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Rigid unit modes in crystal structures with octahedrally coordinated atoms
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ABSTRACT

The rigid unit mode analysis was initially developed to understand the phase transitions
in aluminosilicate minerals containing corner-linked tetrahedra. Here the model is applied
to a range of minerals with crystal structures that can be described as frameworks of linked
octahedral and tetrahedral units, including garnet, sillimanite, titanite, and ellenbergerite.
Consistent with a constraint analysis, there are no rigid unit modes in these minerals.
Generalizing these results suggests that there will not be any easy ways to distort structures
that have frameworks containing octahedral units. This result explains why polyhedral-
tilting displacive phase transitions are not common in such minerals, whereas they occur
in most aluminosilicate minerals containing only tetrahedral units. It also explains that it
will be necessary for the tetrahedra and octahedra to distort when solid solutions are
formed.

INTRODUCTION

Many insights into the behavior of aluminosilicate min-
erals containing linked SiO4 and AlO4 tetrahedra follow
from the fact that the forces within the tetrahedra are
much stronger than the forces that act between them. For
example, it is much harder to distort a tetrahedron than
to allow two tetrahedra linked at a common vertex to
rotate against each other. This theory has been developed
within the context of the rigid unit mode model (Dove et
al. 1995; Hammonds et al. 1996; Dove 1997); the central
point is that there may exist vibrational modes (or equiv-
alently static deformations of the structure) in which all
the tetrahedra can rotate without any having to distort.
These vibrations, called rigid unit modes (RUMs), will
have very low energy and can act as soft modes for dis-
placive phase transitions. This approach has been applied
to several aluminosilicates (Hammonds et al. 1996) and
has been used to illuminate the behavior associated with
phase transitions, and the ideas have been developed fur-
ther to also explain phenomena such as negative thermal
expansion (Pryde et al. 1996), zeolitic catalysis (Ham-
monds et al. 1997), and the low-energy excitations in
glasses (Dove et al. 1997).

It is tempting to think that RUMs could also be found
in systems with linked octahedral structural units. Indeed,
the case of perovskite gives some credence to this hope,
because it is both intuitive and confirmed by theory that
the octahedral-tilting phase transitions in the perovskites
arise from the existence of RUMs (Giddy et al. 1993).
However, there is a simple analysis that can guide our
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expectations. From a theory discussed by Maxwell (1864)
in relation to the stability or flexibility of engineering
structures, which has more recently been applied to the
problem of the stiffness of glasses by Phillips (1979,
1981) and Thorpe and co-workers (Thorpe 1983; He and
Thorpe 1985; Cai and Thorpe (1989), the number of zero-
energy modes of deformation of a structure, Nf , is given
by the difference between the total number of degrees of
freedom of the constituent parts, F, and the number of
constraints operating, C. For any rigid polyhedron, F 5
6 per polyhedron. Where two polyhedra are linked at a
common vertex, there are three constraints that require
the position of the vertex of one polyhedron to be the
same as the position of the vertex of the linked polyhe-
dron. These three constraints are shared by the two poly-
hedra. For a material containing polyhedra with n vertices
that are all linked to neighboring polyhedra at each cor-
ner, C 5 3n/2 per polyhedron. If the polyhedra are all
tetrahedra (n 5 4), Nf 5 F 2 C 5 0. On the other hand,
if the polyhedra are octahedra (n 5 6), Nf 5 23 per
polyhedron. The first result implies that crystals made
from corner-linked tetrahedra are exactly on the border-
line between being over-constrained (no RUMs) and un-
der-constrained (i.e., floppy). But the second result sug-
gests that that crystals made from corner-linked octahedra
are well over-constrained. The observations and calcula-
tions of some RUMs in the cubic perovskite structure are
clearly in contradiction of this simple theory and suggest
some flaw in the reasoning. The flaw, as such, is the ne-
glect of symmetry, which has the effect of making some
of the constraints degenerate (i.e., no longer independent).
This point has been explained in detail elsewhere (Giddy


