This is a preprint, the final version is subject to change, of the American Mineralogist (MSA)
Cite as Authors (Year) Title. American Mineralogist, in press.
(DOI will not work until issue is live.) DOI: http://dx.doi.org/10.2138/am-2016-5665

1 | Revision 2

2
3 Physical basis of trace element partitioning: A review
4
5
6 Shun-ichiro Karato
7 Yale University
8 Department of Geology and Geophysics
9 New Haven, CT 06520, USA
10
11
12 submitted to American Mineralogist (Centennial Volume)
13 revised April 22,2016
14

15  key words: element partitioning, point defects, the Onuma diagram, strain energy model,
16 hard sphere model, noble gas

17

18

19

Always consult and cite the final, published document. See http:/www.minsocam.org or GeoscienceWorld



20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

This is a preprint, the final version is subject to change, of the American Mineralogist (MSA)
Cite as Authors (Year) Title. American Mineralogist, in press.
(DOI will not work until issue is live.) DOI: http://dx.doi.org/10.2138/am-2016-5665

Abstract

Experimental observations on the dissolution of elements in minerals and melts
and the partitioning between the two materials show that the concentration (or the
partition coefficient) of trace elements depends on the properties of elements as well as
those of relevant materials (minerals and melts) and the thermochemical conditions.
Previous models of element solubility in minerals contain a vague treatment of a role of
the stiffness of the element and have a difficulty in explaining some observations
including the solubility of the noble gases. A modified theory of element solubility in
minerals is presented where the role of elasticity of both matrix mineral and the element
is included using the continuum theory of point defects by Eshelby. This theory provides
a framework to explain a majority of observations and shows a better fit to the published
results on the effective elastic constants relevant to element partitioning. However, the
concept of “elasticity of the trace element” needs major modifications when the site
occupied by a trace element has large excess charge. The experimental data of the
solubility coefficients of noble gases in the melts show strong dependence on the atomic
size that invalidates the ‘zero-charge’ model for noble gas partitioning. A simple model
of element solubility in the melts is proposed based on the hard sphere model of complex
liquids that provides a plausible explanation for the difference in the dissolution behavior
between noble gases and other charged elements. Several applications of these models
are discussed including the nature of noble gas behavior in the deep/early Earth and the

water distribution in the lithosphere/asthenosphere system.
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INTRODUCTION

The distribution of elements in various materials on Earth has been used to infer
the chemical evolution of Earth including the history of partial melting and degassing that
has created the crust, atmosphere and oceans (e.g., (Allégre, 1982; Allégre et al.,
1986/1987;, Hofmann, 1997; Matsui et al., 1977)). The distribution of elements is
controlled largely by the difference in the excess free energy of a given element in co-
exiting materials (e.g., (Blundy and Wood, 2003; Matsui et al., 1977; Nagasawa, 1966)),
although kinetic factors might also contribute if diffusion is slow (e.g., (Lee et al., 2007,
Van Orman et al., 2002)). When we assume chemical equilibrium to simplify the
discussion, then the element distribution is controlled by the differences in the excess free
energy of elements in coexisting materials such as minerals and melts.

The concentration of trace elements in minerals and melts changes with the
physical and chemical conditions as well as the properties of minerals (melts) and
elements. Consequently, understanding the controlling factors of concentration of
elements in minerals and melts will help us understand the physical and chemical
processes in Earth. This is an area where mineralogists (mineral physicists) can make an
important contribution to geochemistry.

Obviously, the most direct and crucial studies would be the experimental studies
on element partitioning but experimental studies of partitioning (solubility ) are
challenging and the data set is incomplete particularly under the deep Earth conditions. In
some cases, there are large discrepancies among published results (e.g., a case of noble

gas partition coefficients in olivine and clinopyroxene: (Broadhurst et al., 1992; Hiyagon

" use the term “solubility” in a broad sense meaning the amount of an element in a
material in the given thermo-chemical environment.
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and Ozima, 1986)). In case of Ar, for example, even the issue of either Ar behaves like
compatible or incompatible element upon partial melting (or solidification from the melt)
is controversial (e.g., (Broadhurst et al., 1992; Shcheka and Keppler, 2012; Watson et al.,
2007)). Understanding the theoretical basis for dissolution of elements will help assess
the experimental observations.

In most of geochemical studies, we focus on the partitioning of trace elements
(elements with small concentration) because they are believed to behave as a passive
marker of physical/chemical processes (such as partial melting) without changing the
nature of the processes themselves. In these cases, the essence of theory of solubility of
trace elements in minerals is much the same as the theory of point defects in solids: both
point defects and trace elements are “impurities” in nearly perfect crystals. Therefore, the
results of a large amount of theoretical and experimental studies on point defects in solids
(for review, see e.g., (Eshelby, 1956; Flynn, 1972)) can be used to help understand the
physical mechanisms of element solubility (partitioning). In case of dissolution of trace
elements in the complex liquids (melts), somewhat different models will apply since the
structure and the thermodynamic properties of complex liquids are quite different from
those of solids (e.g., (Barrat and Hansen, 2003; Jing and Karato, 2011)).

In this paper, I will first review the basic observations on element partitioning,
summarize thermodynamics of element partitioning, and then discuss the physical models
of element solubility (uptake) including previously published models (Blundy and Wood,
1994, 2003; Carroll and Stolper, 1993; Guillot and Sarda, 2006; Nagasawa, 1966). In the
case of the solubility in solids, the previous models have a common limitation in

explaining why different elements and minerals have different partitioning, the most
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87  important goal of a theory. The limitation of the previous models becomes serious when
88  one considers the solubility (partitioning) of noble gas elements that have unusually
89  smaller “stiffness” than the host crystal. I will present a modified theory of element
90  partitioning to rectify this and finally discuss some implications.
91 In case of the liquids (melts), some theoretical models were proposed to explain
92  the solubility of noble gases (Carroll and Stolper, 1993; Guillot and Sarda, 2006).
93  However, the applicability of these models to other trace elements is unknown. I will
94  present a simple conceptual model of element dissolution in the melts based on the hard
95  sphere model of complex liquids (e.g., (Guillot and Sarda, 2006; Jing and Karato, 2011))
96  and suggest that the dissolution mechanisms in the melts are different between neutral
97  elements (noble gases) and charged elements: noble gas elements go to the void space
98  while other charged trace elements replace an ion in the molecular cluster.
99
100 EXPERIMENTAL OBSERVATIONS ON ELEMENT PARTITIONING AND
101  SOLUBILITY
102
103 The equilibrium distribution of an element between two materials can be
104  characterized by a partition coefficient that describes the ratio of concentration of a given
105  element between two materials. The concentration of an element can be defined in a few
106  different ways, and therefore there are several definitions of the partition coefficient (e.g.,
107  (Blundy and Wood, 2003)). In most geochemical literatures, the concentration of an
108  element is measured by the weight fraction (as oxides in many cases) and the Nernst

109  partitioning coefficient is used that is defined by
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BY/X =S (1)

where €' is the mass fraction of element i in phase Y (or X) (all the symbols used in

this paper are summarized in Table 1). Instead of the mass fraction, the molar fraction

may be used to define the molar partition coefficient,

Y
D =< )

where C X) js the molar fraction of the element i in phase Y (or X). An alternative

measure of element partitioning is the equilibrium constant,

Y
KiY/X =::_>< (3)

where aiY(X) is the activity of element i in phase Y(X). Thermodynamically this is the

simplest definition because K'* contains only the thermodynamic properties of pure
end-member components. The molar partition coefficient, DiY X is identical to the

equilibrium constant when the activity of an element in a given material is the same as its
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128  molar concentration (i.e., ideal solution). I will make this assumption for simplicity and
129 review the models for D'* (or KX )*.

130 There is an extensive literature on element partitioning (for reviews, see (Blundy
131  and Wood, 2003; Jones, 1995; Wood and Blundy, 2004)). There are several features in

132 element partitioning (or solubility) that should be explained by a physical model:

133 (1) For a given pair of materials (say clinopyroxene and basaltic melt) at a given
134 physical/chemical condition, trace elements with different sizes and electric
135 charges have different partition coefficients (e.g., Fig. 1la, (Blundy and Dalton,
136 2000; Onuma et al., 1968)).

137 (ii))  For a given element, partition coefficients depend strongly on minerals (and

138 sometimes on melts). An important case is the contrast between Mg-perovskite
139 and Ca-perovskite (e.g., Fig. 1b, ¢, (Corgne et al., 2004; Hirose et al., 2004)) and
140 between diopside and olivine (e.g., (Witt-Eickschen and O'Neill, 2005)).

141 (i)  Even for the same pair of materials, partition coefficient of some elements (say

142 hydrogen) depends strongly on thermo-chemical conditions such as temperature,
143 pressure and the fugacity of relevant species. A case is the hydrogen partitioning
144 between olivine and orthopyroxene (e.g., Fig. 1d, (Dai and Karato, 2009)).

145 (iv)  The noble gas partition coefficient between olivine, diopside and the melt is

146 nearly independent of the size of noble gas atom (e.g., Fig. 1le, (Brooker et al.,
147 2003; Heber et al., 2007)) whereas the solubility of noble gas atom in bridgmanite
148 strongly depends on the atomic size (Fig. 1f, (Shcheka and Keppler, 2012)).

| ? There are a few important cases where this assumption is not valid. In these cases, the
role of fugacity of relevant species is important.
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149  (v) The solubility coefficient of noble gas in the melt is highly sensitive to the atomic

150 size of the noble gas (e.g., Fig. 1g, (Carroll and Stolper, 1993; Heber et al., 2007
151 Shibata et al., 1998; Shibata et al., 1994)).
152 The issues listed as (i) through (iii) are all fundamental to the physics and

153 chemistry of element partitioning, but previous models to explain these features are
154  highly limited as I will discuss in the next section. For example, the influence of the
155  properties of trace element on the partitioning was not properly formulated in the
156  previous models. Also, the issue (iii), i.e., the sensitivity of the partition coefficient on
157  physical and chemical conditions has not been fully appreciated. Although this is a
158  consequence of a general physics and chemistry of element partitioning (see the next
159  section), the element partition coefficient is often considered to be a constant rather than
160 a property that depends on the physical/chemical conditions. Important cases are
161  hydrogen partitioning between olivine and orthopyroxene (Dai and Karato, 2009) and the
162  H/Ce ratios in basaltic magmas (Dixon et al., 2002) both of which have important
163 ramifications to the study of distribution of water (hydrogen).

164 Solubility and partitioning of the noble gases require special attention.
165  Understanding the behavior of noble gases is important because they provide important
166  clues to the evolution of Earth and other terrestrial planets (e.g., (Allegre et al., 1983;
167  Marty, 2012; Ozima, 1994)). Noble gas atoms have weak chemical bonding to other
168  atoms and hence the free energy change caused by the dissolution of noble gas atoms into

169  minerals and melts can be markedly different from those of other trace elements where

170 charged trace elements (e.g., H*, La*,9n*,U* ) replace other cations (e.g.,

171 Mg?", Ca®", AI*", §*") in the host minerals or melts.
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THEORETICAL MODELSFOR ELEMENT SOLUBILITY (PARTITIONING)

Chemical reactions and thermodynamics

Physics of element partitioning can be viewed in a few different ways. When one
considers element partitioning between melt (liquid) and mineral (solid), one could
imagine a model where a trace element i and host element h are exchanged between a

liquid and a solid (Fig. 2a)’, viz.,

S(y)+L(i) & Si)+L(y) (4)

where S( y) is a solid (mineral) containing cation y, and L(i) is a liquid (melt)

containing element i etc. The free energy change associated with the reaction (4) can be

calculated by dividing the reaction into two separate reactions (Fig. 2a), namely,

S(y)— L(y) (5a)

and

L(i)— S(i). (5b)

? In reality, there are several cases where the exchange of multiple elements is involved in
the dissolution of some elements (“coupled substitution”, e.g., AI** + H" < S%). To
simplify the discussion, I will focus on simple cases (without coupled substitution), and
will discuss the issues of coupled substitution only briefly in relation to hydrogen and
noble gas partitioning.
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10

The reaction (5a) is melting of the host mineral, and the free energy change
associated with this reaction is the free energy change upon melting ( AG} o, in the
notation by (Blundy and Wood, 1994)). The reaction (5b), L(i) — S(i), is a reaction to

bring a trace element from the liquid to the solid (the free energy change is AGé(_Cihange in

(Blundy and Wood, 1994)). Blundy and Wood (1994) argued that the latter is dominated
by the strain energy in solid and developed a model using the theory by (Brice, 1975). In

this treatment, the role of liquid (melt) is obscured because the free energy change in the

liquid (melt) is included only implicitly in AGg;hange. In fact, I will show that the role of

liquid is important in the case of noble gas where the dissolution of noble gas in the melt
has non-negligible excess free energy.

The physical nature of the change in the free energy associated with element
partitioning between a solid and a liquid can be understood more clearly by considering
the chemical reactions of both a solid (mineral) and a liquid (melt) with an “environment
(a reservoir)” that is a fluid phase (Fig. 2b). In this approach, I consider element
dissolution in a solid and a liquid separately, and by taking the ratio of the concentration
of a given element in a solid and a liquid, I will calculate the partition coefficient. The
chemical equilibrium of material X (either a solid or a liquid) with a reservoir A with

respect to the exchange of elements i and y can be written as

Ali;y-1)+X(i-Ly)=A(i-Ly)+ X(i; y-1) (6)
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11

where A(i; y—1) is a reservoir containing the element i and y-1, X(i; y—1) is a phase X
that contains an element i as an impurity and the host cation y-1. Rewriting equation (6),

one gets,
Ai;y)=X(i;y) (7

where A(i;y)=A(i;y-1)-A(i-1y) and X(i;y)=X(i;y-1)- X(i—1y). The

chemical equilibrium of reaction (7) demands
Hiiy) = Hxizy) ®)

where U Alizy) is the chemical potential of the reservoir (A) containing element i and y and
Hx(izy) is the chemical potential of phase X (solid or liquid) containing element i and y. I

assume that the reservoir is large, and therefore the properties of the reservoir are

insensitive to the amount of host element, i.e., HaGiy) = M) - Then

fai
Hai) = Ha) + RTlog52 ©)

where f AG) 1s the fugacity of element i in the reservoir A(i), P, is the reference pressure

and ,u%m is the chemical potential of the reservoir at the reference pressure (and

temperature).
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12

As to the chemical potential of X (a solid or a liquid) containing some trace

element, Hx(iiy)> I will assume that the amount of trace element is small and hence the

change in the concentration of the host cation (say from y to y-1) does not change the

chemical potential of the solid (or the liquid), Hyizy) = Hxiy - This assumption also leads

to an ideal solution model where the chemical potential of a solid (or a liquid) containing

the trace element is given by,

Hsq) = )+ RT logC (10)

where ﬂ?”((i) is the change in chemical potential of phase X by replacing the host cation

(y) with a trace element (i) (i.e., the formation free energy of a “defect”), Cix is the
(molar) concentration of element i in a phase X, and RT has their usual meaning4.

In writing the chemical equilibrium between the reservoir (a fluid phase) and a
solid (or a liquid), it is necessary to know how many molecules of the fluid phase are
involved in the given reaction. For instance, when Ar is dissolved in a mineral, one may

write

Ar+ X = X(Ar) (11)

where one mole of Ar reacts to form a mineral containing a certain amount of Ar. The

situation is different in case of the dissolution of hydrogen H in a mineral. In this case,

*In a more realistic case, where trace elements interact each other, one needs to make a
correction to the relation (8) by introducing the activity coefficient.
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255  the above formula must be modified because hydrogen can react with other species such
256  as oxygen O to form a “compound” such as OH or (2H )K/l (two protons trapped at the

257  M-site vacancy). In this case, we can write the chemical reaction equation as

258
259 a-H,0+X=X(H) (12)
260

261  where ¢ is a constant that depends on the nature of H-bearing chemical species
262 contained in phase X such as OH or (2H )y, (two protons trapped at M-site). In case of
263  OH, ="', whereas in case of (2H )>,\</| , a=1 (e.g., (Karato, 2008)).

264 Therefore the concentration of element | in mineral X that co-exists with a

265  reservoir for element i (a fluid phase A) is given by

266

X,A @iy | | faw(PT) o A3
267 G = exp| T )| | epl -2z ). (13)
268

269  C**is the solubility of element i in mineral X if the fluid phase A is the end-member

270  phase (e.g., if the fluid phase is water, then equation (13) will be the solubility of

271  hydrogen (i) in mineral X). The same formula applies to another material (mineral or
272 melt), Y. The ratio of concentration of a species i between two phases (Y and X) can then
273 be given by

274

YA X_ oVl ) 0 .0
275 ox =D = exp[i(a' ‘;"T)“A“)} il (P.T)-ep(—Ltbn) (12

Always consult and cite the final, published document. See http:/www.minsocam.org or GeoscienceWorld



276

277

278

279

280

281

282

283

284

285

286

287

288

289

290

291

292

293

294

295

296

This is a preprint, the final version is subject to change, of the American Mineralogist (MSA)
Cite as Authors (Year) Title. American Mineralogist, in press.
(DOI will not work until issue is live.) DOI: http://dx.doi.org/10.2138/am-2016-5665

14

where O!iY( X)

are the coefficients in chemical reaction such as (11), DiY /X is the molar
partition coefficient of an element i between the phase Y and X, that is equivalent to the
molar partition coefficient if the ideal solution model works.

A simple but important and general conclusion from the relations (13) and (14) is
that the partition coefficient is generally a function of thermodynamic conditions
including pressure, temperature and the fugacity of relevant components. In other words,
the tendency of an element to prefer one phase over another phases depends on the
thermodynamic conditions. Consequently, experimental data on element partitioning
obtained under some limited conditions should not be applied to largely different
conditions without proper corrections. For instance, the partition coefficient of hydrogen
between olivine and orthopyroxene changes with pressure, temperature and water
fugacity by a large amount, say a factor of 10 or more ((Dai and Karato, 2009), see also
(Sakurai et al., 2014)).

A case of trace element partitioning can be treated easily if one considers the

partitioning of elements with similar chemical properties (e.g., partitioning of rare Earth
elements). In such a case, one can assume Otix = aiY , and the term containing the

properties of the reservoir can be eliminated, and equation (14) becomes

—,—;=9Xp(_%)' (15)
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297  Consequently, in this case the only task is to evaluate how ,ug(i) - ,u?((i) depends on the

298  properties of the element and the matrix.

299 In the literatures, the element partitioning between the melts and minerals is
300 discussed (e.g., (Blundy and Wood, 2003; Matsui et al., 1977; Nagasawa, 1966; Onuma
301 et al., 1968; Wood and Blundy, 2004)). In these cases, although the influence of melt
302  composition is studied (e.g., (Blundy and Dalton, 2000; O'Neill and Eggins, 2002;

303  Schmidt et al., 2006)), it is often assumed that the excess energy for the melt is

304  independent of the trace element ( ,ug(i)is independent of trace element, i), and the

305  discussion is focused on the excess energy in minerals (,ug((i)). Noble gases are

306  exceptions: their solubility in melts is small and highly sensitive to the atomic size of the
307 noble gas, the solubility (coefficient) varies more than a factor of ~100 among different
308  species (e.g., (Carroll and Stolper, 1993; Heber et al., 2007; Shibata et al., 1998)). The
309  physical reasons for different behavior will be discussed in a later section based on the
310  hard sphere model of silicate melts.

311 When the role of melts is minor, then the main question is what determines the
312 different solubility of different elements in different minerals (what controls the degree of
313 “incompatibility”)? One may ask two different questions: (1) why different elements
314  have different solubility in a given mineral?, and (2) why different minerals have
315  different solubility for a given element? Such questions were addressed by a pioneer of
316  geochemistry, Goldschmidt, who also classified elements into several categories based on

317  the affinity to various materials (Goldschmidt, 1937). Goldschmidt pointed out that the
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318  size of ions and the crystal structure of minerals (as well as the charge of the ion) are the
319  key to determine the partition coefficients”.

320 The breakthrough on this topic was made by Onuma, Matsui and their colleagues
321  (Matsui et al., 1977; Nagasawa, 1966; Onuma et al., 1968) who clearly showed that the
322 partition coefficients of elements between minerals and melts depend on the size (ionic
323 radius) of that element relative to the size of the site in the mineral as envisaged by
324 Goldschmidt. A diagram showing the partition coefficients as a function of ionic radius is
325  called the Onuma diagram.

326

327  Outline of the models for the excess free energy

328 The excess free energy associated with the dissolution of a trace element may be
329  calculated from theoretical models incorporating the atomistic details (e.g., (Allan et al.,
330  2001; Purton et al., 1996; Purton et al., 2000)), but the use of simpler theoretical models
331  will make the basic physics clearer. Therefore, I will focus on the theoretical models from
332 which some essence of element solubility can be understood.

333 Two types of models will be considered. In case of a solid (a mineral), the change
334  in free energy caused by the dissolution of trace element is dominated by the change in
335  enthalpy, i.e., the change in internal energy and volume. A trace element in a crystal can
336  be considered as a point defect, and therefore the change in internal energy and volume
337  associated with trace element dissolution may be formulated following the models of

338  point defects (e.g., (Eshelby, 1954, 1956; Flynn, 1972; Mott and Littleton, 1938)).

| * “One of the most important principles for the distribution of the elements is the grading
according to their size, especially as compared with the lattice spacings or interatomic
distances of rock-forming minerals” (from Goldschmidt (1937)).
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339 The excess free energy caused by a point defect can be calculated by the response
340  of a crystal to the introduction of a point defect. A point defect exerts some force to the
341  surrounding crystal. This force could be separated into two components, the force caused
342 Dby the “size” mismatch and the force caused by the excess charge. The first force causes
343  uniform displacement of cations and anions, while the second one causes opposite
344  displacement between cations and anions, i.e., the dielectric polarization. The excess free
345  energy associated with the first can be expressed as the strain energy, while the latter as
346 the electrostatic energy. In some cases, these two effects are related and I will come back
347  to that point when I discuss the dissolution of noble gases. Although this is a gross
348  simplification of the actual processes of formation of point defects (or the dissolution of
349  trace elements), such an approach provides a good estimate of some properties of point
350  defects in olivine and other minerals (e.g., (Karato, 1977, 1981; Lasaga, 1980)).

351 Dissolution of a trace element in complex liquids such as silicate melts should be
352  treated in a different way because thermodynamic properties of complex liquids are
353  markedly different from those of solids (minerals). The differences in thermodynamic
354  properties include small (and a narrow range of) bulk moduli that are unrelated to the
355  bulk moduli of corresponding solids and the positive pressure dependence of Griineisen
356  parameter. Jing and Karato (2011) showed that most of these observations can be
357  explained by a hard-sphere model in which the main contribution to the free energy is the
358  configurational entropy rather than the enthalpy. In this model, a silicate melt is
359  considered to be a mixture of hard spheres and free space, and the motion of hard spheres
360 in the free space contributes to the configurational entropy. A trace element could go

361  either into the free space (void space) or into the hard spheres by replacing the pre-
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362  existing ions in them. I will discuss these two cases based on the hard sphere model of a
363  complex liquid in a later section.

364

365  Continuum models of excess energy for a solid

366 When an atom (or an ion) in a crystal is replaced with another one (I will call it as
367 a trace element), the free energy of the crystal will change. The change in chemical
368  potential (the Gibbs free energy per mole) is generally expressed as

369

370 A= Au+PAV-TAs=Ah-TAs (16)

371

372 where Ay is a change in the chemical potential, Auis a change in the internal energy,

373  Avis a change in the volume, and As< is a change in the entropy (Ah is a change in
374  enthalpy). In solids, the entropy change in this equation corresponds to a change in the
375  vibrational entropy (Flynn, 1972). In general a change in the vibrational entropy caused

376 by apoint defect is a fraction of R (measured by J/K/mol) (e.g., (Maradudin et al., 1971)),

377  and the influence of this term on element partitioning is small (exp(%) =0(1)). The

378  pressure effect PAv is important when partition coefficient under a broad pressure range
379  is investigated. However, the emphasis in this paper is to provide a good explanation for
380 the behavior of partition coefficient for different elements or for different materials
381  (under the limited pressure (and temperature) conditions), so I will focus on Au.

382 In contrast, in silicate melts, the change in configurational entropy can be large

383  when a trace element atom occupies the “free space” (or the void space). This is likely
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384  the case for the dissolution of noble gases in melts (e.g., (Carroll and Stolper, 1993;
385  Guillot and Sarda, 2006)). In these cases, the entropy term cannot be ignored.

386 The trace element that replaces an ion in the host crystal has in general a different
387  size and charge than those of the ion in the matrix that will be replaced with the trace
388  element. Therefore the dissolution of a trace element creates excess elastic strain and
389  dielectric polarization of a crystal (in addition to the change in the strain energy of the

390 trace element itself). In the continuum approximation, the excess energy may be written

391 as
392
0 elastic dielectric
393 Mgy = MGyt HSG) (17)
394

395  where ﬂ?ﬁ‘;‘tic is the excess elastic strain energy and ﬂgi(?)ecmc is the excess dielectric

396 polarization energy.

397 Under these approximations, the partition coefficient can be written as
398

DiY/X _ DiY/X,elaS[ic . DiY/X,dieIectric
T enla) a2 -
400

401  where D/*.dasic o exp(——A”daiic), pf/X.dielectric exp(—

Audidectric
RT RT

) and the quantities are

402  for one mole, and the symbols i, Y/X are removed in the second line for simplicity.
403

404  Srain energy models
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Now let us focus on the contribution from the elastic strain, AUSSIC | The
replacement of an ion with a trace element with a different size (r,: the radius of the site
at which a trace element is placed, r;: the radius of the trace element) results in the
excess elastic strain energy. The strain energy is determined by the magnitude of strain
caused by this replacement and the elastic properties of both the matrix crystal and of the
trace element. Therefore the key here is to calculate (i) the magnitude of strain and (ii)
the strain energy associated with this process.

(Nagasawa, 1966) was the first to discuss the nature of trace element partitioning
based on the strain energy model. He used a theory by (Eshelby, 1954) and calculated the
strain energy associated with the dissolution of a trace element assuming that the elastic
properties of the matrix crystal are the same as those of the trace element. This
assumption is valid only when the bulk moduli (only bulk modulus matters inside the
inclusion according to the theory of (Eshelby, 1954)) of the matrix and the trace element
are the same. In a more general case, the influence of different elastic properties of the
matrix and the trace element needs to be included. Also, Nagasawa (1966) ignored the
influence of the image force (Eshelby, 1954, 1956) causing small differences in the
formula for the effective elastic constant (see also Table 2).

Blundy and Wood (e.g., (Blundy and Wood, 1994, 2003; Wood and Blundy,
1997, 2001, 2004)) used a model by (Brice, 1975) to interpret a large number of
experimental data including the partitioning of noble gases. Their model is similar to that
by (Nagasawa, 1966), but the model by (Brice, 1975) contains a few physically unsound

assumptions. For instance, Brice assumes that when a trace element with the radius r, is

inserted to a site with the radius r,, then the radius of the site changes to r;. This is

Always consult and cite the final, published document. See http:/www.minsocam.org or GeoscienceWorld



This is a preprint, the final version is subject to change, of the American Mineralogist (MSA)
Cite as Authors (Year) Title. American Mineralogist, in press.
(DOI will not work until issue is live.) DOI: http://dx.doi.org/10.2138/am-2016-5665

21

428  correct only when the trace element is infinitely stiff. In a more general case where the
429  trace element has a finite bulk modulus, the displacement is not only controlled by the
430  size difference but also by the difference in the elastic constants. This leads to a large
431  systematic error when the trace element is much softer than the matrix, a case for the
432 noble gas. Furthermore, Brice used an incorrect expression for the strain both inside and
433 outside of the inclusion. The strain field in the matrix surrounding a spherical inclusion is
434  shear strain and the strain inside of the inclusion is compressional strain (Eshelby, 1956),
435  but Brice used a Young’s modulus and did not pay attention to the difference in the strain
436  field inside and outside of an inclusion. Despite these differences, these two models give
437  similar equations (Table 2), and both of them explain some of the experimental
438  observations (e.g., the Onuma diagram for some elements).

439 In short, these previous models have common limitations in ignoring the
440  difference in the elastic properties between the matrix and the trace element (impurity).
441  An important case is the partitioning of noble gas elements where the trace element

442  (impurity) has much smaller bulk modulus than the matrix. In such a case, the strain

443 would be small = ‘t —]{ [0 1 much less than the Brice model would predict €= :—; -1

444 The appropriate treatment of the role of the size and stiffness of the trace element
445  is a key step in understanding how the properties of the trace elements and of the matrix
446  affect element partitioning. As will be shown later, the stiffness of the trace element has a
447  strong influence on the magnitude of lattice strain and therefore it is one of the key
448  parameters controlling the strain energy. To rectify the limitations of these previous
449  models, I have made modifications to the continuum model of trace element solubility by

450  introducing the following three points: (i) the proper boundary conditions at the boundary
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between the inserted (trace) element and the surrounding matrix (i.e., the continuity of the
displacement and the normal stress) are included in solving the equation for the
equilibrium conditions (this was included in (Nagasawa, 1966) but not in (Brice, 1975)),
(ii) the strain energy of the element itself is included in addition to the strain energy of
the host crystal using the different elastic moduli (in previous models, strain energy in the
trace element was calculated assuming the same elastic constant as the matrix) and (iii)
both volumetric and shear strain are considered (this was correctly included in
(Nagasawa, 1966) but Brice used an incorrect relationship for the strain).

An analysis including these points shows that the displacement of the boundary

caused by the replacement of an atom (ion) with the radius r, with that of a trace element
with the radius r; depends not only on the relative size but also on the elastic constants of

the trace element and of the matrix as (Fig. 3; see also Appendix 1)

1=K (“ 1) (19)

where [ is the final (equilibrium) size of the site now occupied by a trace element, G is
the shear modulus of the matrix and K; is the “bulk modulus” of the trace element®.

Equation (19) means that if the trace element is very stiff compared to the shear modulus

of the matrix (K, G,), then "=ry, whereas for a weak trace element (K[ G),
F=r, (and £=0) (Fig. 4). This concept plays a key role in explaining the solubility

(partitioning) of noble gas elements. Corresponding to this displacement, both the

% Physical meaning of the bulk modulus of a trace element in a lattice site can be
complicated and will be discussed in the later part of this paper.
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472  element itself and the crystal will undergo elastic deformation leading to an increase in

473  the strain energy (per one trace element) that is given by (Appendix 1),

474
dagic _n 3 KZ [ .\2 K, (r
475 At = 61 (r—i—l) [1+ o (r—i—l)]. (20)
476
477 This equation contains the bulk modulus of a trace element (K,) and the shear

478  modulus of the matrix crystal (G,). This corresponds to the fact that the strain inside of a
479  spherical inclusion is homogeneous compression while the strain outside of an inclusion
480 is shear strain (Eshelby, 1951, 1954, 1956). The effective eclastic constant (the EEC, or
481  the lattice strain parameter) corresponding to the Young’s modulus in the Brice model

3K?
K;+3Go

482  would be that is related to the stiffness of the element as EEC =~ 3K; for

2
483 KO G,, while EEC = %% for K; I G,. Therefore the influence of elasticity of trace

484  elements is large when the elastic constant of the trace element is much different from
485  that of the matrix minerals. These predictions of the model have important bearing on the
486  interpretations of experimental observations (see Discussion).

487

488 Influence of excess charge: dielectric polarization energy and influence on strain

489 When a trace element goes to a site that is usually occupied by an ion with a
490  different electrostatic charge, then there will be an excess charge, either positive or
491 negative, relative to the perfect crystal at the site that the trace element occupies. The
492  excess charge exerts electrostatic force to the surrounding ions. Due to this force, cations

493  and anions will move to the opposite directions causing dielectric polarization. The
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494  dielectric polarization energy caused by an excess electrostatic charge, AZ - €, is given by

495  (e.g., (Flynn, 1972)),

496

dielectric _ (AZ)%€
497 Au = TKE 21
498

499  where K is the static dielectric constant and [ is the size of the defect. This energy
500  decreases with the size of the trace element, and hence the solubility of the element

501 increases with the size of the defect. However, the influence of the atomic size is weak

2
502  compared to that in the elastic strain energy (see equation (20) where (:—;—1) term

503  provides strong influence of the size of atoms (ions)). Its effect is to change the values of
504  partition coefficient by a similar amount for all the trace elements. Systematic differences
505 in the partition coefficients among different minerals (e.g., Mg-perovskite versus Ca-
506  perovskite) might be due to the difference in the static dielectric constant, k¥, between
507  these minerals (see a later section).

508 The static dielectric constant is the sum of the contributions from electronic, ionic
509 and dipolar effects and the dielectric constant varies among different minerals (e.g.,
510  (Kittel, 1986)). In general, an ion with a large radius has a large electronic polarizability
511  that has an important contribution to the static dielectric constants. Ca®" has substantially
512 higher electronic polarizability and hence Ca-bearing minerals tend to have a large
513 dielectric constant (e.g., (Shannon, 1993)).

514 Excess charge has another effect. A large part of the atomic displacement caused

515 by the excess charge is the anti-symmetric movement of cations and anions, i.e.,
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516  dielectric polarization. However, near the vicinity of the excess charge, displacement of

517  ions is large and can contribute to the elastic strain, g:%—l. Let us consider a case

518  where Mg? at the M-site is replaced with Ar (i.e., Ay (Ar at the M-site with two
519 negative effective charge)). In such a case, the effective negative charge (the negative
520  charge relative to the perfect lattice) is present at the M-site that exerts a large force to the
521  neighboring oxygen ions to cause their displacement away from the defect (Ary). The
522  similar effect was observed by (Spalt et al., 1973) for a vacancy in KBr. Consequently,

523 one expects a larger elastic strain than expected from £= %—1= %(:—;—1), leading to
173%0

524 larger strain energy. I will come back to this issue when I discuss the partitioning of
525  noble gases (see also Appendix 2).

526 Finally, excess charge has another effect: the effect caused by the charge balance.
527  This is a chemical effect in the sense that in order to deal with the charge balance one
528  must consider the interaction with other charged species. This issue will be discussed
529  when I discuss the partitioning (dissolution) of noble gas elements and hydrogen (water).
530

531  Traceelement dissolution in the melts

532 In the literature where the element partitioning between minerals and melts is

533  discussed, it is often assumed that the sensitivity of element partitioning on the atomic
534  (ionic) size of element is caused by the sensitivity of the solubility in minerals to atomic
535  (or ionic) size of elements, and that the element dissolution in melts is associated with
536  small excess energy and is insensitive to the size of elements (e.g., (Blundy and Wood,

537  2003)). This is the case for most trace elements.
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Noble gases do not follow this: solubility is low and sensitive to the atomic size
(Carroll and Stolper, 1993; Guillot and Sarda, 2006; Guillot and Sator, 2012; Heber et al.,
2007; Shibata et al., 1998; Shibata et al., 1994). There is no clear evidence of the
presence of a peak in the solubility coefficient when plotted against the size of noble gas
atom. Therefore these observations suggest that noble gas atoms do not occupy well-
defined sites. Carrol and Stolper (1993) explained this observation by a model in which
noble gas atoms occupy the void space. Similarly, Guillot and his colleagues used a “hard
sphere model” in which they assumed that noble gas atoms occupy the void space among
the hard spheres (Guillot and Sarda, 2006; Guillot and Sator, 2012). The hard sphere
model also explains the correlation between the composition and the solubility coefficient
of noble gases: the noble gas solubility coefficient is higher in a melt with higher silica
content (Shibata et al., 1998). Such a trend is often explained by the concept of NBO
(non-bridging oxygen; (Mysen, 1983)), but this can also be explained by a hard sphere
model because the degree of net-working increases with the increase of the silica content
that leads to a higher void space (Guillot and Sarda, 2006; Guillot and Sator, 2012).

Given a marked dependence of noble gas solubility coefficient in the melt on their
atomic size but a commonly made assumption of independence of other trace element
dissolution on their ionic size, one may wonder why the dissolution behavior of these two
types of elements in the melts is so different. In order to understand what controls the
mechanisms of dissolution of elements in the melt, let us consider a hard sphere model of
silicate melts (Fig. 5). Unlike minerals, complex liquids such as silicate melts can be
considered as a mixture of clusters of atoms (hard spheres) that are randomly distributed

leaving void space among them. Since these clusters are separated by the void space,
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561  their direct mutual interaction is weak except that any cluster cannot move into the space
562  occupied by other clusters (“excluded volume™). These clusters move nearly freely in the
563  limited space (space unoccupied by other clusters) and hence the internal energy of a
564  cluster does not change much with the type of liquid where it is located. Free motion of

565  clusters in the limited space contributes to the configurational entropy, Sy, and
566  —T Sy, makes the dominant contribution to the free energy of a complex liquid. The

567  hard sphere model is one of these models and provides a systematic explanation of a
568  large number of observations on the equation of state of melts (Jing and Karato, 2011).
569 Fig. 5a shows a case where a trace element (i) replaces a host element (y) in a

570  molecular cluster in the liquid. This is a case where the element i has modest electric

571  charge similar to the host ion h. The initial energy of the whole system is Uy, = U+ u)';
572 (ui'j)’,A: energy of a cluster in the liquid (L) or in the reservoir (A) containing the element i
573  or h), and the final energy is ug, = u? +U". Therefore Ugy — Ui = (u? - uiA)—(uyL - uiL).
574 In a hard sphere model, clusters (hard spheres) do not interact each other energetically.
575  Therefore the energy difference such as uy* —u"* is the energy difference in the clusters

576 and uj —u" =u-u®, i.e., Ugny = Uyyga - Since both elements i and h occupy the cluster,

577  there is little change in the excluded volume and hence little change in the configurational

578  entropy and g, = tinia - Consequently the solubility of these elements is high and

579  nearly independent of their size.

" For a solid, uf, # uf}, because of the strong interaction among the clusters, and hence

s s
Uinitia # Ufinal -
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For a noble gas element that has neutral charge, there will be a large excess
electrostatic energy if it replaces an ion in a cluster. Also the noble gas in the
environment (“A”) is not in the cluster, and a cation will not be dissolved in the noble
gas. Consequently, the noble gas dissolution does not occur as an exchange of a noble gas
atom and the cation in the liquid. Therefore the second mechanism (occupying the void
space) will be preferred (Fig. 5b). In this case, the excess energy strongly depends on the

size of the noble gas atom that determines the decrease in the void space (free volume).

DISCUSSION

Comparison with the previous strain energy models on element solubility in minerals
Elastic strain energy associated with the replacement of an ion in a mineral with a
trace element is an important factor controlling the solubility of the trace element in a
mineral (e.g., (Blundy and Wood, 2003)). In this section, I compare various strain energy
models with the experimental observations. Table 2 compares three models of the strain
energy associated with the dissolution of an element in a mineral, and Fig. 6 shows a

graph of normalized solubility (~partition coefficient if the element solubility in the melt

is independent of the size of the element) against ;—i All models show a peak in the

solubility at the ionic radius corresponding to the radius of the site of the host crystal

(£=1) (see equation (19)). The curvature of the curves is determined by the effective

fo

elastic constant (EEC),.. relevant to element substitution that can be defined as

obs

AU = 2773 (EEC) s (2 1)2[1+ £(e- 1)] 22)
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603

Kl
K;+4G,

604  where Au®* s the strain energy and &= for my model and =2 for the Brice

605 model®. Although all models show similar curves, the curvature, i.e., (EEC) has

obs >

606  different expressions (see Table 2), and it is (EEC),,. that distinguishes different models.

obs

607  (EEC)ys Was calculated by Blundy and Wood for various sites in various minerals. For

608 each combination of the site and the mineral, experimental data on partitioning for
609  various elements were used and from the shape of the curve of the Onuma diagram, they

610  calculated (EEC),,. (see Appendix 3). In the following, I will use the values of (EEC)

obs obs
611 and compare them with the predictions from various models to evaluate the validity of
612 the models.

613 The simplest model for (EEC)g,. Would be the Brice model where all the relevant

614  elastic constants are those for the matrix. In this case,

615

Bri 3KG, _ z,
616 (EEC)eaic. = k6,03~ 1OKe= 0'225(fo+ruxy)3 )
617

618  where K, (EEC) is in GPa, r in nm, and Z,is the valence of the ion at the site (+2 for
619  Mg*), ryis the ionic radius of the site in the matrix that is replaced with the trace
620  element, ry, is the ionic radius of oxygen (0.138 nm). The results are compared with
621  (EEC)y in Fig. 7a. The results show very poor fit indicating that the properties of a

622  trace element other than its size play an important role in controlling the effective elastic

¥ The difference in & between these two models is small and does not affect the
calculated values of (EEC),,, substantially.
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constant, EEC. T evaluate the goodness of the model by a parameter y?(reduced chi-
square or variance)’ and 2?=106 for this model.

Blundy and Wood (1994) noted a good correlation between (EEC)ys and Z;
(charge of the trace element) in plagioclase and diopside ((EEC)ys o< Z;)). The EEC of
the M2 site of clinopyroxene systematically changes with the charge of the trace elements
in such a way that (EEC)iy, < (EEC)is, < (EEC)s, where (EEC);1, is the effective elastic
modulus of the M2 site for trace elements with a charge +n (Blundy and Dalton, 2000).
Similarly, (Hill et al., 2011) found (EEC)j, [0 (EEC)s: for clinopyroxene although the

polyhedron bulk moduli for the M1 and M2 sites are similar (Levien and Prewitt, 1981).
The EEC for a given mineral and a given site varies as much as a factor of ~100 among
different trace elements. This challenges the theory because none of the previous theories
(Brice, 1975; Nagasawa, 1966) includes the properties of a trace element other than its
size.

To account for the strong influence of the electrostatic charge of the trace element

Z,, Blundy and Wood proposed the following relationship,

(EEC)IN =1125-Z; /(1 + oy ) (24)

2
Z(yj-x )
’ 22 (reduced chi-square or normalized variance) is defined as y?* = A4 i) where |

72y, y
specifies a combination of a mineral, the site and the charge of the trace element (j=1---
N), and i specifies the individual data of EEC (i=1--- M), y'] is the inferred value of EEC

for a given i and j from the experimental data, x;is the model prediction for j and y; s the

mean value of y;. For the perfect model, y? =0.
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and called this as “site-elasticity” ((EEC)CBa\fé in GPa, r in nm) (Blundy and Wood, 1994).

A comparison of this model with (EEC),,.is shown in Fig. 7b. This model better fits

obs

(EEC)gps ( ;(2:40) but shows a systematic deviation from (EEC), for the large values

obs
of EEC. Apart from the use of a dimensionally incorrect formula for an elastic constant'’,
the theoretical basis of combining the property of the trace element ( Z;) and the property
of the matrix (r,) in the Blundy-Wood model is unclear.

In contrast to the previous models by (Nagasawa, 1966) and (Blundy and Wood,
1994), my model includes the influence of different elastic properties of the matrix and

the trace element based on the Eshelby theory of a point defect in an elastic material. This

model shows that the effective elastic constant (EEC) is (ECC)r = K?ﬁfe .
173%0

According to this model, it is the bulk modulus of the trace element (K;) and the
shear modulus of the matrix (G,) that determine the EEC. The EEC is not the Young’s

modulus of the material as incorrectly assumed by Brice (1975). For K;, I use a

relationship Kl:()_;]_5.21/(r1+roxy)411 corrected from (Hazen and Finger, 1979) and

calculated (EEC) 5= Kjﬁe . In other words, I assume that K; is determined by the
370

bonding between the trace element and the surrounding oxygen ions. One problem with

this approach is that because (EEC),, 1s calculated for each site (each r,) for a range of

obs

1 The relation (EEC)CBa\?é =1125-7, /(r0 + I’oxy)3 is derived from Hazen and Finger (1979)

model, K=0.75-Z/ (r + roxy)3 (K'in GPa, Z: charge of cation, r: radius of cation (nm)) but
this equation is dimensionally incorrect (Karato, 2008). A dimensionally correct equation
is K=0.15-Z/ (r + roxy)4, but these two equations predict similar elastic constants.

' One could use a relation similar to Blundy-Wood’s model, i.e., the use of r, instead of

r, K;=015-7;/ (ro + roxy)A. The results are similar (not shown).
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r, one must use some average of r;. I used a simple arithmetic average. The calculated

(EEc)(}fa"j“calo are compared with (EEC), in Fig. 7c (for the details see Appendix 3). My

model, (EEc)CKa]arcam, shows a better fit to (EEC),,,for large values of (EEC), and the

variance is substantially reduced ( z®=18 for this model). However, the use of the “bulk

modulus” to represent the stiffness of a trace element is a gross simplification, and its

limitation will become obvious when I analyze the solubility of noble gas elements.

Why do Ca-bearing minerals have high trace element solubility?

Solubility of trace elements is sensitive to minerals. Most trace elements have
much higher solubility in clinopyroxene than olivine (e.g., (Witt-Eickschen and O'Neill,
2005)). Similarly, the trace element solubility in Ca-perovskite is higher than that in Mg-
perovskite (e.g., (Corgne et al., 2004; Hirose et al., 2004)). Common to these two cases is
that the solubility of trace elements is higher in a mineral that contains Ca than those that
do not contain Ca.

Here 1 take an example of Ca-perovskite and Mg-perovskite (bridgmanite) for

which a detailed study was conducted (Hirose et al., 2004). Although there is a large

difference in Dimi”era” M petween Ca-perovskite and Mg-perovskite in the ionic size

mineral/ melt

versus D, plot (the Onuma diagram) implying that there is no large difference in

Dimmeral/me“’e“"SﬁC between them (Fig. 1c). Therefore I conclude that most of the difference
between Ca-perovskite and Mg-perovskite (bridgmanite) is caused by the difference in
p/mnerd/melt, didlecric torm . The main physical property that controls D/"ea/mitdeedtric jq

(static) dielectric constant, k¥ (equation (19)). The static dielectric constant of a mineral
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depends on the polarizability of ions contained in a mineral (e.g., (Kittel, 1986)). Among
various cations in a typical mantle minerals, Ca has anomalously large polarizability due
to its large ionic size (Shannon, 1993). Consequently, a mineral that contains a large
amount of Ca has a large dielectric constant and hence leads to the high solubility of trace

elements.

Partitioning of noble gases

In previous sections, I pointed out that there are fundamental limitations of the
previous models of element partitioning in incorporating the elasticity of trace elements.
This problem becomes serious when one deals with noble gas elements whose elastic
constants are much lower than those of the host minerals (e.g., ~2-4 GPa (Devlal and
Gupta, 2007; Jephcoat, 1998) as compared to ~120 GPa for olivine).

Brooker et al. (2003) suggested that the observed trend for partitioning of noble
gases showing the weak dependence on noble gas atomic size (Fig. 1€) can be attributed
to weak effective elastic constants (a ‘zero charge’ model). However, such an explanation
is misleading for two reasons. First, the weak dependence of partition coefficient on the
atomic size of noble gas elements observed in the diagram such as Fig. 1e does not mean
that the solubility of noble gas elements in olivine and diopside depends weakly on the
atomic size of noble gas elements. The partition coefficient shown in Fig. 1e is the ratio
of the solubility of noble gas in a mineral to that in a melt (see equation (12),

mineral
mineral /melt __ Choblegas . mineral,melt ., : 1 1
Drobiegas = gt 5 Croblegas © concentration of noble gas in mineral (melt)). The

noble gas

mineral /melt

experimental observations shown in Fig. 1e indicate that Dygjceas

is weakly dependent

melt

on the size of the noble gas atom. But C.gjeqas

is strongly dependent on the size of the
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noble gas atom (Carroll and Stolper, 1993; Heber et al., 2007; Shibata et al., 1998;

Shibata et al., 1994) (Fig. 1f). Therefore, one must conclude that C™™ s strongly

noble gas
dependent on the size of noble gas atoms.

mineral
noble gas

To illustrate this point, I calculated C for olivine and diopside from the

results shown in Fig.le (D) and Fig. 1g (Cl.qs)- Fig. 8 shows a plot of

partition coefficients of noble gases between olivine (or diopside) and the melt multiplied

mineral /melt melt
Dnoble gas Cnoble gas*

by the solubility of noble gases in the melts, Essentially this is a plot

of the solubility (coefficient) of noble gases, Crfgbngzjas(z Dpapranret 'Crr:c\f)ltegas)’ in olivine

and diopside as a function of the size of noble gas atoms. This plot shows that the
solubility of noble gases in olivine and diopside decreases substantially with the size of
the noble gas atom. A similar trend was reported for the noble gas solubility in
bridgmanite (Shcheka and Keppler, 2012) (Fig. 1f). I conclude that the solubility of noble
gases in olivine, diopside and bridgmanite decreases strongly with the atomic size of
noble gas, and therefore these results are inconsistent with the ‘zero-charge’ model by
(Brooker et al., 2003).

Second, the model by (Brice, 1975) does not include the stiffness of the trace
element and the concept of “site-elasticity” in which one invokes the stiffness of the trace
element does not have a sound physical basis as discussed before. The elastic constant in
the Brice model is the elastic constant of the matrix. So even though a noble gas element
has ‘zero charge’, one should not make the effective elastic constant = 0 if one were to
use the Brice model. However, my model in its simplest form also fails to explain this

observation. If one uses experimentally determined bulk moduli of noble gas elements
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(Devlal and Gupta, 2007; Jephcoat, 1998) with my theory (equation (20)), one would

3k2
K1 +4G,

predict that the effective elastic constant will be ~0.3 GPa. This is too low to

explain the observations. One might try to explain this by dielectric polarization model as
Brooker et al. (2003) proposed. However, the dielectric polarization model predicts an
opposite trend (high solubility for a large size).

How can we interpret such a trend, i.e., the substantial reduction of the solubility
of noble gas elements with their atomic size? Let us use a strain energy model and
interpret the inferred “bulk modulus” of the noble gas based on a physical model of point
defects in ionic solids. Because the data are limited, I assume r, and using the solubility
versus atomic size (r;) relation, I will estimate the effective elastic constant. The
observed trend (Fig. 8) suggests that the size of the site (r,) where a noble gas atom is
located in olivine and diopside must be smaller than 0.16 nm (atomic size of Ar).
Assuming that r,=0.072 nm in olivine, I get ~12 GPa (for clinopyroxene, assuming
r,=0.1 nm, I get ~20 GPa). Similarly, Shcheka and Keppler (2012) estimated the
effective elastic constant in bridgmanite is ~35 GPa assuming that noble gas elements go
to the oxygen site (r,=0.14 nm). These effective elastic constants are substantially larger

than those estimated from the bulk moduli of the noble gases and the shear modulus of

the matrix using the definition of the effective elastic modulus, K3K412G (~0.2-0.3 GPa).
11350

The ECCs of the noble gas elements inferred from the experimental observations
of element partitioning are much higher than those calculated from the experimentally
determined elastic moduli of relevant elements. There is a possible physical explanation

for the inferred high ECC. When one inserts an atom into a crystalline site, then both
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747  crystal and the atom deform to define the equilibrium size of the site (equation (19)). If

748  one uses the bulk modulus of the sphere, K, (2-4 GPa), then the lattice strain will be

749  ¢e= % -1= Kl‘lféeo (% - 1) and for a typical bulk moduli of noble gas element, the strain will

750  be on the order of 1-2 % of (:—i— ) For (:—i— 1)~20 %, the lattice strain would be ~0.3 %.

751  Inferred high effective elastic strain implies that the atomic displacement near the
752 “defect” site (where a trace element replaces a host ion) is larger than expect from such a
753  model. This can be explained if one considers the force balance at the site where a noble
754  gas atom is inserted from a more atomistic point of view. When a neutral atom (e.g., a
755  noble gas atom) replaces a cation (e.g., Mg?"), then there will be excess 2- charge at the
756  site that will exert a repulsive force to the neighboring oxygen ions. As a consequence,
757  neighboring oxygen ions move outward (see (Spalt et al., 1973) for a case of a vacancy in
758  KBr). Consequently, the lattice strain caused by the replacement of a cation (e.g., Mg®")

759  with a noble gas will be larger than what one expects from the simple elastic model. The
760 inferred large effective elastic constant for a noble gas could be due to this effect. In other
761  words, the noble gas solubility in minerals such as olivine is likely much lower than
762  expected from the low bulk moduli of the noble gases. I note that using a theoretical
763  approach Du et al. (2008) showed relatively large effective elastic moduli for the
764  dissolution of noble gases in minerals (Du et al., 2008).

765 How can one explain the large difference in the magnitude of noble gas solubility
766  between bridgmanite and other minerals (olivine and diopside)? To address this issue, let
767  us consider the processes of noble gas dissolution in more detail. Fig. 9 shows two

768  possible mechanisms of noble gas dissolution in minerals. In Fig. 9a, a noble gas atom,
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17, occupies the M-site vacancy and in Fig. 9b, it occupies the O-site vacancy. In both
cases, the concentration of noble gas atoms in the mineral is related to the concentration

of vacancies as

[HZ,’(P,T, fozrasoz)J o< [V;,”(P,T, fozrasoz)} fr(PT)- Ky (P T, foz850,)  (25)

where 777 is a noble gas atom occupying the @-site with an effective charge of ¥ (e.g.,
Arr (Ar at the M-site with effective two negative charge)), V, is a vacancy at the @-site
with an effective charge of ¥, f;; is the fugacity of the noble gas /7, and K is the

[ 12
relevant equilibrium constant .

The strain energy consideration discussed above was on K. The equilibrium
constant, Ky (P,T, fy,,850,), depends on the excess energy of a mineral when vacancy is

occupied by a noble gas. However, the difference in this term between olivine, diopside
and bridgmanite is not consistent with the difference in the noble gas solubility among
these minerals. Therefore I conclude that it is the difference in vacancy concentration,
[Vg }, that is responsible for the difference in the solubility of noble gases in different
minerals.

The concentration of vacancy depends strongly on minerals. In case of olivine and
diopside, the relevant vacancy is V,; whose concentration is ~107-10"* under typical

upper mantle conditions (Nakamura and Schmalzried, 1983), whereas in bridgmanite the

"2 To clarify the microscopic aspect, I used a point-defect notation, i.e., Kroger-Vink

notation, [17;,’ ] rather than c,?j,;‘lig’as.
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dominant vacancy is V' whose concentration is much higher although it depends on the
concentration of impurities such as Al 3 (e.g., (Brodhlot, 2000; Lauterbach et al., 2000;
Navrotsky, 1999)). This provides an explanation for the higher solubility of noble gases
in bridgmanite compared to olivine and diopside (e.g., (Brooker et al., 2003; Shcheka and

Keppler, 2012)). However, this model also implies that the solubility is highly pressure

dependent, [17;; ]ocexp(—F’R—\{), where V* is the volume expansion associated with

vacancy formation.

SOME APPLICATIONS
Water content in the mantle from mantle materials

Among the various elements, volatile elements such as H play important roles in a
number of geological processes and therefore estimating the water content in the mantle
is an important topic (e.g., (Karato, 2011; Peslier et al., 2010)). However, because of very
high mobility of H in olivine (and other minerals or melts; (Kohlstedt and Mackwell,
1998)), it is challenging to infer the distribution of H in the mantle. Evidence of
hydrogen-loss from olivine is frequently reported (e.g., (Demouchy et al., 2006; Peslier
and Luhr, 2006)). Two approaches have been conducted to overcome this difficulty.

One is to measure the water content of other minerals such as orthopyroxene
where hydrogen diffusion is more sluggish (inferred from the lack of diffusion profile in
opx; (Warren and Hauri, 2014)). In such a case, one might consider that the hydrogen
content in orthopyroxene is more “reliable” and could take it as a more faithful indicator
of H in the mantle. However, different water content between olivine and orthopyroxene

may also reflect the equilibrium partitioning that depends on the thermodynamic
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conditions. A careful analysis must be made including the influence of the dependence of
hydrogen partition coefficient on the thermochemical conditions. The water partitioning

between olivine and orthopyroxene,

. efpvi
[Hly - f}—{il%‘b S(p(— OM;T o\l)

[Hlgx % ( Ebix+PVe) )
px+PVopx
H20 exp|—

(26)

where o o is the fugacity coefficient, Eglii_opx and Voll-g.opx are energy and volume change

associated with hydrogen dissolution in olivine and orthopyroxene respectively. Because

all of these parameters are different between olivine and orthopyroxene (Kohlstedt et al.,

1996; Mierdel et al., 2007), the water partition coefficient, [[HH]]"" , changes with the
opx

thermodynamic conditions by more than a factor of 10 (Dai and Karato, 2009).

Particularly important is the fact that in most cases, [[S]];’;'x oc f,_],JZZO, and consequently, the

partition coefficient of water (hydrogen) between olivine an opx is depends on water
fugacity. Consequently, under the environment where water fugacity is low (e.g., the
lithosphere), the partition coefficient is low and much of water (hydrogen) in the

lithosphere goes to orthopyroxene. In many literatures, the observed low % in the
opx

lithosphere is interpreted to be a results of hydrogen loss from olivine, and the water
content in orthopyroxene is used to estimate the water content in the lithosphere
assuming the partition coefficient determined at high water fugacity (e.g., (Warren and

Hauri, 2014)). This method could lead to an over-estimate of the water content in the
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832  lithosphere. Also, I note that (Hauri et al., 2006; Tenner et al., 2009) and (Mierdel et al.,

833  2007) reported quite different depth dependence of H solubility and partitioning.

834 Ce/H ratio (%) of basaltic magma is often used to infer the hydrogen content in

835  the source region (e.g., (Dixon et al., 2002)). Again there are two concepts behind this
836  approach. First, both Ce and H are “incompatible elements” and go mostly to the melt
837  upon partial melting. The degree to which pre-existing Ce and H in the rock goes to melt
838  depends on the partition coefficients (if everything occurs as equilibrium process). The
839  assumption behind this is that this ratio is nearly constant and hence by knowing the
840  concentration of Ce, one could get some idea about the H content in the source region.
841  Also the diffusion of Ce is much slower than that of H (e.g., (Chakraborty, 2010)) so Ce
842  will faithfully reflect the Ce content of the source region while H might have escaped.
843  Another also important assumption behind this exercise is that the partition coefficient of
844 Ce and H between minerals and melts does not change with physical/chemical
845  conditions.

846 Since H and Ce have different electrostatic charges (normally H* and Ce*), the
847  dissolution mechanisms of H and Ce are likely different (Fig. 10). The dissolution

848  mechanisms illustrated in Fig. 10 lead to the following relationship,

849
v2 3upg-2t

850 fodl o o 212 ) P )| 27)

851

852 where ag, is the activity of Ce;0s, fy, is oxygen fugacity (where I assumed a relation

853 [V ] &%), Uyigo 1s the molar volume of MgO, vy, is the molar volume of Mg and v¢,
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is the molar volume of Ce. Among various terms in the right hand side of this equation,

Ace0, and fy oo correspond to the composition of the material, whereas other terms

_ 3Uwg-2vc,
(fozs exp[%}) depend on the physical and chemical conditions. In particular,
since (UMQO—%PO, the ratio % increases with pressure. The depth (therefore pressure

and temperature) at which partial melting occurs is different among different types of
volcanism (e.g., mid-ocean ridge volcanism versus ocean island volcanism). Therefore
the ratio % is likely different among the rocks from different regions. Also, the

diffusion coefficient of Ce is much lower than that of H (Van Orman et al., 2001).

Therefore it is possible that Ce concentration is not in chemical equilibrium.

Are noble gases compatible or incompatible elements?

Noble gases are often assumed to behave like incompatible elements (e.g.,
(Allegre et al., 1996; Marty, 2012)). However, this notion is not entirely secure because
either a noble gas element behaves like a compatible or incompatible element depends on
the solubility ratio of that element between minerals and melts, and the solubility of noble
gases in both minerals and melts depends strongly on pressure and temperature and
minerals. Consequently, it is possible that the behavior of the noble gas elements, either
compatible or incompatible, depends on the conditions at which melts and minerals co-
exist.

There have been some challenges to the common belief of incompatible element
behavior of noble gases such as Ar. For instance, Watson et al. (2007) published the

results suggesting that Ar is a compatible element in the upper mantle although most of
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876  previous studies show that all the noble gas elements behave like incompatible elements
877 in the upper mantle (e.g., (Broadhurst et al., 1992; Brooker et al., 2003)). Similarly,
878  Shcheka and Keppler (2012) published the experimental results showing high solubility
879  of Ar in bridgmanite suggesting that Ar might behave like a compatible element in the
880  lower mantle, although the solubility of other heavier noble gases is lower.

881 However, the validity of the conclusions by (Watson et al., 2007) is questionable.
882  The solubility of Ar reported by (Watson et al., 2007) are substantially higher than any
883  other results including those by (Hiyagon and Ozima, 1986) who reported relatively high
884  partition coefficient (high solubility) that is considered to be caused by inclusions (e.g.,
885  (Broadhurst et al., 1992)). If we focus on the results where the influence of inclusions
886  was minimized (e.g., (Broadhurst et al., 1992)), the difference is even larger. The reason
887  for the reported high solubility is unknown but one possibility is that this is due to the
888  anomalous properties near the surface'? (see also (Pinilla et al., 2012)). In contrast,
889  Shcheka and Keppler (2012) measured the bulk composition and showed that
890  bridgmanite has much higher solubility of Ar than ringwoodite, and olivine. They also
891  found a systematic trend in the solubility of various noble gas elements (Fig. 1e).

892 In order to address the question of either a given noble gas behaves like an
893  incompatible element or compatible element during melting or crystallization, it is
894  necessary to compare the solubility of each noble gas element in minerals and melts.

895 I assume the results by (Broadhurst et al., 1992) on the solubility of Ne, Ar, Kr and Xe in

896  olivine and those in bridgmanite by (Shcheka and Keppler, 2012) in comparison with the

| * Watson et al. (2007) used near surface ~ 60 nm layers. They checked the crystallinity
of studied regions by electron-back scattered pattern (EBSD) but this does not prove that
these regions are defect-free.
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897  experimental results on the solubility in the melts by (Heber et al., 2007). Either a noble
898  gas element behaves like a compatible or incompatible element depends on the partition
899  coefficient, D= ?—Wn:ﬁ A few assumptions are made in this analysis. First, the solubility

900  results by (Broadhurst et al., 1992) are reported as [/7]/ f; (solubility divided by the

901 fugacity of relevant element). However, the solubility depends on fugacity as well as the

902 free energy difference between a mineral with impurity and pure mineral as

903  [M]e Ty exp(—%w) (see equation (13)). Therefore one needs to make a correction for

904  the exp(— E*E.'?V*) term. The reported values by (Shcheka and Keppler, 2012) are directly

905  [Z7] but the results are at P=25 GPa (T=1873-2073 K). Therefore in order to discuss the

906  partitioning in the whole lower mantle (P=24 to 135 GPa, T=2000-4000 K), one needs a
907 large extrapolation in the @(p(—%) term. Given a vacancy model (Fig. 9), V' is

908  essentially the volume change associated with vacancy formation that is approximately
909 the volume of ion that is replaced with a noble gas', and E~ can be estimated from the
910  experimental results (Fig. 1€) using the strain energy model.

911 Ar solubility in the melts at ~25 GPa calculated from the data at ~10 GPa
912 (Chamorro-Perez et al., 1998; Schmidt and Keppler, 2002) is ~0.1 wt % in olivine melt,
913  and 0.5-0.8 wt % tholeiite melt. The Ar solubility in bridgmanite at ~25 GPa is ~0.5-1 wt
914 % (Shcheka and Keppler, 2012). This means that the frequently made assumption that Ar
915 is incompatible element (e.g., (Allégre et al., 1996; Marty, 2012)) is not valid at least in
916  the shallow lower mantle, and bridgmanite will work as a reservoir for Ar in the shallow

917  lower mantle. For other noble gas elements, data are limited, but Xe has higher solubility

| ' This is based on the fact that oxygen is highly non-ideal gas at pressures higher than ~1
GPa.
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918 in the melt than in bridgmanite, i.e., Xe is incompatible element at the shallow lower
919  mantle.

920 However, the behavior of noble gas elements under higher pressures is not
921  constrained. A theoretical model for the solubility in the melt suggests a modest decrease
922  in solubility at higher pressures (Guillot and Sarda, 2006), while a vacancy model (see
923  Fig. 9) would predict a stronger effect (with V¥=5 cc/mol, increase in pressure by 50 GPa
924 will reduce the solubility by a factor of ~10°) whereas the pressure effect on the solubility
925  in melt is much less according to (Guillot and Sarda, 2006). Consequently, it is expected
926  that the compatible element behavior of Ar is limited to the shallow lower mantle
927  conditions. This hypothesis needs to be tested by experiments.

928

929 SUMMARY AND CONCLUDING REMARKS

930 Extensive experimental studies on trace element partitioning have revealed
931  wvarious trends including the importance of the difference in the size of the trace element
932  and the size of the ion that the trace element replaces. The nature of element partitioning
933  Dbetween two materials depends on how those materials accommodate “impurities”.
934  Physics and chemistry of point defects is highly relevant to understand the dissolution of
935  trace elements. A continuum model of point defects (e.g., (Eshelby, 1951, 1954, 1956;
936  Flynn, 1972)) and the basics of point defect chemistry (e.g., (Kréger and Vink, 1956))
937 can be used to explain a majority of observations. However, I also note that some
938  atomistic details need to be incorporated in case of charged defects (e.g., (Mott and
939  Littleton, 1938)) to explain the inferred magnitude of the strain field. In melts, impurities

940  are accommodated by a more flexible structure. A hard sphere model (Barrat and Hansen,
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2003; Guillot and Sarda, 2006; Guillot and Sator, 2012; Jing and Karato, 2011) provides
a good framework to explain various behavior of trace element solubility in the melts.
One important general conclusion is that the solubility and/or the partition
coefficient of any elements depends on minerals and melts as well as pressure,
temperature and other chemical parameters (such as oxygen fugacity and water fugacity).
Consequently, partition coefficients likely change with physical and chemical conditions.
Results obtained under limited conditions should not be applied to other conditions
without appropriate corrections. Experimental studies under a broad range of conditions

are important to understand the behavior of elements in Earth and planetary interiors.
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960  Figure Captions
961 Fig.1 Examples of some observations on element partitioning (solubility)
962 a. Element partition coefficient between diopside and silicate melt (Blundy and
963  Wood, 2003) (P=3 GPa, T=1930 K)
964 Db. Trace element partition coefficients between (i) Mg-perovskite and silicate melt

965 and (ii) Ca-perovskite and silicate melt (Hirose et al., 2004) (P=25-27 GPa, T=2670-
966  2800K)

967 cC. Trace element partition coefficients between (i) Mg-perovskite and silicate melt
968 and (ii) Ca-perovskite and silicate melt plotted as a function of the size of trace element,
969 i.e., the Onuma diagram (Hirose et al., 2004) (P=25-27 GPa, T=2670-2800K)

970 d. The partition coefficient of hydrogen between olivine and orthopyroxene (Dai and
971  Karato, 2009)

972 e The partition coefficient of noble gas between olivine and silicate melt (Brooker
973  etal., 2003; Heber et al., 2007) (P=0.1 GPa, T=1530 K)

974 f. The solubility of noble gas elements in bridgmanite at P=25 GPa, T=1873-2073 K
975  (Shcheka and Keppler, 2012)

976 g@. The solubility coefficient of noble gas in silicate melts at P=0.1 GPa and T~1530
977 K (Heber et al., 2007)

978

979  Fig. 2 Two ways of examining the element partitioning between a solid (a mineral) and

980  aliquid (melt)

981 (a) Direct exchange of a trace element (i) and the host ion (h) (a model used by

982  (Blundy and Wood, 1994))
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(b) The same process can be envisioned as the dissolution of a trace element (i) in

a solid (a mineral) and a liquid (melt) (a model used in this paper).

Fig.3 A diagram showing the process of replacement of an ion with the radius r, with a
trace element with the radius r,

The final size of the site () is between initial size (r,) and the size of the trace
element (r;) and is determined by the size difference and the elastic properties of the

matrix and the trace element.

5 |~

; Wl K KG . o, . .
Fig. 4 A plot of = K1+—‘:}Go = 1+g(1|<1/060) against K, /G, (T : the size of the site after a trace

element occupies replaces the pre-existing cation, r,: the size of the site before a trace
element goes to the site (size of the cation), r;: the size of the trace element, K;: the bulk
modulus of the trace element, G,: shear modulus of the matrix)

If the trace element is soft (K,/G, —0; e.g., a noble gas element), then F ~r,,
whereas if the trace element is stiff (K,/G,— ), f =r,. The assumption by (Brice,
1975) of f=r, would be valid only for an infinitely stiff trace element, but not for weak

elements such as the noble gas elements.

Fig.5 A schematic diagram showing the processes of trace element dissolution in a
liquid (L: liquid, A: reservoir)

(a) A case where a trace element (i) replaces a host ion (h) in the liquid
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This is a case when the trace element is an ion occupying a cluster in the liquid and in the
reservoir. The green hexagons in these figures show the clusters each of which contains a
cation and oxygen ions.

(b) A case where a trace element (i) occupies the void space

This would be a preferred case when the trace element is neutral (e.g., noble gas).
Dissolution of a trace element (noble gas atom) occurs as an addition to the liquid not as

an exchange between the liquid (L) and the reservoir (A).

Fig. 6 Plots of normalized trace element solubility (C™™@) corresponding to the elastic
strain energy model against the size of the trace element corresponding to three models
summarized in Table 2 (r;: size of the trace element, r,: size of the site to which a trace
element goes)

K,=100 GPa (= K,), G, =80 GPa, r,=0.1 nm, T=1600 K

The comparison is made after normalizing that the strain energy at rl/ro=1 is
common. Such a diagram can be directly translated to a diagram for the partition

coefficient ( D"™ea/m™!t = cmred y oMty only when the concentration of trace element

(C™") is independent of element.

Fig. 7 Plots showing the correlation of experimentally determined effective elastic
constant (EEC),,s With the effective elastic constant from various models (EEC)c

amp: amphibole, cpx: clinopyroxene, gt: garnet, oli: olivine, opx: orthopyroxene,
pla: plagioclase, woll: wollastonite (data from (Blundy and Wood, 2003)), unit of EEC is

GPa
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(a) A comparison with the Brice model (EEC)CBQEE =0225-7,/ (r0+ roxy)4 (Z,: electric
charge of ion at the site where a trace element is dissolved, r,: ionic radius of the host

ion, r,,: ionic radius of oxygen ion)

A thick line corresponds to (EEC) —(EEC)CE:;Ee (7% =106).

obs —
(b) A comparison with the Blundy and Wood model (EEc)sa\fé =1.12~le(ro+l’oxy)3
(Z,: electric charge of the trace element)

A thick line corresponds to (EEC), = (EEC)EN. ( 72 =40).

. . 2
(c) A comparison with the present model (EEC)K3rae — 3K

4G,
Kit—3°

K, is the bulk modulus of a cation-oxygen polyhedron (= 0.15~21/(I’i +roxy)4, r;: ionic

radius of a trace element i). Since several different ions are used to determine (EEC)y» |

used an average value, <K1> (average on various i). A thick line corresponds to

(EEC),, = (EEC)S°( 4* =18).

obs —

mineral
noble gas

Fig. 8 Solubility of noble gases in olivine and diopside (C, ) calculated from the

melt

mineral /melt
D noble gas

partitioning coefficient noble gas

and noble gas solubility in the melt C using a

mineral  _ ~mineral/melt melt
Cnoblegas - Dnoblegas ’ Cnoblegas

formula
The data shown in Fig. 1d and Fig. 1f are used. The results correspond to P=0.1

MPa and T~1550 K. Solubility of noble gases in the melt increases with pressure linearly

to ~10 GPa (Guillot and Sarda, 2006). Solubility of noble gases in minerals also likely
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increases with pressure linearly in the low-pressure regime (<0.1 GPa) (Henry’s law), but

the pressure dependence at high pressures was not studied.

Fig. 9 Dissolution of a noble gas element, /7, in a mineral via a vacancy mechanism

A noble gas atom (/7) goes into a vacant @-site to form a point defect /74 (7
occupying the @-site with an effective charge of ). A vacancy at the M-site (Vy; ) is
preferred in olivine and diopside while a vacancy at the O-site (V) is preferred in

bridgmanite. The charge compensating defects are Fg, (ferric Fe at the M-site) in

olivine and diopside, and € (free electron) in bridgmanite.

Fig. 10Models of dissolution of (a) H (hydrogen) and (b) Ce in olivine

(a) H20 reacts with olivine to form H-bearing olivine (as (2H )y + MgOyq,ace)

This model predicts [H ] o szo(P,T)'eXP(—P.g#)-

(b) Ce203 reacts with olivine to form Ce-bearing olivine (as 2Ce,, +Vy; + 3MgO,

aJrface)

v f-y12 p(suMgfzuCe))

This model predicts [Cel o< a2y, -[Viy | exp(~ A2 ) o= 8825, - fo3 exp(— o~
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1062
1063 Tablel Definition of symbols
1064
pY/x (: a ) Nernst partition coefficient of element i between phase Y and X
1 CIX
crx mass fraction of element i in a phase Y (X)
DY/X (_ c’ ) molar partition coefficient of element i between phase Y and X
I - C‘X
crX molar fraction of element i in a phase Y(X)
KY/IX (_ a ) equilibrium constant of element i between phase Y and X
I - aiX
31le activity of element i in a phase Y(X)
Hyx chemical potential of a phase X
fx fugacity of a fluid phase X
o radius of a lattice site at which a trace element is to be placed
r radius of a trace element before placed into the crystal site
7 size of the crystal site after the placement of a trace element

lattice strain caused by the replacement of a host ion with a trace element

K, bulk modulus of a trace element
G, shear modulus of the matrix (crystal)
K static dielectric constant of the matrix

relative contribution from the trace element and the matrix to strain energy

EEC effective elastic constant of a site with a trace element
72 measure of the fit of a model to the data
Z, electrostatic charge of a trace element
Toxy radius of oxygen ion
Argy Ar at the M-site with effective charge of 2-
1065
1066
1067
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Table2 Equations for strain energy of trace element dissolution™ "

All Au are for a defect (for per mole, one should multiply by N, Avogadro

number).

author strain energy

Nagasawa (1966) Audase _g 73 Kfizéo (% ~ 1)2[1+ KOEGO (:_;_ 1)} T
?é?ilziy fg;is\)Vood (1994) | dasc .3 ;i (- 1)2[1+ i 1)} (T-2)

Karato (this study)

Audasic _ g3 Kf 0(:_;_1)2[14_ Ky (rl—l)] (T-3)

(1L
Ki+3Go \ To

In equations (T-1) and (T-2), I transformed E (Young’s modulus) to a combination of

bulk modulus and shear modulus using E = 2X&

3K+G *

r,: radius of the site into which a trace element is inserted

r,: radius of the trace element

K: bulk modulus of the trace element

Ko: bulk modulus of the matrix (host crystal)

G, : shear modulus of the matrix (host crystal)
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Appendix 1. a modified strain energy model

I consider the elastic strain energy model to calculate the energy change
associated with the replacement of an ion in a crystal with another one with different size.
In the elastic strain energy model, all materials involved are considered to be elastic
media. Accordingly, both the matrix and the trace element are treated as elastic media.
Treating a trace element as an elastic medium is a gross simplification. However, by
assigning a bulk modulus to the trace element, it is possible to evaluate the influence of
“stiffness” of a trace element on the strain energy.

When a crystal is treated as an isotropic elastic medium, the displacement in the

matrix and the spherical inclusion is given by (e.g., (Flynn, 1972)),

o, =(%2+ By, )7 (A-1)

where suffix 0 refers to those for the matrix and 1 to the trace element, and A,, and By,
are constants that are to be determined by the boundary conditions. The equation (A-1)
has 4 unknowns, Ao,l and Bt),l' The boundary conditions are: (1) o, (R)=0 (R is the
radius the crystal (homogeneous stress caused by pressure is subtracted)), (2) o, and u
are continuous at the boundary between 1 and 0 (r=fs(1+g)r0 ). Note that the

displacement of the boundary, i.e., &€, is also an unknown that must be determined by
solving the force balance and displacement continuity equations.
The solution to (A-1) is somewhat tricky to obtain because of the effects of the

image force, i.e., the condition o, (R) =0 (Eshelby, 1951, 1954). We consider first a
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finite crystal with a finite radius R and consider the proper boundary conditions including
the ones at the surface (r=R). Then we let R— «. The condition of zero (excess) normal

stress at r=Rleads to

4G
B, 3—&3%. (A-2)

Note that although By becomes vanishingly small at R — oo, it leads to a finite volume
change of a crystal due to the effect of the image force (Eshelby, 1951, 1954). The

volume change of a crystal due to this displacement is

= 127A, %), (A-3)

4
Ko+5G,
o 1+v,

Av, = 47R%U(R) = 4Ag —%

In addition, there is an explicit volume change caused by the addition of a trace element.
Adding the volume change by replacing one atom (ion) with another, the net change in

the volume of the whole system is given by

Av=Av + (v, - vy)=127A, (1_V°)+(vl—v0) (A-4)

1+,

where v; are the volume of mineral after the trace element is dissolved and vy is the
volume of the mineral before the trace element dissolution (the volume difference

(1)1— 1)0) may correspond to the volume change associated with the formation of point

defects). The normal stress at the boundary (r =f=(1+¢)r,) from the inclusion comes
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from the initial pressure + displacement. The conditions of continuity of stress and

displacement lead to

25 13K, By = 3Ky 1-2)

|=
=
[

r~2+B0 Bif =f—r1g

(A-52)

(A-5b)

where Kg 4 are the bulk moduli of the host crystal and the trace element respectively.

From (A‘Sb), Blf =f- ro = Blro (1 + S) I’Oé‘ so that Bl

the limit of R— e, one obtains Ay = &£(1+ e)>rd g -

Therefore the coefficients in equation (A-1) are given by,

Ay =e(l+e)rg

A =0
B, = 5(1+£)2 (—g)
B =15

Inserting these relations into (A-5a) and ignoring the terms containing —

c-afi)

£ . Using (A-2) and taking

(A-6a)

(A-6b)

(A-6¢)

(A-6d)

3
3 , one obtains

(A-7)
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with f=_". Therefore for a very stiff trace element (K,>>G,), gzrr—‘—l andT = r
173%0 0

whereas for a very soft trace element (e.g., noble gas elements), K; /G, 1, so £€=0
and T’ = ro

The enthalpy associated with the incorporation of trace element is given by

AR®2 = AU®2 4 PAD (A-8)

where AU®? is the strain energy and Av is the volume change of a crystal due to the

incorporation of a trace element. From (A-4) and (A-6a), the volume change is given by

2 3
3(r Kq r 3(r
Av=47:ro (%_1)[14_&3% O(ﬁ— )} +4T”I’0 (%— ) (A-9)

The volume change due to this process is a fraction of atomic volume and is small
compared to the volume change associated with vacancy formation.

The strain energy can be calculated as

r R
Aue'a:47z[jéwl(r)r2dr+émjr_ wo(r)rzdr} (A-10)

where

. )2 12 )2
W0,1=%(d3§:1+2$) +ﬂo,1{(d3§1) +2($) } (A-1T)
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are the strain energy densities in the host crystal (0) and in the trace element (1)

respectively and where 4;,, 14y, are the Lamé constants of the matrix (“0”) and the trace

element (“17).

From (A-5), (A-6), (A-7) and (A-11), one gets,

2
Wo :%KOBS*'—SGr%AO = 2&#0[%#"’%} (A-12a)

wy = 3K, BY. (A-12b)
Inserting equations (A-6) and with (A-10),

AU = 671 82(l+8)(K1 +%G0)

. A-13)
_ K> 3/ 2 K r (
=6z Kl"’%GO o (ﬁ_l) |:1+ Kl"’éGO (ﬁ_l)]

The equations (A-8), (A-9) and (A-13) give the change in the elastic enthalpy, Ahda,

upon the dissolution of a trace element.
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Appendix 2: Electrostatic charge and effective elastic constants

Strain energy model is formulated in terms of the size of the site (r,), the size of a
trace element (r;) and elastic constants of relevant materials (trace element and the host
crystal). Comparing a theoretical relationship such as the equations (T-1) through (T-3)
with the observed data on element partitioning, one can calculate the effective elastic
constant. However, when one does such an exercize, the size of the site at which a peak
of partition coefficient is supposedly located does not always agree with the ionic radius
of the host ion (e.g., (Blundy and Dalton, 2000)). For instance, in the case of the M2 site
of clinopyroxene where trace elements with 3+, 2+ and 1+ charge could go, the estimated
r, from the Onuma diagram agrees well with the ionic radius of the host ion only for
trace elements with 2+ charge. The inferred r, is substantially larger than the ionic radius
of the host ion for trace elements with 1+ charge, and it is less than the ionic radius for
trace elements with 3+ charge.

This can be attributed to the influence of the charge on the atomic displacement
near a point defect. When a point defect such as a vacancy is formed in an ionic crystal, it
will create elastic and electric singularities. When a trace element is inserted into that site
with an electric charge different from the host ion, it will generate electrostatic force to
cause displacement of the ions surrounding it. For a trace element with a charge less
(more) than that of the host, the force is repulsive (attractive) and the size of the site will
increase (decrease). This explains the systematic shift of r, with the charge of the trace
element.

This effect is largest when the trace element is neutral, i.e., the noble gases.
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Appendix 3: Some notes on the estimation of (EEC)

obs

When the solubility of trace elements in a mineral is measured (e.g., the noble gas
solubility in bridgmanite (Shcheka and Keppler, 2012)), the elastic strain energy model
can be directly compared with the data on the element solubility to calculate the effective
elastic constant, EEC. In most of trace elements, the available data are the partition
coefficients rather than the solubility. In these cases, we need to make an assumption that
the concentration of these elements in the melts is independent of the properties of the
element. If this assumption is valid, then one can translate the partition coefficient as the
solubility, and then compare the results with a model of element solubility (elastic strain
energy model)15 .

There is another complication in estimating the EEC. When the EEC is calculated
from the partition coefficients or the solubility, various data for a range of ionic radius (or

atomic radius), r;, are used. This is not trivial because the EEC itself likely depends on
the size of host ion (r,) and the size of the trace element (r,), but the relationship
between these parameters and the EEC is unknown. Furthermore, even the size of the
site, r,, estimated from the Onuma diagram is sometimes different from the value
expected from the ionic radius of the host ion and is treated as an unknown parameter to
be determined from the experimental observations (e.g., (Blundy and Dalton, 2000)).
Under these circumstances, it is justifiable to obtain a rough estimate of the EEC first
assuming that it is independent of r, and r;, and explore the correlation of the effective
elastic constant with other parameters such as r, and r; because the dependence of the

EEC on these parameters is weak in comparison to the variation in the EEC. This can be

This assumption is not valid for the noble gases.
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seen as follows. The bulk modulus of polyhedron depends on the ionic size as

Kioo<Zio!(fiot roxy)4 (corrected from (Hazen and Finger, 1979)) where r,, is the radius
of oxygen ion and Z , is the electric charge of the trace element or the host ion. When

o changes from 0.10 to 0.14 nm, K, changes ~30% that is small compared to a

variation of the EEC among different sites (a factor of ~10-100; (Blundy and Wood,
2003)). Therefore such a procedure of estimating the effective elastic constant can be

justified as a first-order approximation.
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