen to be same, from (6)
p = pi.
Of course, in this case, the density measurements fail to determine the

chemical composition of the solid solution. Instead, if the molar volumes
of the components are identical, from (6)

p= Z Nipi N
since
S N =1.

Equation (7) indicates the linear relation between the density and
chemical composition. Thus the tacit assumptions for the linear cor-
relation are: an ideal solid solution and identical molar volumes of the
components. However, this is not new and only confirms Bloss’ finding.

We now consider the ideal system in which the densities of the com-
ponents are not identical, nor the molar volumes. In an ideal solid
solution, the difference between the densities given by the non-linear
and linear treatments is as follows.

L7 .

DNV
The function, Ap, has at least one extremum (maximum or minimum).
Though no detailed mathematical proof is given here, this is quite clear
since Ap=0 at the pure end members. The N; at which Ap has the ex-
tremum can be solved by transformation of mole fraction in (8) into
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number of moles, differentiating both sides of the equation with respect
to n, and setting
a(A
(_(_P)) =0.
ons /oak

The reason for this transformation is obvious from the independent
property of number of moles. Arranging the results with the reverse
transformation of #, into ¥;, we have

_ i 2 NiVi— X NupiV;
Vi
pi — Z Nip;

However, it must be noted that in the binary system only one equation
is necessary, but two for the ternary system and so forth. This can be
easily understood by the property of the mole fraction.

For simplicity, only the solution for the binary system is given here.
Suppose the two components are ¢ and j, respectively, and the required
mole fraction is eN;. Then, from (9)

= (X NV ®

(eN:)2 (Vi — V,;) + 2eNV; — V; =0 (10)

The solution of the above quadratic equation is given by

VIV~ Vi

11
77, (11)

elV; =
It is quite surprising to see the eN; at which Ap has the extremum is not
a function of densities, but of the molar volumes of the components. The
negative sign in front of the square root of (11) has been dropped, since
0<N,;<1.
We know

Vit V; =

n K > \/ViVj
2

in (11). Thus if

Vit Vs
2
is substituted into (11) in the place of \/717,, eN;=1 is obtained.
Therefore, eN; approaches 3, as V; approaches V, or vice versa, because

175 + Vi ~ \/7.[7
2 L3

when V;~7V;. This is why Bloss found in some of his studies that the
mole fraction at which the deviation is extremum is about 0.5. (Fig. 1)
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If eN; determined by (11) is substituted into (8), this will give us the
extremum deviation of the non-linear treatment from the linear Ap,,
that 1is,

Ape = M (oi — pi)

3 ﬁ,- n \/17] i Py

According to (12), the function, Ap,, may be positive or negative de-
pending on the sign of (\/7,— \ﬁvj) and (p;—p;).

The following examples are given under the assumption of ideality
except in the case of the forsterite-fayalite system. This is somewhat
arbitrary, since we do not have experimental data to support this.
However, this is the simplest way for the purpose of the present discus-
sion.

(12)

Example 1. Spessartite-Almandite System

According to Skinner (1956), the densities are 4.190 and 4.318 for
spessartite and almandite, respectively. Also the molar volumes are
118.15 cc./mole for spessartite and 115.28 for almandite. From equation
(11), the mole fraction of spessartite, eN;, is found to be 0.495 which is
quite close to 0.5. The deviation of density Ap, is —0.000s. Thus the
deviation is almost insignificant compared to the accuracy of the present
density measurements and the linear correlation can be justified.

LExample 2. Almandiie- Pyrope System

Skinner gives, for pyrope, the density, 5.582 and the molar volume,
113.29 cc./mole. The desired mole fraction of almandite eN; is found
to be 0.49; and the extremum deviation Ap, is —0.003,. By the same
reason as the former example, the linear correlation is possible, if the
error in the density measurements is greater than 0.003,g/cc.

Example 3. Forsterite-Fayalite Sysiem

Yoder and Sahama (1957) concluded from the heat of solution and
additivity of the molar volumes that this system belongs to an ideal
system within the accuracy of the measurements. They give the densi-
ties, 3.222 for synthetic forsterite and 4.392 for synthetic fayalite. The
molar volumes are also given, 43.7cc./mole for forsterite and 46.4 for
fayalite. The desired mole fraction for fayalite eV, is 0.49; and the devi-
ation Ap, is 4-0.017,. The deviation is rather high. This can be explained
if we look at the equation (12). That is, when the molar volumes of the
components are small and the density difference is large, the deviation
becomes larger. As shown already, the maximum deviation of the density
is about 0.59). Thus caution will be necessary in using the linear cor-
relation.
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Example 4. Wurtzite-Greenockile Sysiem

Hurlbut (1957) noticed that the density data of the intermediate com-
positions in this system fall below the straight line in the linear cor-
relation, though the difference is not much. The data for the present
calculation are taken from Hurlbut. Wurtzite has the density, 4.1, ao
=3.811 A and ¢,=6.234 A, and greenockite, the density, 4.9, ao=4.142 A
and ¢,=6.724 A,

The number of formula weights in a unit cell is two. Using Avogadro
number N =6.023 X 10%, the molar volumes calculated are 23.6 cc./mole
for wurtzite and 30.1 for greenockite. The desired mole fraction of
wurtzite eN;is 0.47; and the maximum difference between the non-linear
and the linear treatment, Ap, is -+0.048; in density, which is about 1.19%,
deviation from linearity. The conclusion starting from the ideality of the
solid solution gives the positive deviation but the experimental data
contradict this, that is, the data by Hurlbut give the negative deviation.
If the negative deviation is true, the N, V;< Y_N;V;from (8). Thus the
volume increase can be expected by the mixing according to (4). How-
ever, the calculation of the molar volumes of the intermediate and end
members of the synthetic wurtzite-greenockite system from his data
indicates a volume decrease by mixing. If the density of greenockite is
chosen to be 4.8, which is calculated from his xz-ray data for synthetic
greenockite, instead of the measured value of 4.9, his density data show
the positive deviation as the present theory predicts. However, a further
study is necessary in this respect.

II. COEFFICIENT OF THERMAL EXPANSION, COMPRESSIBILITY
AND HeEAT CaPACITY

In an ideal m component solid solution, we have
V= Z NV (13)

Differentiating the molar volumes with respect to temperature at con-
stant pressure or with respect to pressure at constant temperature, the
following equations can be obtained.

av v,
- = Ni. — i
(z2), = =% (%),

w
I

4 Vv e
I¢] av;
LA A
(3[7)7‘ Z ap/r
However,
1 (af/) 1 (aIZ-
a==\{(—]), oy = =
v \er/, Vi\oT/, s
1,70y
vV ap r’

5"‘——1‘(6I7i)
t Vi ap /1
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Then the suitable substitution of (15) into (14) gives

1 _
= = N{ iV.' (16)
a SN, > Nia
1 _
= o= 2_ NB:V: (a7
8 S 2 N

where « and a; are the coefficients of thermal expansion of the solid
solution and the ith component, and 8 and §; are the compressibilities.
Here again, if the molar volumes of the components are equal or nearly
equal, (16) and (17) can be reduced into

a= i Niai (18)
B =3 N (19)

Therefore, the analogous equations such as (8) to (12) can be constructed
in the correlation of coefficients of thermal expansion and compressi-
bilities with chemical composition. Equation (11) shows that the mole
fraction of the ith component at which the deviation of density from the
linear is maximum, is a function of molar volumes of the components
only, thus the mole fraction is common in the cases of correlation of
density, coefficient of thermal expansion and compressibility with the
chemical composition of the solid solution.
The molar heat content, H, of a solid solution can be expressed hy

H=72 N <6H>nk =2 N:H; (20)

oy
where H; is the partial molar heat content of the ith component. Differ-
entiating both sides of (20} with respect to temperature at constant pres-

sure, we have
oH P?H
oT/, Aron;/ np,

Exchanging the order of differentiation in the right hand side of the
above equation and from
(BH c
Py

aT/, "

which is the molar heat capacity.
5} -
C;,, = Z Nz' (E’L_ Cp) = ZN"ECW' (21)

where C,’. is the partial molar heat capacity of the ith component. In an
ideal system

Cpi =] épi (22)
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Thus we can have
Cp = Z NiCpi (23)

Therefore, the correlation of the molar heat capacity with the chemical
composition of a solid solution is linear as far as the solid solution is
ideal. Apparently few experimental data exist for the discussion of
Part II.

ITI. REFRACTIVE INDEX

In general practice, the index of refraction of an isotropic solid solution
is linearly represented as follows.

¥ = Z Nivi (24)

where v and ¥; are the refractive indices of m component solid solution
and its sth component, and N; is the mole fraction of the sth. Equation
(24) has been also generalized for anisotropic solid solutions. According
to Barth (1930), the equation is analogous to the second theoretical
equation by Mallard which is the same as that obtained by Duffet
empirically. The tacit assumption in his practice will be studied from
the property of refractivity. The total refractivity, R, is expressed by

21

R = :’7:_—2 v (Lorentz-Lorenz) 25)
or

R=@F-1)V (Gladstone-Dale) 26)

The calculation of the index of refraction from the density data has
been attempted by several authors (e.g., Larsen (1921), Jaffe (1956) and
Allen (1956)), though Barth stated that the relation between the two
is not simple. However, the empirical equation by Gladstone-Dale rather
than the theoretical one by Lorentz-Lorenz generally appears to be in the
best agreement with the observed facts (Eitel (1954)).

We define the partial molar refractivity of the ith component of the
solid solution as follows.

= OR
ok (am)n,, @n

And generalization of the equation by Guggenheim (1957) gives

R =2 mR: (28)

The differentiation of both sides of Lorentz-Lorenz equation (25) with
respect to n; gives

Vi (29)
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From (25), (28) and (2), with transformation of »; into N,
2 NiRi = . +—ZZ NiV; (30)

Call R; the molar refractivity of the ith component and then the fol-
lowing equation is valid.
- 1 =

= i 31
Y NiRi= LN il @1
The division of (30) by (31) gives
y:—1
2 Nk 2+ZZNV. 32)
2 N:R: = 1_
rm %
If the deviation of ideality is not great in a solid solution, then
NiR;
X Nk - (33)
> NiR;
Thus
y—-1 1 —1_
2 ZNV-ZN',-+2 s (39)
Equation (34) may be expanded as follows.
2 4 8 16
(1___;____4__...)z 1 -
R A S L SN
2 4 8 16 =
=ZN¢(1—F+—7—F+§' )Vs (35)
Then we can have
1 1 1 -
v x Ni=’iZNi "/.'2 VJ|
S ZN 7.} (36)
v LNV I|}
l

These are obtained by equating the terms of both sides of (36), which
have the same power of r and 7, This method indicates also
2_N.Vi~)_ N.V,from the first term. This can be understood from (33).
If this is an ideal solid solution and the molar volumes of the components
are equal or nearly equal, equation (36) becomes

1 1
SEL N I=2g  g=123 - @37
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However, when ¢=1 in the equation above, we have
1 1
ARG

vi
which is analogous to the first equation given by Mallard theoretically
in 1884 for the binary cubic mixed crystals. Barth (1930) believes that
Mallard’s theory depends on the analogy of the phenomena produced
by the superposition of thin crystalline plates. It is proved that Mal-
lard’s equation can be derived from Lorentz-Lorenz equation. And the
equations for ¢>1 should be tested by experiments.
From Gladstone-Dale equation,

(38)

Ri=(y—DV: (39)

Under the same assumption and with the same procedures as before, we
have

= ZNW.’Z& (40)
SNV
When the solid solution is ideal, (40) becomes
L = 2 Nobs @n
>N

In addition, if the molar volumes of the components are equal or nearly
equal, (41) can be reduced into (24). The linear correlation can be derived
from Gladstone-Dale equation under the condition of the ideal solid
solution and identical or nearly identical molar volumes of the com-
ponents. The similarity of equation (41) to those of density, coefficient of
thermal expansion, and compressibility equations is obvious. Therefore,
it is suggested that the analogous equation such as (8) to (12) may be
constructed in the correlation of the refractive index and the chemical
composition of the solid solution. But equation (41) should be tested by
experiments. The simplest test may be the measurements of the re-
fractive indices of an ideal binary solution.

SuMMARY AND CONCLUSION

The simple linear correlation of the density and the refractive index
with the chemical composition of a solid solution which is found in
standard textbooks in mineralogy was analyzed in Part I and Part III. In
Part I, the conservation of mass and additivity of partial molar volumes
are the basis of the discussion. In Part IT, additivity of molar volumes (in
an ideal system) and that of partial molar heat content are utilized.
In Part ITI, the discussion was conducted from additivity of partial
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molar refractivity, which is not a thermodynamical quantity and also
from that of partial molar volumes.

In an ideal system, equations (6), (16), (17) and (41) indicate that
these physical properties of the components are weighted to their pro-
portion of volumes and then give the average properties of the solid
solution. As already shown, these equations can be summarized as fol-
lows.

NipiVi Niail; NiBVs NiviVs -
Z P - Z e - Z B _ Z 2% _ ZNiVi (42)
Y

p a B

We define the volume fraction, v;, in the following manner.

NV
- 3 3)
’ 2 NV
Thus
DI (44)
In terms of the volume fraction, (42) can be expressed by
p =2, pn
a = 2_‘ a;l; (45)
8= Z Bivi
vy =2 v

In other words, these physical properties can be correlated linearly with
the volume fraction of the components. When the molar volumes of the
components happen to be identical, the volume fraction is identical with
the mole fraction. This can be shown from (43). As shown by (44) and
(45), measurements of one physical property is sufficient to determine the
volume fraction in an ideal binary solid solution, two for an ideal ternary
system and so on. One might prefer the use of “degree of freedom’ in
this kind of discussion. But, according to the present discussion, the
determination of the lattice constant is only involved in equation (44).
Thus this does not introduce a new physical property to determine the
volume fraction, that is to say, the determination of the lattice constant
does not reduce the degree of freedom of the system to determine the
volume fraction. On the contrary, the lattice constant determination can
be used for the conversion of the volume fraction into the mole fraction.
For simplicity, suppose a cubic ideal solid solution, then

Na? I7 Ndis (46)
z ‘Tz

V=

where @ and q; are the lattice constants of the solid solution and its ith
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component, N is Avogadro number and Z is number of the formula in
a unit cell. No structure change is assumed in this solid solution. Equa-
tion (46) is substituted into (13), thus we have

2 =Y N 47)

Therefore, the volume fraction can be expressed by
N\ 3
w= N (2) (48)
a

And the conversion of volume fraction into mole fraction can be done by
the following equation.
N; = (—a-)svi (48"
a;

Regression equations relating chemical compositions and physical prop-
erties have been prepared for dolomite by Zen (1956b) and for antho-
phyllite by Hey (1956). Hey emphasized certain inherent limitations for
their use, that is, a regression equation can only be utilized for one par-
ticular purpose. An equation or set of equations derived to predict the
physical properties at the given chemical composition, can not properly
be used to predict the chemical compositions at the given physical prop-
erties. This restriction in regression equations is lucidly illustrated by
Moroney (1956). If it is desired to predict the chemical composition,
given an adequate number of physical data, a set of regression equations
must be calculated for this purpose (e.g., Zen (1957)), as Hey asserts.
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