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On the nature of LNRE functions 
(after Hystad et al. 2015a, 2015b) 

In our efforts to model the frequency distribution of minerals, we have modified and adapted 
techniques and models developed in lexical statistics to characterize word frequency 
distributions. In particular, the notation and techniques used in Baayen (2001) and Evert (2004) 
are as follows.  

Let S denote the population size of mineral species and denote the ith mineral species by xi for 
i = 1, 2, … , S. Assume that each mineral species xi has a population probability πi (relative 
abundance) of being sampled at an arbitrary locality, where π1 ≥ π2 ≥ … ≥ πS defines the ordering 
schemes and i = 1. Let N, the sample size, be the number of distinct mineral species-
locality pairs, which is the sum of the number of mineral species found in all localities. We 
assume that a sample of N mineral species-locality pairs is randomly and independently drawn 
from the population of distinct minerals species. Let fi(N) denote the frequency of the ith mineral 
species xi in the sample of N mineral species-locality pairs; thus, fi(N) is the number of distinct 
localities for xi as a function of the sample size N. Then fN = (f1(N), f2(N), … , fS(N)) follows a 
multinomial distribution, where the marginal distribution of each frequency is binomial with N 
trials and success probability πi.  

Let m denote the number of localities, also called frequency class. Thus, the probability that 
the ith mineral species xi is found at exactly m localities is given by: 

P[fi(N) = m] = ( )πi
m(1 – πi)N-m ≈ [(Nπi)m/m!]exp(–Nπi). (1) 

In Equation (1) the binomial probabilities are approximated with the Poisson probabilities, with 
mean Nπi for mineral species xi, because N is large and πi is small for all i. A sample of N 
mineral species-locality pairs will not contain all the different mineral species in the population; 
therefore, standard practice in this type of modeling is not to focus on the individual species, but 
instead to group the species within the same frequency class m. 
    Let I[fi(N)>0] be the indicator function, which is 1 if the ith mineral species xi is present in the 
sample of size N and 0 otherwise. Denote the number of distinct mineral species in a sample of N 
mineral species-locality pairs by V(N) = [fi(N)>0]. Refer to the growth curve of V(N), as V 
varies with N, as the mineral species accumulation curve. As of February 2014, the total number 
of distinct mineral species found is V(N) = 4831 for N = 652,856. Let I[fi(N)=m] be the indicator 
function, which is 1 if the ith mineral species xi has frequency m and 0 otherwise. Denote the 
number of distinct mineral species with exactly m localities in a sample of N mineral species-
locality pairs by Vm(N) = [fi(N)=m] = [fi(N)=m]. Notice that the sum was extended to 
include the entire population size S, because the number of unobserved mineral species V0(N) has 
frequency zero in the sample. Thus, the population of distinct mineral species is split into the 
observed and unobserved mineral species, that is S = V(N) + V0(N). The sequence (V1(N), V2(N), 
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…, VV(N)(N)) is called the observed frequency spectrum. For example, the number of distinct 
mineral species found at only one or two localities is V1(N) = 1062 and V2(N) = 569. Notice the 
following identities: N = ∑mmVm(N) and V(N) = ∑mVm(N). Using Equation (1) from Baayen 
(2001), the expected values of Vm(N) and V(N) are given, respectively, by:	

E(Vm(N)) = (Nπi)m/m!]exp(-Nπi)   (2) 
E(V(N)) = 1 - exp(-Nπi)].   (3) 

Notice also that the growth rate of E(V(N)) is given by: 
( )E(V(N)) = [E(V1(N))/N],   (4) 

which is equal to the joint probability of the unobserved mineral species in the sample of size N 
(Baayen 2001). Given the large number of minerals with extremely low relative abundance 
probabilities, the mineral frequency distribution is a large number of rare events (LNRE) 
distribution (Baayen 2001; Khmaladze 1987).  
 
The Generalized Inverse Gauss-Poisson Model 
We employ two different LNRE models: the generalized inverse Gauss-Poisson (GIGP) and 
finite Zipf-Mandelbrot (fZM) models. The structural type distribution is defined by G( ) = 

[πi ≥ ], which is the number of mineral species in the population that have probability 
greater than or equal to  (Baayen 2001). The structural type distribution G( ) will be 
approximated by a continuous function G( ) = g(π)dπ, where g(π) is a type density function 

that satisfies g ≥ 0 and πg(π)dπ = 1 (Evert 2004). The population size is given by S = 

g(π)dπ. Since G is of bounded variation, the expressions in Equations (2) and (3) can be 
written in terms of the Stieltjes integrals (Baayen 2001):	

E(Vm(N)) =  (Nπ)m/m!] exp(-Nπ)g(π)dπ,   (5) 

and	

E(V(N)) = 1 - exp(-Nπ)]g(π)dπ,    (6)	

Observe that the model is a mixed-Poisson distribution, where the population abundances of the 
individual mineral species can be considered independent random variables.  
    The generalized inverse Gauss-Poisson structural (GIGP) type distribution (Baayen 1993, 
2001) can be used as a model for G( ). This model was introduced by Sichel (1971, 1975, 1986), 
where the type density function is given by: 

g(π) = [(2/bc)γ+1/2Kγ+1(b)]πγ-1exp[-(π/c)-(b2c/4π)],  (7) 
with parameters in the range  -1 < γ <  0, b ≥ 0, and c ≥ 0, and where Kγ(b) is the modified Bessel 
function of the second kind of order γ and argument b (Baayen 2001).  
 
The finite Zipf-Mandelbrot Model 
    An alternate LNRE model is provided by a structural type distribution reformulated for the 
finite Zipf-Mandelbrot (fZM) law as a model for G( 	). The Zipf-Mandelbrot law is reformulated 
as a LNRE model using the type density function of Evert (2004), where g(π) = Cπ-α-1 for A ≤ π 
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≤ B and otherwise g(π) = 0, and C = [(1-α)/(B1-α-A1-α)] is the normalization constant. The upper 
cutoff parameter is B > 0, the lower cutoff parameter A satisfies 0 < A < B ≤ 1, and 0 < α < 1. The 
population size is given by S =  [(A-α-B-α)/(B1-α-A1-α)] and from Evert (2004) we have: 	

E(Vm(N)) = NαΓ(m – α,NA),     (8)	

and 
E(V(N)) = CNα	 	+ (C/αAα)[1 – exp(-NA)],  (9) 

where  
Γ(m – α,NA) = tm-α-1exp(-t)dt.    (10)	

    Additional information on LNRE models and their application to predicting mineral species 
accumulation curves is provided by Hystad et al. (2015a, 2015b).  
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