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CRYSTALLOGRAPHIC PROCEDURES*

C. W. Wor,rn, Ilaraard Uniaersity, Cambridge, Mass.

During the preparation of crystallographic descriptions for the new
edition of Dana's System oJ Mineralogy and also in mineral descriptions
from this laboratory, certain procedures are followed. These are pre-
sented here.

MnasunpueNrs

To give a concise and accurate treatment of morphological investiga-
tions a tabulation such as that in Table 1 is used. fn this table ,,No.

Times" refers to the number of times faces of the listed form were seen,
and "Qual." refers to the average quality of the reflecting signal. Rare or
uncertain forms are so designated, since the investigating author can
determine better than the reader the validitv of a form. uncertain forms
are indicated by a question mark, Ietters being used only for established
forms.
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bYMMI}TRY

The preferred statement of the crystal class is that of Groth (modified
by A. F. Rogers, textbook, 1937), accompanied by the complete Her-
mann-Mauguin symbols. Corresponding Schoenflies symbols and Dana
(textbook, 1932) symmetry class numbers are l isted in Table 2.

Taeln 2, Svmmrnv Cr-nss Nor.rrrow

Ilermann-
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P o r R *

1. Pedial
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7. Rhombic-disphenoidal

8. Rhombic-dipyramidal
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10. Tetragonal-pyramidal

1 1. Tetragonal-dipyramidal

12. Tetragonal-scalenohedral

13. Ditetragonal-pyramidal

14. Tetragonal-trapezohedral

15. Ditetragonal-dipyramidal

16. Trigonal-pyramidal
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x In the hexagonal system the lattice mode in classes 16-20 may be either pdmitive
hexagonal (P) or rhombohedral (R); in classes 27-27 only the primitive mode is possible.

Groth (Modified)
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Tesr,n 2. Continued

57

System

Hexagonal

P*

Isometric

Groth (Ifodified)

21. Trigonal-dipyramidal

22. Hexagonal-pyramidal

23. Hexagonal-dipyramidal
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25. Dihexagonal-pyramidal
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The elements, in general, include the direct (linear) and reciprocal
(polar) axial ratios and interaxial angles plus the gnomonic projection
constants (when these differ from the polar values). The elements are
given relative to a chosen orientation of axes and unit parametral plane.
Orientation refers here to the relative position of the axes of a unique
elementary parallelopiped. The unit morphological cell is generally
chosen to conform to the structural cell when this is known. Otherwise,
the unit is chosen af.ter a consideration of various rules such as Unge-
mach's rule of total oJ indices, the law oJ Broaais, the generalized law of
Bravais proposed by Donnay and Harker, or, preferably, Donnay's
morphological method of analysis used in conjunction with Peacock's
harmonic-arithmetic rule. A consideration of these rules usually leads to a
morphological unit which conforms with that derived by r-ray study.
Exceptional treatments, however, are sometimes desirable when inter-
relation between species can be made clearer by an unconventional
treatment. Rarely, the r-ray unit involves a complication of the mor-
phological discussion. In such cases it is not retained.
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Tesur.arroN or Fonus aNt Aucrps

The table of forms and angles following the elements should include all
of the common and less common forms, with letters and important angles
for each. Four categories of forms are recognized in the new edition of the
Dana System; they are: common, less common, rare, and uncertain.
These are qualitative terms referring to the occurrence in each mineral
species.

Few general rules for the order of form listing can be given for all
crystal systems, since each possesses restrictive peculiarities. The general
order is: f irst, forms cutting but one crystal axisl second, those cutting
two axesl third, those cutting three axes. In the hexagonal system, with
four axes, a similar order is employed.

Tabulations will be found in the following pages for each crystal sys-
tem, giving the order in which aII possible forms in each symmetry class
are listed. Complementary (or correlative) forms are grouped with their
holohedral equivalents and are listed in the same order as though holohe-
dral. In case the vertical axis is polar, the headings "lower" and "upper"
are used beneath the Hermann-Mauguin symmetry class symbol. Only
"upper" form indices are given, and an r in the "lower" column indicates
that the form may occur as a "lower" one. In specific tabulations of the
forms of such crystals the same letter is given for the "lower" as for the
"upper" form, but a minus sign is placed over it (Z for example). If the
form is observed only as a "lower" one, its letter appears only in that
column, but the indices are always those of the upper merohedral equiva-
lent. PIus or minus signs before a form letter indicate the sign of phi of
the form. Prime marks (') to the right or left of a form letter indicate
whether the form occurs to the right or left of some defined meridian. The
general order for plus and minus, right and left forms is: plus right (f '),

p lus le f t  ( ' f  ) ,  minus le f t  ( ' - ) ,  minus r ight  ( - ' ) .
The angles given in the table for the representative face of each form

include the azimuth phi (d) and polar distance rho (p), angular coordi-
nates, as well as interfacial angles to two or more fundamental faces. The
angles given and their meanings will be shown in figures included in the
discussion of each system.

fnaNsnonlurroN Fonuurae

In the transformation of elements and indices from one set to another
(old to new) the transformation matrix is written in the linear form
(Barker, 1930) : utoferf Mzltzlazf usa3w3, where (u1u2q),* (a1o2a3), and

* The usage of brackets followed here is:
( ):face symbol

{ J:form symbol

[  ] : rone or  ar is  symbo-
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(wrwzwt) are the indices, multiple if need be, in the new orientation of the
old axial planes (100), (010), and (001), respectivelyl and where fuflrwtl,
luuarwr], and[qt4tus] in the old orientation represent the new axial lengths
[100], [010], and [001], respectively.

To obtain such a formula, then, it is necessary to determine the new
indices of the old axial planes (100), (010), and (001) and to write them in
that order in vertical columns as shown below. rt is further necessary to
determine the new indices of any general iace (hkt) or of a pair of special
faces of (hkj), (}kl), and (h\l). This requirement arises from the fact that
it is impossible to determine from a projection whether the new indices of
the old axial planes are correct or are but the simplest expression of the
actual multiple indices of the plane, as is demonstrated later. Any face
symbol (hkl) in the old orientation may be transformed to the new
equivalent (h' k'l') by the formula ufl1w1f u2a2zl2f u3a3w3 as f ollows :

h' : urh * a & i w J ; ht : uzh I ozk I w2l ; lt : ush ! azh -f wsl.

The following example will serve to indicate the procedure followed to
obtain a transformation formula.

OldOr i en ta t i on  NewOr ien ta t i on  . . . . . .  ( 1 )

(100): (I0L): (uoeua)
(010): (010): (z1u,a)
(001) : (017): (wtwtws)
(12r): (I03)

Writing_ the given relations in the linear form up1w1f xhuzlrrzf il.a,uzw,t, we
obtain lOOlOTtltOt This formula must be checked by transforming
(121) to obtain the new symbol. This is done graphically below:

l 2
X X
1 0

1  2  1 . . . . . .  . . . . . . . . ( 2 )
X X X

/ r  o  1

1+0+0 0+2+1 1+0+1
: 1  : r  : 2

The new indices obtained are (7I\ instead of the correct (103), show-
ing the need of adjusting the terms of the formula. By a simple cut-and-
try process various multiple indices are substituted in the second column
of (1). When (011) of (1) is changed to (022), the other equivalences
remaining unchanged, the correct formula results.

Old New
(100):  (T01)
(010):(010) orI00/012/ro2 . (3)
(001): (022)

Transforming (l2l) as in (2) we now obtain ltOS; wtrictr validates formu-
la (3) .

1  1 2 1
X  X X X
0 / 0 I  I
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As was indicated earlier, this type of formula not only facilitates the

transformation of indices, but it also permits the determination of the

new axial directions, lengths, and angles from their identity in the old

lattice. [uptwt]fu2azwz), and[uzaawaf in the old lattice orientation are the

new [100], [010], and [001], respectively. Thus, in the transformation

example just given we see that:t

OId Orientation New Orientation. . . . (4)

[zrurti,r]: [T00] : [100]
luzrzwzl:l0l2l = folol
lzllhwl:1021 -[001]

Conventionally, the new interaxial angles are defined as follows:

Nerv Old
a' : [010]A[001] = [0T2]n [102]
p': t001ln t1001=[102]n 11001
.y': [100]A[010] = [100]n [0I2]

The length, T, oI any [mw], inthis case of [100], [012], or [102] in the

old lattice, is calculated as follows:

TZ,-: o2u2tb2rza5zytzl2bc cos a-F2ca cos 0l2ab cos t . . . (s )

(a,b,c,d,9,^ t  arethe l inearelements of  the o ld la t t ice) .  I f  z is the angle

between the directions lutatwt) and [uzuzwz) in the old lattice, the new

axial angles are computed by the general formula:

1;os a : lo2 b1u,2lbzatazl czwrwzlbc(arw2fwp2)cos a

-lta(ufizlutwz) cos1lab(upr-fzrzz) cos tl/T,,,,.r 'Tu","u,, . (6)

For a more extended discussion of transformations see the following

works:

Lewis, W. J , 1899-Crystallography, 104.
Barker, T. V., 1930-systematic Crystallography, 32-34.
Donnay, J. D. H., 7937-Atn. Mineral. ,22,627-624
Peacock, M. A., 1937-,4m. Mineral",22, 588-620
Richmond, W. 8., 1937-Am. Mineral.,22, 630-6+2'
Wolfe, C W., 1937-Am. Minerol. ,22,736-741.
International Tables, 1935 l, 73-76.

TnB Tnrcr-rNrc SYSTEM

Elements. The elements in the triclinic system include: the linear axial

rat io atb:c(b:1) and interaxialanglesa, p, "y;the polar axialrat iopntqoiro

(ro: 1) and interaxial anglestr,  p,v;and thegnomonic project ion constants

po,,qo',xo' ,yo'.  In the tr icl inic system the gnomonic project ion values are

greater than the polar values, since rs of the polar ratio, which is taken as

unity and normal to c (001), is incl ined to the center of the project ion.

f The sign = is read "equals after transformation "
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The plane of projection of the polar elements thus drops an amount which
is a function of the rho value of c (001). The gnomonic projection plane
A'B'C'D'(Fig. 1) drops to the position ABCD of the polar elements,
both parallel to the equatorial plane. The position oI ABCD is deter-
mined by the point of emergence on the sphere of projection of the nor-
mal  to  c  (001) .

Frc. 1. Relation of Gnomonic proiection Dlements to polar
Elements in the Triciinic System.

The linear interaxial angles a, A, ,y are defined as follows:

a: [010]n [001], B: [001]n U001, y: t100lA[010l. . , (7)

The polar axial angles \, 1.t, v are the following interfacial angles:
r: (010)A(001), p: (001),\(100), /: (100)n (010). . . . . . (s)

The six angles are shown in stereographic projection (Fig. 2).
The projection constants used in calculations are shown in Figs. 4a and.

40, which difier only in the obliquity ol v.
calculation oJ vs. The first step in the determination of the elements

from two-circle goniometrical measurements is the calculation of zo,
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the best average vertical circle goniometer reading for the normal to
(010), which is chosen as the zero meridian. When 6 (010) is well devel-
oped and reflects well, its ? reading may be made 70. The best value for

Frc. 2' Stereograffi 
:?T:+::,:#l'"i,:lPorar 

rn ter-

Zo is subtracted from the vertical circle reading of each face to obtain its

d. If the resulting angle be greater than 180o, it is subtracted from 360o,
and the remainder constitutes a negative @.

V o may be obtained from the u readings of three or more (hkU) Iaces
according to the formula:

co t (Vo -u ) :Qco t ( zs -o r ) - ( l -Q )co t (uz - z r ) .  . . . . ( 9 )

where: zlr:vertical circle reading of (htht0);

z,z: vertical circle reading of (llzAz0) ;

za:vertical circle reading of (haha0);

Zo is also calculated from measurements of various pairs of terminal
faces, each pair having the same hf I valu.e, according to the following
formula:

"u '  
uo_ ( . i n  

, ,  t u r  p r ) - ( r i n  r t  t u . r  p t ) . .  
. .  .  . . . . . . . . . ( 10 )"' ' " (cos u2 tan p2)-(cos ?r tan pr)

where o1, ht az, pzare the angular readingsof the two faces (Fig. 3). This

calculation is repeated for several pairs of such faces, and the results
averaged. Due attention must be given to the signs of the trigonometric
functions.
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Extended demonstrations and illustrations of the use of (9) and (10)

are given by C. Dreyer and V. Goldschmidt-Medd,elelser om Grfnlanil,

l l l

Frc. 3. Gnomonic Projection to Illustrate Calculation of I/o from the Angular

Readings of Two Terminal Forms with the same hf I' value.

34r 29-36 (1907) ; by L. Borgstrom and V. Goldschmidt-Zeits . Kryst., 4L,
75-78 (1905); and by A. L. Parsons-Am. Mineral.,S' 193-194, 198-203
(1e20).

4 6

Frc. 4. Gnomonic Projection Constants in the Triclinic Systern with z

less than 90"00'(4a) and greater than 90'00'(4b).

Calculation oJ Projection Elements. The following formulae are useful
in the calculation of the projection elements po',qo',x6',yo', from two-
circle goniometric measurements (see Fig. 4).

63

(cosv ton p)-(cos vztonpJ
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r , : s i n d  t a n  p : x 6 [ * ! i l  
" i ^ z f r o m F i g .  

4 . . . . . .  . . . . ( 1 1 )

y ' :cos  d  tan  p :y l  +1q i ,  + !p i '  cos  z  f rom F ig .4 .  .  . . .  (12)
, L t

I I  ! c 1 ' r f i 2 ' r . . , ! c n ' a r e  t h e  o r d i n a t e s  a n d  y r t , ! r ' r . . . y * '  t h e  a b s c i s s a e  o f

the gnomonic poles (h&tl), (fukzlz), . . . (h^k*l,), then:
, '  '  '  , \

p o ' r i n , : t # * f r o m  ( 1 1 )  . . . . . . . ( 1 3 )
hrl 'z-  halr

* o ' : * ' - 4 i l s i n v f r o m ( 1 1 ) . . . . . . . .  . . .  . . .  . . ( 1 4 )

. I l,t,(yl -yl)(kzls-kh)-lzh(yl -y" )k112-k2\ ,r <\
P o  C O S v :  . . .  . .  . . . \ r J , ,

. ,  t  r : t r t t  |  - . r \

oo,_po 
cosv\nat t_nt lz)- | r t tz \yr  -yz)  

f rom ( . I2)  . . . . . (16)
htl'z- kzl'r

y(, : y,-1il -4il ,o" v rrom (r2) . . . . . . . (17)
. ,  . o  

'

l u n r : P o , "  
u  

. . . . . . . . . . . ( 1 8 )
?to cos r '

o ,  : ! (  : i n ' : P l  
c o s '  

.  . . . . . . . . ( 1 9 )
Sln / COS /

Relation oJ Projection Elements to Polar Elements. do and po are theazi-
muth and the polar distance of c (001), the rectangular coordinates of which
&tE Ks' and. yo' (Fig. 5).

5. Angular and Rectangular Coordinates of c (001)

in the Triclinic SYstem.

^ - l
e 0 -

tan do: i - - -  f rom Fig '  5"  "  "
lo

Frc.

. (20)
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:19 fro- Figs. 1 and 5
!o

(projection values are primed, and polar values are unprimed)

t u ' p o : - t f  - : J L  p . o - F i g . 5 . .  . . . . . . . . ( z r )
Srn O0 cos g0

sin po:--ae-:Z from l ig. 1. .  .(zz)
Sln do cos do

r o : s i n p o s i n @ 6 . . . .  ( 2 3 )

,o:s in po cos do .  (24)

P o : f l c o s p s f r o m F i g .  1 . . . .  . . ( 2 5 )

q o : q J  c o s p 6 f r o m F i g .  1 . . . . .  . .  . . . . ( 2 6 )

c o s t r : y o f r o m F i g . 2 . . .  . . . . . . . . ( 2 7 )

c o s / r : y 0 c o s z f r s s i n z f r o r n F i g . 2  . .  . .  . ( 2 8 )

The linear and polar elements are related as follows:

a:b(:r):c. '1"" q4'ffi,,l}J ,ff,,a:rlg (2s)

6: :1 - . - -1 'on  (25) ,  (26) ,  (29) . . .  . .  . .  (30)
po stn p

o,{ cos z sin tr
c :  .  - f r o m ( 2 6 ) a n d ( 2 9 ) .  . . .  . . . . ( 3 1 )

Sln p

c s i n a
po : - f t om(29 ) . . .  . ( 32 )

@ s l n 7

o o : t i i n o f r o m ( 2 9 ) . . .  . . . ( J J )
sln 7

The relationship between the polar angles tr, p, z and the linear angles
d, 0,.y is as follows

/  r*p* , \
\ " :  z  ) ,

.  d . /s ino s in (o- t r )
s i n - :  a /  

- #  f r om F ig .2 .  . .  . ( 34 )
z  .  S I n p S l n /

. 0 /sin o sin (o-p)
t /

2  Y  s i n z s i n t r

- . - 1  / s i n o s i n ( o - z )srn -: 
/ .i,., *i" , 

=

To obtain \, &, v from a, B, 7, substitute the latter for the former,
respectively, in (34).

Ord'er of Form Listing. The following order of listing (Table 3) is used
in the tricl inic system. The letters c,b, a, na, M are reserved for the faces
(001),  (010) ,  (100) ,  ( t  l0) ,  1 f0) ,  respect ive ly .
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T.q.em 3. Ononn ol Fonlt Lrsrrrc n" rno Tntcr-rxrc Svsreu

Class

Lower

1

001

010

100

h
lA0 in order of increasing --- k

- h
lrRU rn orcler ot decreaslng -

h

h
0ll in order of increasing -

I

^ 7 _ .  k
Ufl tn orcler ol rncreaslng -

,,

l0l in order of increasing -

iol in order of increasios 
f

. h
hhl ]n order or lncreaslng 

7

hilt in order of increasing 1
T

ilht in order of increasing Z
I

h-hhl 
in ord.er of increasing -

h

Upper

c 001

b 010
-b 0T0

o 100
-a T00

d hh0

-d i lk|

D hho

-D hk0

za 0kL

W OhT

w

W

e

E

e h0l

E hol

r* hhl'

x hhl,

x hhl'

r  hhl

r hhl

r hkl

r hkl

rc hel.

+ * indicates possible occurrence of form.
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Triclinic Angles. The anglesgiven in tricl inic tables are: g, p, A, B,C.
Figure 6 is a stereographic projection showing these angles.

o IOO

Frc. 6. Stereographic Projection of Angles Given for
Forms in the Tr ic l in ic Svslem.

,  ,  h . ,
,  f i o t  , p o  S I n v

,  ,  h  ,  ,  h  . ,
lo -rVo t 

, 
Po cos v

f r o m  F i g . 4  . . .  ( 3 5 )

tan phkt : ! - : -2--1ro-Fig.4and (35)  . . .  .  ' .  '  (36)
smo cos p

The angles A, B, C, are the angles which the face makes with d (100), b
(010), c (001), respectively. These angles are calculated by means of the
general formula for the interfacial angle A:

cos  A : cos  p1  cos  p2+s in  p1  s i n  p2  cos  (d : - d r )  . . . . . . . . ( 37 )

where @1, pl and 62, pz are the angular coordinates of the two faces. For
the specific cases of the calculations of the angles A, B, C, formula (37)
becomes:

cos ,4:sin p7,a1 cos (g1sx-gha1) . . . . (38)

cos B:sin phri cos Ot*r (Jq)

cos C:cos p/ilr cos po+sin pnn sin po cos (do-du.r) (40)

A graphical check is always made to avoid gross errors. The only source
of error in the determination of f and p is the calculation of the r/ and yl
coordinates. These may be checked satisfactorily on a gnomonic pro-
jection with a unit circle radius of 10 cm., using the projection constants
for plotting the faces. The interfacial angles A, B, C, are checked on a
stereographic net (20 cm. radius), using the calculated S and p values for
plotting the faces. This check is accurate to * 15 minutes.

tan  Q67: - :



68 C. W. WOLFE

Tlrn MoNocr-rwrc Svsrnu

Elements. The elements here consist of : the l inear axial ratio, alb:c
(D:1), and the axial angle B between the positive ends of the c and a

C .

C

Frc. 7. Relation of Gnomonic Projection Elements to Polar

Elements in the Monoclinic System.

axes; the polar ratio, poiQoiro (to:1), and the reciprocal axial angle p
(the supplement of 0); the polar ratio 12:p2iq, (q":1), obtained when D
(010) is set in polar position, and the phi of o (100) is 0o00'; the projection
constants f o', qot, rsl (see Fig. 8).

In the monoclinic system, as in the triclinic, the projection elements do
not coincide with the polar elements. For /0: 1 the gnomonic plane
A'B'C'D'(Fig. 7) must drop to the position of ABCD, the amount of
that drop being a function of the p angle of c (001), (p6).

Once the poles of measured faces have been plotted on the gnomonic
projection and the correct gnomonic net drawn, the following convention
is observed: c1a (b is f ixed by symmetry). If the lattice is primitive, the
base is the node of the gnomonic net closest to the center of projection;

- - - rof
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this yields the least anorthism of the axes. If the lattice is centered, the
base is usually chosen in such a manner that the lattice is base-centered,
whether or not this makes c ( a.

Frc. 8. Gnomonic Projection Constants in the l\fonoclinic
System, Conventional Orientation.

Calculation of Projection Elements. The @ and p angles of the various
faces are obtained from measurements. From Fig. 8 are derived the fol-
lowing:

* ' : * [+ lo( :s in d tan p (F ig.8)  . . .  (41)

II rl and 12 are the r' coordinates of faces (hftJ) and. (lak2l), then:,

., trtr(r', -rl) ."t,o:;# (from 41) (42)
\n l2 -  n2h)

* [ : * ' - lO [  ( f rom 41)  . . . . . . (43)

b
y ' : ; C [ : c o s  d  t a n  p  ( F i g . 8 ) .  . . . . . . ( 4 4 )
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,[:+(rrom44)
c o t p : n ( . . .  - ( 4 6 )

t a n  p o : v ( .  . .  ' . . . . . ( 4 7 )

Calculation of Polar Elements. The polar elements are related to the

projection elements as follows:

fo: Pi cos po:pj sin p (Fig. 7) . . (48)

qo:gJ cos oo:q{ sin p (Fig. 7). .  .  .  .  (49)

ro:l . . (50)

1 1

rr: : :--L- . .  (51)
qo {o Srn &

(4s)

- - -  |

(s2)

(s3)

Calculati.on of Linear Elements. The linear elements are related as follows

to the polar and projection elements:

":-+-:--q'. 
- (from 29) (54)

Po srn P 1o srn F

, :  .Qo :q[  ( f rom 29) . (55)

,:;[:_. (s6)

The derivation of the elements of a monoclinic mineral from measure-

ments made with the D-axis vertical is as follows.
Vs may be obtained as in (9) and (10). If, however, the quality of

either c (001) or a (100) is sufficiently good, the vertical circle reading of

one of them may be taken as I/0. The f2 readings for all of the faces are

obtained by subtracting Zo from their vertical circle readings (see Pea-

cock- A 1n. J our. S ci., 28, 241-25 4,f or meaning of subscript 2). Ordinarily,

the elements are calculated with the azimuth dr of (100):0o00'(Fig' 9),

and the angles are given accordingly; but they may be calculated as

readily when the azimuth of (001):0?00'' Two sets of similar formulae

are given below for these two cases. Using the measured @2 and p2 values,

the r and I coordinates of each face in this orientation are obtained by

(11) and (12). In the formulae below trr and rzare the ordinates and

yr !2 a.re the abscissae of any two gnomonic poles (h&Ji) (hzkrlr) 'Indices

obtained from the gnomonic plot in this orientation are l isted in the

sequence of the intercepts of the gnomonic pole on the polar o,xes Pzt

Qz: l, and. 12, clearing fractions where necessary. Thus' these indices are

identical with those obtained for the same face in the normal position

where 16:  l .

lro bl
h . . : : : -- q o S 6
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Q, = o"o o'

Frc. 9. Gnomonic Projection Constants in the Monoclinic

System with b-axis vertical.

7 l

where d2 of o (100):0"00'

hthan-kzhpz
t a n p : f f  . ( 5 7 )

Rrn2yr- Rznly2

kx
r2:-:-. (58)

, s l np

kv  kx
' > r : i -  -  . ' .  ( 5 9 )

lx n lan LL

where {z of c (001):0"00'

htlzh-hzlfiz
tan /r:--:-l----:-j-j. . . . (60)

k112j1- R2l1!2

hy hr
r2:-;- , :- .  (61)

I '  [IAn p

kr

n SrrT P

1 1
a:- ---- ) c: .

pzsrll It 12 Sln p

. '  f z  ,  I
po : - - - - - - r  q0  : -  .  ,

rz Srn p /2 SIn p
fo : cof, /,

. (62)

(63)

(64)

Ord,er o.f Form Listing. The order of listing in the monoclinic system is

shown in Table 4. The letters c, b, a, rn are conventionally used for (001),

(010), (100), (110), respectively.
Monoclinic Angles. The angles given in the monoclinic system are

6, p,62, pz:8, C, A (Fig. 10). O, and pz are the phi and rho values ob-

tained. when b(010) is set in polar position and the azimuth of o(100) is

0'00' (in this position the r2t pz: qz polar ratio is obtained) . C and ,4 repre-

sent the angles which a face makes with c(001) and o(100), respectively'
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Frc. 10. Stereographic Projection of Angles Given in
the Monoclinic Svstem.

t a n 4 : - 1 , ( f r o m  F i g . 8 ) .  . . . . . . . . ( 6 5 )

t a n  p : - : - - : - - ( f r o m F i g . 8 ) . . . . . . . . . . .  . .  .  ( 6 6 )
srn 6 cos 6

cot @2:s':5i11 { tan p from (41), Fig. 9, Fig. 10. .(67)
c o s p 2 : c o s B : s i n p c o s { f r o m F i g . 9 , F i g . 1 0  . .  . . . ( 6 8 )
cos C:sin (6rl-pr) sin B from Fig. 10. . .  .  .  .(69)
cos .4: sin p sin f from Fig. 10. . . . (70)

Upper

r 001

b 010

o 100
-a 100

h hho
-k hho

w 0kl,

- b

00r

010
0T0

100

hko
hku

0kt
oEt

k '
,k

w .
'w

001

010

llftO in order of increasing phi

0ft1 in order of increasing rho

Tesrn 4. Ononn ol Fonu LrsrrNc rr.r rrr Moxocr-rNrc SlrsrEM
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h0t,

hhl

h
ll01 in order of increasin8 

7

. h
l?u1 ln order oI rncreaslng 

7

h
hhl in ord.er of increasing -

_ h
hlil in order of increasin8 

7

h
hkl in order of increasing 

7; 
in Eroups of equal

h . .  k

7, 
list in order of increasing 

7

hkl same as tor ltkl

, J

Class

Lower
N

2

m

Upper
d hol

D hot

q hhl

Q hht

hoI

hhl

hhl

hkr
hkl r

,r

Etements.rn"",.-11::T:ffiH'""#::'"T,"-incrude:theaxiar
ratio a;b:c (6:1) (with the convention usually adopted that c1a1b);
the polar  rat io  ps:qs i ro ( ro: l ) ;  the polar  rat io  q1:r lpr(pr :1) ;  the polar
ratio rz:p2:q2 (qr:I) (See Peacock-Am. Jour. Sci.,28r 24l-254 [19341.
See, also, Fig. 11). Cyclic permutations of the polar ratio are given be-
cause an orthorhombic crystal may be measured with any one of the
three axes vertical, and the ensuing gnomonic plot would change accord-
ingly.

Frc. 11. Gnomonic Projections of Cyclic Permutations of Polar Elements in
the Orthorhombic Svstem (Polar Elements of Cannizzarite).

Terr,n 4. Continued,
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Calculation of Elements. The angular measurements,@andp, are related
to the linear and oolar elements as follows:

I sin d tan p ,-.
to :_# (F ig.11) .  (72)

tt

q*_E*W(Fig.11)  (7s)

Ord,er of Form Listing. The ord.r-o, Iisting in Table 5 is followed in the
orthorhombic system. The letters c, b, a, m, are reserved for the faces
(001), (010), (100), (110), respectively. The 90" meridian dgfins5 rioht

and left forms (Fig. 12).

":t^:ryy (Fis. 11). (7r)

2 2 2
,n ,n fn

001
010
100

. h
,ku rn order ot Increaslng -

:
041 in order of increasins 

7

la0l in order of i.rcreasing 1
I

h
hhl in order of increasin8 

7

lAl jn order of increasing l; in srouR. of 
"qnd {,o h

list in order of increasin8 
7

Class m m 2

Upper

c 001

6 010

a 100

k hh0

w OhI

d h0t

q hhl

r hkl,

2 2 2

001

010

100

hh0

0hl

h0l

q' hhl
'q hhl,

r '  hhl
'r hkl

Tanr,n 5. Orurn or Fonu Lrstrttc nt tun OnrnonrroMsrc Svsreir,r
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Orthorhombic Angles. Six angles for each form are given in the ortho-
rhombic system. These are: @ and p in the conventional orientation
(c<a<,b) ;  @1 and i l :A,  wi th a(100) in  polar  posi t ion and the phi  of
c(001) equal to 0o00';and dz and p2: B, with D(010) in polar position and

Fr c l 2' :T:Tff ::i: 1,'jt::1,:,lilil,: li:;J*'*"" ,''"

the phi of o(100) equal to 0"00' (see Fig. 12). Not only do these angles
give important interfacial angles, but they also provide a ready check on
measured angles regardless of which axis is made vertical.

,^ ,  O: f f f rom Fig.  11 (74)

tan p:g:J!o :: !  rrom Fig. 11
l s l n d  r c o s d

tan 6r:hJLfrom Fig. 12

cos pl :cos ,4:s in p s in f  f rom Fig.  lZ.  (ZI)

h b .
cot O2:_-::- from Fig' 12 ' (78)

cos p2:66s B:s in p cos f  f rom Fig.  12 . .  (79)

TBrnecoNer, SvSruu

Elements. The elements in this system include the i inear ratio, a:c
(a: I ) ,  and the polar  rat io  potro ( ro:1) .  In  th is  case c and po are eeual
and may be obtained from the @ and p readings of the various types of
forms as follows:

(7s)

. (76)

+=-9o"oo'
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I t a n p
from (0fr1) or (40/) t: fo: p

I tan p sin 45"
f  rom (hhl)  t :  6: -  h

.  .  (81)

1 tan p s in d / tan p cos d
from (hkl) c: Po:' 

- : 
f 

(82)

Ord.er oJ Form Listing. Table 6 shows the order in the tetragonal system.

The letters c, a, /n, are reserved for the faces (001), (010), (110)' respec-

tively. The plus 45o and minus 45" meridians define right and left forms

(Fig.  13) .

.(80)

Class 4

c 001

o 010

m ll0

d hho
-d hho

i' 0kt,
'i h\l

o hhl,
- o hhl,

u'  hhl

001

010

1 1 0

hh0

0hI

hhl

hhl

hhI

1 4  2  2
4  2  2 - - -

m nI. tn

001 001

010 | 010

110 1  110

r 001

010

1 1 0

hk0

001 001

010 | 010

110 |  110

hho

hk0

hho

hh0

0ht,

hhl.

hkt

kht

h
Z[0 in order of increasing -

k
0Al in order oI increasinB 

7

h
hhl in order of increasing;

L

h
/z l r1 in order oI  increasing; ;

L

h
in groups oI  equal ; ,  l is t

L

k
in order of increasinH 

7

hhL

hht

RhI

Tanr,e 6. Omnn ol Fonn LrsrrNc rN utr TBtnacoNu Svstnu
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Tetragonal Angles. The angles given in the tetragonal system are:
6; p; A, the angle to o(100) ; M , the angle to - m(ll}), given for plus
forms only; M, the angle to m(ll}), given for minus forms only. These

Frc. 13. Stereographic Projection Showing Form Designation
and Angles in the Tetragonal Systern.

yield useful interfacial angles as is seen in Fig. 13. The formulae for cal-
culation of these angles are:

h
t a n f : T f r o m F i g .  1 3 . . .  . . . . . . ( 8 3 )

an o: l! : j!!-,,o^Fig. rr .
l s l n d  / c o s d

cos ,4: sin p sin {; supplement is obtained when { is negative, that is,
t o r { h h l l a n d { h h t l f o r m s . . .  . , . .  . . ( 8 5 )

cos.41:sin p cos (45"f6); supplement is obtained when form symbol is IhhU .. $6)
cos M: sin p cos (45" - 4) ; supplement is obtained rvhen form symbol is Ikhll . . . . (87)

Since @ is a constant for each h/kvaltte in the tetragonal system, the
f ollowing table of S angles is given with variations in Z and ft from 1 to 1 1.
The angles are given according to increasing magnitude to facilitate
rapid comparison with measured values. The same angles are valid in
the isometric system.

77

(84)
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Tesrn 7. Pnr Aucr-ls rN tnn TntnecoNal Svsrru

h : h  6
t"1l- 5"11',40"
1 :10-  5  42  38
l :  9 -  6  2025

1 :  8 -  7  0 7 3 0
1 : 7 - 8 0 7 4 8
l t  6 - 9 2 7 4 4

2:l l-10 1& 17
1:  5 -11  18  36
2: 9-12 31 44

1: 4-14 02 10
3 : 1 1 - 1 5  1 5  1 8
2:  7 -15  5644

3:10-16 41  57
l: 3-18 26 06

h t k  6
4i1t 19'58'59"
3:. 8-20 33 22
2: 5-21 4805

3:  7 -23  11  55
4: 9-23 57 43
5: l l -24  26  38

1: 2-26 33 54
6 : 11-28 36 38
5: 9-29 O3 l7

4 :  7 -29  M42
3: 5-30 57 50
5: 8-32 00 19

7:11-32 28 16
2: 3-33 41 24

h : k  O
7'.70-34"59',31"
5 :  7 -35  32  16
8:11-36 01  39

3: 4-36 52 12
7: 9-37 52 3O
4: 5-38 39 35

9'.rr-39 r7 22
5: 6-39 48 20
6: 7-40 36 05

7: 8-41 11 09
8: 9-41 37 37
9:10-41 59 14

10:11-42 16 25
1: 1---45 00 00

HnxacoNel SvsrsM

Introiluction The hexagonal system has caused considerable difficulty'

principally due to the introduction of the so-called G2 position of V'

Goldschmidt. The Gr position is, however, without ambiguity, as has

been pointed out by Peacock (Am. Minerat.,23r 314-328, 1938) if certain

changes of the polar axes and prime meridian of Goldschmidt are made.

In Goldschmidt's works the Gz position is sometimes the only one used.

It is important, therefore that the transformation from the Gz Bravais

symbol to the Gr Bravais symbol be given. It is as follows:

R | , L

1 l
1 - ' - 0 0 / r  / 0 0 0 1 . . . .  ( s 8 )

J J

where i equals (h+k).
Elements. The elements of the hexagonal system include the axial

rat io ,  a;c  (a: l ) ,  and the polar  rat io ,  !o ; ro ( ro:1) .  Some of  the more im-

portant mathematical relations here involved are as follows:

20 : t angen tp (1011 )  . .

, :P-! ntj : tungent p (1122)

The elements psor c may be obtained from the $ and p angles of faces

intersecting three axes or more, one of which must be the c-axis, by the

following formulae:

h

t 2- - 0 0
3 3

. . (8e)

(e0)
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from (h0il1) or its equivalen tr, p,J#J; r:'"'fr" o . . . .(91)

f ron  (hh l l t . z )  o r  equ i va t "n t t ,  l o : l f f i r r : 'U ;o  .  .  . .  .  . ( g2 )

ftom (hkil') or equivalents, O,:J--!2]FI!29+!-=-... (93)
\ /  k '+R"f  nR zV n"- f  R"tnR

Form Symbols. The four-index Bravais symbols are used throughout.
When the lattice mode is rhombohedral, Millerian three index symbols
are also given. Bravais hkil symbols may be transformed to Millerian
Zfrl symbols by the use of the following formula:

B r a v a i s t o r  
1  T  1  1 1  I  1  /\ 4 i r r e r : - o t ,  i l l o .  / 0

The reverse transformation is as follows:

MillertoBravais: I I 0 / 0 | 1 / T 0 | / |

T 1 1 (94)
.t

1  1 . . . . . . . . . . . . . ( e s )

Ind.ering oJ Forms. In the indexing of forms in the hexagonal system,
two coordinate axes, Pr and P, (Fig. 14), are used which are normal to
(1010) and (0110), respectively (see also Fig. 15). The positive unit

Frc. 14. Determination of Bravais Form Indices from the
Gnomonic Projection in the Hexagonal System.

lengths along these coordinate axes extend from the center of projection
to the gnomonic poles of (10T1) and (Otlt). The Bravais inclices (hki't)

are found as follows:
/?: P1 coordinate

fr:Pz coordinate

i : (h+k)
t : r

(clearing fractions, if necessary)



In figure 14 the faces for which
the followins indices:

W. WOLFE

P1 and Pz coordinates are given receive

++:(+++r):rrza+r
+ +:(+ +, ,):on t
++:(; +'r):r:'a+r

Order of Form Listing. The order of listing in the hexagonal system is
given in Tables 7a,7b, and 8. Table 7a includes those symmetry classes
in which the lattice mode is necessarily primitive hexagonal (P). Table
7D is the order of listing for the remaining classes if their lattice mode is
primitive hexagonal. If, however, the lattice mode is rhombohedral (R),
the order of listing for these same classes is given in Tabie 8. The division

Frc 1 5'":""TTl['.?"fiT:,:::H:*?:; o""*"u.'o"

into three tables is necessary since certain forms which are complemen-
tary (or correlative) merohedral {orms in the primitive lattice mode are
actually holohedral in the rhombohedral lattice mode. For example,
\hilt forms must be Iisted with their complementar_v h\ht lorms iL the
lattice is primitive; but they are l isted separately if the lattice is rhombo-
hedral. The letters c, ff i , e are reserved for the faces (0001), (1010),
(1120), respectively. The plus and minus 30o meridians define right and
Ieft forms (Fig. 15).

h k
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Talr,n 7o. Ononn ol Fonu LrsrrNc rn Cr-essns wrru Latrrcr
Moon UNrourr,y Hnxlcoxlt-P

81

Class 6

c 0001

m l0l0
-m 0110

at 1120
'a 2110

h k 0

fihu

khi0

RxhU

h0hl.

0hht

q

e ' h h 2 h l
'e  2hhh l ,

s' hkal

's iklrl
- 's khrl
- s' hi-hl.

x c 0001

ln 10T0
-rn 01T0

a' lI20
'a 2110

Class 3

Lower Upper

I  o**
Lower Upper

fi

Lower Upper
5 Z

K

T

6 2 2

nL ?n

t  ( i >  h>  k )

h
# ln oroer oI ncleasmg 

t

h
* in order of increasing -

. h
# ln order ot rncreaslng -t

h
r in order of increasin8 

7;

h
in groups of eeual 

7,

list in order of increasing

h

L

Upper
6 m 2

6

,n

xc

T

' f '
fr

x,

* f r N

*

X

j '
,j

_ J

_J

& r c

Telrc 7b. Omrn ol Fonu LrsnNc rr Crassns wnu Lerrrcn

3 m - z
3 -

In

T

Morn Nor UNrquerv Hox,lcoxer--P

(i> h> k)
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Tra;-nTb. Continued'

Class 3

Lower Upper

J n L  1 ; L- = - - -  J  z  I D - -)r upper I m

lc

fr

t.

j' hhi,0
'j ihilo

-'j khi.o
-j' kiit'o

h
r in order of increasing;

h
* in order of increasing;

L

r sarne as lor h0il'1,

h
in order of increasin8 

7;

h
in groups of eeual 

7,

h
r list in order of increasing

t

q

o
e '
,e

h0ht,
0hhl

hhzil) l
2h ilfi) I

n RIt,

's i,kill.

- 's  hhEl
-s' kilxl

T.q,srn 8. Ononn or Fonu Lrsrrnc rN Cr,,q.ssns wrtn L,ltrtco
Moon No:r UNrounr-v HoxlcoNer,-R

Class 3 I , 2
o -

tnLower Upper I
r. c 0001

nt. 1010
-nt 01T0

a' ll20
'a 2110

j' hha0
'j ikilO

-'j kh.o
-j' kilro

TNI
' l n fi

( i>h>k)

h
c in order of increasing;

R

h
r in order of increasins 

7

T

fi

JC

lt

h0ht
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Tasln 8. Continued.

83

C l a s s 3  3  |  3 r n  I  l - 2
_ _ _ t _  2  t  l t _

Lower Upper llower Upperl | *

Hexagonal System Angles. The angles given in the hexagonal system
are: (Fig. 15) the azirr;lrth angle f with d of (1120) 0o00'; the polar angle
p, equal to the interfacial angle to c (0001); M, the interfacial angle to
(1100), given for crystals of the primitive mode onlyl. Ay the interfacial
angle to (21,10), given for crystals of the rhombohedral mode only; and
A2, the interfacial angle to (1210). The following formulae are useful
in calculating these angles.

h-k I hr-h
tan  O : f f i .  

* o r  
co t  6 : i u ' ' / 3 .  .  . . . . . ( 96 )

t o r ( h \ h l ) e n d , ( l h n D t a n p : f 1 \ . . . . . . .  . . . ' ( g 7 )
L

tor (hh 2Ir t) tan p:ry!

b . -
tor (hhal) an p:!\/h2+k2+hh

Q 0hht

e' lth
'e 2h

s' hh,l,

's ikill

# same as for h0hl'

s same as Ior h0hl

h
* in order of increasing;;

k

, h
ln groups oI equar 

7,

list in order of increasin8 
f

r same as fot hhal



84 C. IV. IITOLFE

Tasln 9. Cer,culerroN oF INTERFAcTAT, ANcr,rs rN tnr IInxecoNAL SysrEM (Frc 15)

A zA tForm

h0ht

0hht

hh2h I

2h hh

SIN O

665, { . f  : -
2

sin o
cos(180 ' -M) : -  -

z

90'00'

" \/3
CoS l,il : -- Srn p

cos M: sin p sin d

cos,41: sin p cos (30'+d)

cos(180o-M):s in p s in d

cos(180"-M)

:s in p cos(30'*d)

, 'r/3
COS ,41: -  5t1 O

90'00',

,  s lnp
COS 11 1: -

At:90"00'- p

cos,41: sin p cos(60'-d)

c o s , 4 1 : 5 i 1 O . o t 4

cosr41:s in P cos(60'+d

cos(1 80'-,4 r)
:  s in p 'cos(60'*d)

90'00'

, v'j
C O S , { 2 :  

2  
S l n  P

,  s i nP
cos ,,L e: -- 2

sln o
cos (1800 - / t :  ^

I

cos,42: sin p cos(60"*d)

cos(180" - ,4t

:sin p cos(60'f d)

cos-42: sin P cos(60"-d)

cos r42: Sin P cos d

nRlt

1  R h L

R  h 1 I

R t l t l

The letter S in the abozte table oluoys reJers to the plus right position ol the Jonn.

Since @ is a constant for each h/kvalue in the hexagonal system, the
following table of @ angles is given with variations in /z and ft from 1 to 11.
The angles are given according to increasing magnitude to facilitate
rapid comparison with measured values.

Tarr,n 10 Pnr ANclBs rN TrrE HEXAGoNAL SysrDM

h t h h : k

1: 1 -0'00'00"

llt10-l 34 29
l} i  9- l  M26

9: 8-7 5642
8:  7 -2  12  15
7: 6-2 32 35

6: 5-3 00 16
1 1 :  9 - 3  1 8  1 6
5: 4-3 40 14

3:2-  6"35 '72"
Il:.7- 7 1840
8 : 5 -  7  3 5  2 1

5 : 3 -  8  1 2 4 8
7:4-  8  56  54
9:5-  9  2201

1 1 : 6 -  9  3 8  1 5
2:1-10  53  36

llt5-12 12 59

9:4-12  31  1 l
7 :3 -13  00  14
5:2-13 53 52

8:3-14 42 l7
11:4-15  04  45

3: 1-16'06'08"
10:3-17  16  10
7:2-17 47 01

1 1 : 3 - 1 8  1 5  3 0
4:1-19 06 24
9:2-20 l0 25

5 : 1-21 03 06
1l:2-21 47 12
6:1-22  24  23

7: l -23  24  48
8: l -24  1O 57
9: l -24  47  29

l0:.l-25 17 06
l l : l -25 41 36

7-4 07 40
3-4 42 54
8-5 12 31

5-5 29 47
7-s 49 03



C RT/ ST A LLOG RA P H I C P ROC EDU RES

Special Relations in Rhombohedral Lattices. In crystals with a rhombo-
hedral lattice mode there are generally given, in addition to the regular
hexagonal elements, the following constants:

a,70, the absolute length of the rhombohedral edge, derived from *-ray measurements.

a, the interaxial angle of the direct rhombohedral lattice.

tr, the interaxial angle of the reciprocal rhombohedral lattice.

Frc. 16. Stereographic projection of Linear and Polar Interaxial
Angles in the Rhombohedral Lattice Mode.

Some formulae relating the hexagonal and rhombohedral lattice modes
follow (Fig. 16). If :

t't.)

Then:

d.0:absolute length along o-axis of hexagonal lattrce

,0:absolute length along c-axis of hexagonal lattice

pt :  p of  (1011):  (0001)n (1011)

o,: p oI (0112): (0001)n (0112)

. I  \ , / . 1  .  , - .
s i n T : l s i n p l : \ / 3 s i n p 2 . .  . . . . .  . . . . ( 9 8 )

) -
. d a o 3 a o 3 - : - : .  . . . . ( 1 0 1 )

2 2a,r 2{3oi *c,o z t/ s+(!_\,
|  \ d , /

1 _ _
o , u : = J 3 o 1 * t ? . . . .  . ( 1 0 2 )
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Volume rhombohedral ,"ll:o7 
'ol3

6

. (103)

(104)

fsounrnrc SvsrBu

Elements and angle tables are not given for isometric minerals, since
the same angular relations hold for all. Angles for commonly found iso-
metric forms are listed in Table 11. The meaning of the angles given is
shown in Fig. 17.

Q- O'OO

Frc. 17. Stereographic Projection Showing Form Designation
and Angles in the Isometric System.

d:azimuth angle measured from (010), zero meridian
p:Aa:intertacial angle with (001)

,4r:interfacial angle with (100)

l::interfacial angle with (010)

D:interfacial angle with (011)

O:interfacial angle with (111)

Forms for which the same letters are used in all species are given letters
in Table 11. In order that there may be sufficient remaining letters to
designate the form assemblage of any one species, no convention has
been adopted for the lettering of other forms.
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Tnsrn 11. Isolmrntc ANcr,n Tesln

87

Form O P :  A z  A t A z

0'00' 90'00,
45 00 90 00
5 4 M  5 4 M

a
)
o

001
011 0'00,
111 45 00

0 . 1 ' 1 5  0  0 0
0 . 1 ' 1 0  0  0 0

018 0 00

90"00'
45 00
J+ ry+

45'00' 54"M',
0 0 0  3 5 1 6

3 5 1 6  0 0 0

86 11 4t rl 52 05
84 17+ 39 17+ 50 48+
82 s2+ 37 s2+ 49 s2+

81 52 36 52 49 13
80 32+ s5 32+ 48 22
78 4r+ 3s 41+ 47 12+

77 28+ 32 28+ 46 27+
75 58 30 58 45 33+
74 03+ 29 03+ 44 27+

73 18 28 18 M02
7l 34 26 34 43 05+
68 12 23 12 4t 22

66 48 21 48 40 42
66 02+ 2r 02+ 40 21
63 27 18 27 39 14+

60 s6+ 1s s6+ 38 16+
60 ls+ 1s ls+ 38 01+
59 02 1402 37 37

56 18+ 11 18+ s6 48+
54 27+ 9 27+ s6 2r
5 3 0 8  8 0 8  3 6 0 4

sl 20+ 6 20+ 3s 4s+
48 49 s 49 35 26+
85 15 40 28 48 00+

84 49+ 4r 14+ 47 24+
84 19 39 38 46 4r
83 42 39 0s+ 45 48

82 56 38 26 44 42+
81 s7 37 37 43 18+
80 40 36 35 41 28

3 4 9  9 0 0 0
5 42+ 90 00
7 07+ 90 00

8 0 8  9 0 0 0
9 27+ 90 00

11 18+ 90 00

12 3r+ 90 00
14 02 90 00
15 56+ 90 00

16 42 90 00
18 26 90 00
21 48 90 00

23 t2 90 00
2s 57+ e0 00
26 33 90 00

29 03+ e0 00
29 M+ 90 00
30 58 90 00

33 4r+ 90 00
35 s2+ 90 00
36 52 90 00

38 3e+ 90 00
4t It 90 00
6 4s+ 85 15

7 19+ 84 49i
8 0 3  8 4 1 9
8 5 6  8 3 4 2

10 01+ 82 s6
11 25+ 81 s7
13 16 80 40

0 0 0
0 0 0
0 0 0

0 0 0
0 0 0
0 0 0

0  3 . 1 0  0 0 0
013 0 00
025 0 00

0 0 0
0 0 0
0 0 0

0 0 0
0 0 0
0 0 0

0 0 0
0 0 0
0 0 0

0 0 0
0 0 0

45 00

1 . 1 . 1 1  4 5  0 0
1 . 1 . 1 0  4 5  0 0

Itg 45 00

118 45 00
rr7 45 00
116 45 00

o17
016
015

029
014
n7J

J
h

037
049
012

059
047
035

023
057
034

045
078

t ' 1 . 1 2
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T.q.rr,r 11. Continued

Form O P: t ls ,  At A z

115 45'00'
t14 45 00
227 45 00

113 45 00
338 45 00
225 45 00

337 45 00
112 45 00
447 45 00

335 45 00
223 45 00
334 45 00

556 45 00
188 7 07+
r77 8 08

166 9 27+
155 11  18+
144 14 02

277 15 56+
133 l8 26
255 2t 48

122 26 34
355 30 58
233 ss 41+

3M 36 52
455 38 39+

1 . 6 - 1 2  9  2 7 +

1 - 6 - 1 1  9  2 7 +
I  . .5  10  11  18+
1  6 . 1 0  9  2 7 i

r79 8 08
. r28 26 34

138 18  26

15"47+', 78'54+',
t9 28+ 76 22
22 00 74 38+

25 14+ 72 27
27 56+ 70 3e
29 30 69 37+

31 t3 68 33
35 16 65 54+
38 56+ 63 s6+

40 19 62 46+
43 19 60 s9
46 4r s9 02+

49 41 57 22+
45 13+ 84 56
45 17+ 84 14

4s 23+ 83 16+
45 33+ 81 s7
45 52 79 58+

46 07i 78 34+
46 30i 76 44
47 07+ 74 12+

48 11+ 70 sr+
49 23 67 0O+
s0 14+ e 4s+

51 20+ 62 03+
52 01 60 30
26 53 85 44

28 56+ 85 26
27 01 84 53+
31 18; 85 06

38 09+ 84 59;
15 37 83 05
2l s4 83 19+

68 33 30 15 23 3r
65 54+ 30 00 19 28
6s 36+ s0 12 1s 47+

35016' 38"56+',
3s 33+ 3s 15+
J Z  J J  J Z  + +

31 29 29 29+
30 48 26 47+
30 30 25 14

30 23 14 25
30 58 t r  25
31 s4+ 8 03

32 59+ s 03
5 0 4  3 0 1 2
5 4 6  2 9 3 0

78'54+',
76 22
74 s8+

72 27
70 39
6e s7+

62 46i
60 59
s9 02i

< 7  a 1 !

4s 13+
4s 17i

4s 23+ 6 43i 28 32+
45 33+ 8 03 27 13
4s 52 10 01+ 25 14+

46 07+ 11 2s+ 23 50+
46 30+ 13 16 22 0O
47 07+ 15 47; 19 28+

48 11+
49 23
s0 14+

19 28+ 15 47+
22 59+ 12 16+
25 14+ 10 01+

5r 20+ 27 56+ 7 19+
5201  2930  546
63 31 18 54+ 35 22+

6t 29+ 17 00+ 34 14
63 33 19 06+ 34 37
59 09+ 14 51 33 01

s2 t7+
76 04
69 s5+

8 42 30 57+
31 39 40 08
25 17 36 2 l
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Tear-n 11. Continued.

Form P :  A z  A t a 2 D

148 14"02',
1s8 11 18+
127 26 34

137 t8 26
rs7 rr 18+

2 .3 .12  s3  41 i .

156 11 18+
2 . 5 . t 1  2 t  4 8

125 26 34

135 18 26
145 t4 02
239 3s 4t+

249 26 34
269 l8 26
238 33 4r+

124 26 34
13+ t8 26

3 . 5 .  1 1  3 0  5 8

2s7 33 4ri
247 26 34

3 ' 4 .  1 0  3 6  5 2

3  5  1 0  3 0 5 8
3 - 7 . r 0  2 3  1 2

236 ss 41+

r23 26 34
358 30 58
23s s3 41+

4s8 38 39+
346 36 52
234 33 4r+

345 36 52
s78 3s s2i
456 38 39;

27016', 83"37',
32 31 83 57
17 43 82 10+

24 18+ 82 3r
36 04 83 22
16 4s+ 80 49

40 2r+ 82 42
26 05 80 36
24 05+ 79 29

32 t8+ 80 16
39 30+ 81 07+
21 so 78 05+

26 25+ 78 31;
35 06 79 3r+
24 ls+ 76 49+

2e 12+ 77 23+
38 le+ 78 4r+
27 ss+ 76 03+

27 t5 75 r7
s2 34+ 76 04
26 s4 74 26

30 15 74 59
37 17+ 76 11+
31 00 73 24

36 42 74 30
36 05 72 2r+
35 +7+ 71 04

38 40+ 67 0r+
3e +8+ 67 24+
42 02 68 12

45 00 64 54
47 04+ 64 48'!
46 47+ 62 s4+

63"36+', 19"28+', 33'29+',
s8 11+ L4 r8+ 3r s4+
74 12+ 30 0o 38 13

67 o0+ 22 s9+ 34 r3i
5 4 4 4  r r 3 2  2 9 5 6
76 09 32 r0 38 26

.')(, .t.)

()5 54;

68 35

s9 s2 17 or+ 28 33+
51 53 10 s4 27 0r
71 sSl 2E 56 33 3L

66 33 23 50+ s0 29+
s6 56+ 15 22 26 50+
70 00+ 27 34+ 3r 12

64 07+ 22 12+ 28 07+
5s 57+ 13 54 25 01
66 19+ 24 40 28 13+

67 s6+ 26 06 28 22+
61 13 20 33 25 22
69 02 27 1t+ 28 37

64 24+ 23 37 26 08
56 09+ 17 00 2s 16+
64 37+ 24 37 24 52

s7 4r+
59 40
60 s2+

19 06+ 22 12+
2t 47 21 04
23 24+ 20 3L

60 47+ 26 12 16 42
se 11+ 2s 07+ 16 03+
56 08+ 23 r2 15 13;

8 57 28 22+
22 31 31 57
25 21 32 35+

rr s3i
10 36
9 lei

ss 33 25 50+
s3 2s+ 2s 27i
ss 18+ 27 s3+
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The order of form listing is given in Table 12 for the five isometric
symmetry classes.

Calculation of Angles. The angles in Table 11 are calculated as follows:

t ^ "  O : f ( see  Tab le  7 ) . .  . . . ( 105 )

h k
r d i l p : -  : .  - .

l s r n d  r c o s d
(106)

cos,41:5i1 p sin @. (107)

cos ,4r :s in  p  cos  d .  .  . .  .  (108)
^ / t

.o,4r:J_1(cos pf sin p cos s). .  (109)
z

cosO:cospcos54"44 ' fs in  ps in54"M'  cos(45 ' -4 ) . . . .  .  -  . . (110)

Tesro 12. Onnnn ol Fonu LrsrrNc rw rnn Isounrnrc Sysrelr

Class 2 3

(, UUI

d 0ll

o lll
-o  111

e' Okl
'e k\l

. t '

hht,

nnL

hu
hil

hht

.t

_ , s

4 3 m
4 _ 2- 3 -
tn nL

2 _- 3
NL

fi

(h<k<t)

n
- n

h
in order of increasin8 

7

. h
ln oroer or tncreaslng -

h
ln oroer oI Incleaslng 

7

. h
in order of increasin8 

7;

h
in groups of eeual 

7r

. h
lrst rn order oI mcreasrng 

7

hhI

hkt

khr
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