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Physical contradictions and remedies using simple polythermal equations of state
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Abstract

Simple polythermal extensions to two widely used isothermal equations of state, the Murnaghan 
and the Birch-Murnaghan, can lead to non-physical material behavior without proper parameterization: 
the thermal expansivity at high pressure can become negative. We show how this arises and propose 
a remedy using an approximation to the thermal relaxation of the bulk modulus. Using the revised 
equation of state for thermodynamic equilibrium calculations leads to low-pressure and -temperature 
behavior indistinguishable from the unmodified equation of state, yet extrapolates to high pressure 
and temperature without non-physical behavior.
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Introduction

Phase equilibrium calculations are routine practice for 
metamorphic petrologists (e.g., Schumacher et al. 2008) and 
coming into vogue for the calculation of seismic wavespeeds in 
structural studies of the mantle and core (Sobolev and Babeyko 
1994; Connolly and Kerrick 2002; Helffrich and Kaneshima 
2004; Stixrude and Lithgow-Bertelloni 2005; Richard et al. 
2005). One reason for this is the development and packaging 
of efficient algorithms for phase equilibrium calculation that 
employ simply parameterized equations of state (Holland and 
Powell 1998). Phase equilibrium is typically calculated using 
the deviation of free energy, dG, from reference temperature T 
and pressure P conditions (Tr, Pr) via

G(P,T) = G(P ,T )+ V(p)dp S t dtr r
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where the first integral involving volume (V) is done isothermally 
and the second involving entropy (S), isobarically. Due to the 
wealth of 1 bar thermophysical property measurements, the T 
integral is usually done at Pr = 1 bar. This requires the P integral 
to be done at T. Consequently, there is a need for V(T) at 1 bar, as 
well as volume equation of state parameters usable at high T.

For fixed bulk composition, equilibrium calculations are 
based on the scalar function G(P,T). Once G is calculated, the 
stable phase assemblage may be found by minimizing G sub-
ject to the bulk composition constraint. At that point, both the 
constituent mineral properties and the system properties may 
be found from G using various thermodynamic identities. For 
example, because V is (∂G/∂P)T, numerical or analytic deriva-
tives of G yield the volumes. Of especial interest in this family 

of properties is the thermal expansivity, α = (1/V)(∂V/∂T)P, which 
may be obtained from phase or system properties via
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This represents the high-pressure and -temperature expansiv-
ity. Continuum theories of material behavior posit a positive-
definite strain energy function to define material mechanical 
stability. The strain tensor, Eij, includes a thermal component 
through α
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(summation convention used)

and also depends on the material parameters Poisson’s ratio ν, 
Young’s modulus E, and stress tensor σij (δij is the Kronecker 
delta symbol). The work dW done by straining a material is 
(Malvern 1969)

dW = −PdEkk + σijdEij (summation convention used).       (4)

If α were negative at any pressure, thermal energy added to 
the substance would derive work from it. One could alternatively 
say that adiabatic compression of the material would cool it: 
planetary interiors could be colder than their surfaces in absent 
internal heat sources. This is non-geophysical behavior, though 
some substances exhibit negative α due to geometric peculiarities 
at low pressures and temperatures (Pryde et al. 1996).

We show that this form of non-physical behavior can arise if 
the thermal part of the volume equation of state is not integrated 
properly with the compression part of the equation of state. 
Examples and a straightforward remedy based on an observa-* E-mail: george@geology.bristol.ac.uk


