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ABSTRACT
Using the hybrid B3LYP density functional method, we computed the ab initio thermodynamic
and thermophysical properties of two sapphirine end-members, Mg4AlsSi»O,¢ (sapphirine-442)
and Mg3Al;9SiOy (sapphirine-351), in the join Mg3;(Mg;.xAlx)Als(AlxSii-x)SiO, with X =0 - 1.
Static and vibrational calculations performed in the framework of the quasi-harmonic
approximation allowed to define the equation of state (EOS), elastic constant tensor, seismic
velocities, IR spectra, mode Griineisen parameters and thermodynamic properties of both
sapphirine end-members. A modified Kieffer’s model was adopted to evaluate the optic and
acoustic mode contributions to thermodynamic functions stemming from ab initio phonon
frequencies and directionally averaged seismic velocities, respectively. The extrinsic stability and
liquidus phase relations of sapphirine were investigated in the model system MgO-Al,03-SiO,
(MAS) at different pressure conditions by coupling first principles calculations with the Hybrid
Polymeric Approach (HPA) for multicomponent liquids and minimizing the Gibbs free energy of
liquid and solid phases through the convex-hull analysis of equipotential surfaces. According to
our thermodynamic modeling, sapphirine turns out to have a small field of primary crystallization
in the MAS ternary diagram at 1-bar pressure, which becomes larger due to pressure effects up to

10 kbar, then progressively shrinks and disappears above 21 kbar.
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INTRODUCTION

Sapphirine is widely recognized as a key mineralogical phase in ultra-high temperature
metamorphism of amphibolite to granulite facies rocks (Christy 1989a, 1989b; Grew et al. 1994).
Nevertheless, its stability extends over a wide range of P-T conditions (Schreyer, 1968; Schreyer
and Seifert 1969a, 1969b; Seifert 1974; Ackermand et al. 1975) and diverse bulk rock compositions
as well. Gasparik (1994, 2000) carried out a comprehensive analysis of experimental phase relations
in simplified mantle compositions pointing out that the role of sapphirine in determining the
subsolidus phase relations of MgO-Al,03-Si0; (MAS) and CaO-MgO-Al,0;-Si0, (CMAS)
systems cannot be overlooked, especially at high pressures and temperatures. Furthermore, several
studies show that sapphirine has a small field of primary crystallization at 1-bar pressure in the
MAS ternary system (Foster 1950; Keith and Schairer 1952; Osborn and Muan 1960; Smart and
Glasser 1976; Brigida et al. 2007), making it a relevant phase for refractory ceramics. It is
interesting to note that pressure effects possibly widen the primary stability field of sapphirine in
MAS or more complex systems (Taylor 1973; Liu and Presnall 1990, 2000; Milholland and Presnall
1998; Liu and O’Neill 2004), so that this mineral may be plausibly involved in basalt petrogenesis.

A remarkable feature of sapphirine is the use as a possible geothermobarometer, with Si-rich
and Al-poor compositions (approaching a stoichiometric ratio MgO : Al,O3 : Si0, =2 : 2 : 1) stable
at higher pressures and possibly lower temperatures than Si-depleted and Al-enriched compositions
(approaching a stoichiometric ratio MgO : ALO; : SiO; = 3.5 : 45 : 1.5 upto 3 :5:1), as
supported by experimental phase equilibria (Schreyer and Seifert 1969a; Taylor 1973; Seifert 1974;
Bishop and Newton 1975), crystal chemical considerations (Higgins et al. 1979) and natural

occurrences (Grew et al. 2008). However, a quantitative evaluation on the basis of reliable
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thermodynamic data for sapphirine has never been attempted and the compositional effects on its
relative phase stability still remain uncertain.

In spite of its geological and mineralogical significance, the thermodynamic and
thermophysical properties of sapphirine are poorly defined and largely unknown. At present only
few calorimetric investigations exist (Charlu et al. 1975; Kiseleva and Topor 1975; Kiseleva 1976)
but the interpretation of experimental results is not straightforward owing to the incomplete
understanding of mixing properties, cation and stacking disorder (i.e. polytypism) in natural and
synthetic samples. Conversely, fundamental properties of sapphirine such as elasticity, thermal
expansion and equation of state (EOS) parameters are still unknown. In the last two decades a
number of thermodynamic assessments appeared in the literature trying to give a quantitative
appraisal of the subsolidus and melting phase relations of sapphirine-bearing assemblages in
multicomponent systems at both ambient and non-ambient P-T conditions (Gasparik 1994, 2000;
Gottschalk 1997; Logvinkov et al. 2001; Kelsey et al. 2004; Jung et al. 2004; Mao et al. 2005;
Podlesskii et al. 2008; Podlesskii 2010; Holland and Powell 2011). Although all these assessments
are internally-consistent, the inferred thermodynamic properties are model-dependent and affected
by evident drawbacks. Jung et al. (2004), for instance, define the properties of a sapphirine with 23
oxygens in the chemical formula (i.e. MgsAl;0Si,0,3), which is quite incompatible with the exact
7:10 cation:oxygen ratio derived from structure determinations by X-ray and neutron diffraction
(Moore 1969; Higgins and Ribbe 1979; Merlino 1980).

In this contribution, we present a density functional theory (DFT) based ab initio
computational study on the thermodynamic, thermoelastic and equation of state parameters of
sapphirine end-members in the join MgsAlgSi,O20-Mg3Al;¢SiOy. The aim of the calculated
properties is to get new insights into the extrinsic stability and phase relations of sapphirine at high
pressure and temperature conditions. The MAS ternary system was taken as reference phase

diagram to define the topology of the primary stability field of sapphirine up to pressures of about
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20 kbar and model its liquidus phase relations and high-pressure crystallization processes (see

Implications Section).

COMPUTATIONAL METHOD

Calculations were performed with the periodic ab initio CRYSTALO9 code (Dovesi et al.
2009) adopting an all-electron Gaussian-type basis set and the hybrid B3LYP functional, which
combines the Becke three-parameter hybrid exchange functional (Becke, 1993) with the Lee-Yang-
Parr gradient-corrected correlation functional (Lee et al. 1988). Magnesium, silicon, aluminum and
oxygen were described by 85-11G(d), 88-31G(d), 85-11G(d) and 8-411G(d) contractions,
respectively (McCarthy and Harrison 1994; Catti et al. 1994; Nada et al. 1996). The exponents of
the most diffuse p and d shells were re-optimized as in our previous investigations to better
account for the periodicity of the investigate systems (Ottonello et al. 2009a, 2009b, 2010a;
Belmonte et al. 2013).

Cut-off limits in the evaluation of the Coulomb and Hartree-Fock exchange series are
controlled by five parameters (see Dovesi et al. 2009) that were set to 8 8 8 8 18 to improve the
numerical accuracy. The threshold on the self-consistent field (SCF) energy was set to 10™ Hartree
for the geometry optimization, and to 107 Hartree for the vibrational frequencies calculation. The
reciprocal space was sampled according to a regular sublattice with shrinking factor IS = 3 (see
Dovesi et al. 2009), corresponding to 10 K vectors in the irreducible part of the Brillouin zone
(Monkhorst and Pack 1976). The DFT exchange-correlation contribution was evaluated by
numerical integration over the unit cell volume. Radial and angular points of the atomic grid were
generated through Gauss-Legendre and Lebedev quadrature schemes and grid pruning was applied,
as discussed by Pascale et al. (2004). In this work, we used a pruned grid with 75 radial and 974
angular points. Details about the grid generation, the number of points in the reciprocal space and
their influence on the accuracy and cost of calculation can be found in Gill et al. (1993) and Pascale

et al. (2004).
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Thermodynamic modeling of the MAS ternary system was performed at different pressure
conditions by coupling ab initio calculations on sapphirine with the Hybrid Polymeric Approach
(HPA) for multicomponent liquids (Ottonello 2001, 2005). The algorithm of the procedure along
with the standard state properties of the chemical components at liquid state are described in full
detail in Ottonello et al. (2013). Thermodynamic properties of the other solid phases nucleating in
the MAS system were taken from the database of Berman (1988), while compressibility and
thermal expansion data were taken from Saxena et al. (1993), except for mullite (Schneider and
Eberhard 1990; Palko et al. 2002), cordierite (Tohill et al. 1999; Haussiihl et al. 2011), periclase
(Belmonte, 2013) and corundum (Belmonte et al. 2013). The Gibbs free energy values of the solid
phases and the liquid have been calculated at each pressure conditions on a regular grid of
temperature-composition (T-X) points in the range T = 1273 - 3273 K, then minimized through the
convex-hull analysis of equipotential surfaces and interpolation of sample points by lifted Delaunay
triangulation (Natali et al. 2010, 2013; see also Supplementary Materials in Ottonello et al. 2013). A

step size of 5 K and a discretized grid of 4 x 10° points were used to sample the T-X space.

RESULTSAND DISCUSSION
Crystal structure: static calculations and equation of state

Sapphirine is a chain silicate with simplified general formula MgT¢O2, where M and T
represent octahedral and tetrahedral sites, respectively (Deer et al., 1997). Two different structural
modifications, related to the OD character of the mineral (Merlino 1973; Merlino and Pasero 1997),
have been proposed in the literature: a monoclinic 2M polytype with eight independent octahedral
sites (M1, M2, M3, M4, M5, M6, M7 and M8) and six independent tetrahedral sites (T1, T2, T3,
T4, T5 and T6) (Moore 1969); a triclinic 1A polytype with a different stacking sequence and an
additional independent octahedral site (M9) (Merlino 1980). A further structural complexity is

represented by the degree of cation ordering on M and T sites, for which there is no a general
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consensus among different structural determinations (Moore 1969; Higgins and Ribbe 1979;
Merlino 1980; Christy et al. 1992). If only MgO-Al1,03-Si0, compositions are taken into account,
Mg and Al atoms are distributed over octahedral sites, while Al and Si atoms occupy tetrahedral
sites. Compositional variations may occur along the binary join according to the Tschermak-type
coupled subsitution:

MMg2+ $ TG = MAP* £ TAP* (1)

The 2M polytype of sapphirine has a monoclinic structure, space group P2,/a, with 136
atoms in the primitive unit cell (Z=4 for the 20-oxygen formula unit), all in the general position. For
this study, we consider two sapphirine end-member compositions, sapphirine-442 (Mg4AlgSi,050)
and sapphirine-351 (Mg3Al;0Si0,). Disorder in our model structures occurs on only one M site and
one T site. Thus, the two end-members considered in this study correspond to X=0 and X=1 points
on the hypothetical solid solution [Mg3A14(Mg1_XA1X)]M[A14Si(A1XSi1-X)]T020. Since the most part
of sapphirine natural compositions fall on the join MgsAlgSi,020-Mg3Al10S102 (Higgins et al.
1979; Deer et al. 1997; Grew et al. 2008), these end-member compositions are often assumed for
thermodynamic modeling in the MAS system (Logvinkov et al. 2001; Kelsey et al. 2004; Mao et al.
2005; Podlesskii et al. 2008; Podlesskii 2010; Holland and Powell 2011). We have (Mg,Al) disorder
exclusively on the M3 site and (Al,Si) on T3. This apparent oversimplification is supported by the
evidence that natural samples seem to be highly ordered (Moore 1969; Merlino 1980) and the
degree of cation disorder turns out to be poorly constrained by different experimental
determinations. While, for instance, T2 sites are affected by a certain amount of disorder according
to the structural refinements of Moore (1969) and Merlino (1980), the single-crystal neutron
diffraction investigation of Higgins and Ribbe (1979) revealed an almost complete order on these
sites, as well as on T4 sites (see Table 1). Nevertheless, there is general consensus that M3 and T3
are the most disordered sites, justifying our choice of structural models. The interpretation of the
high-resolution *’Al and *’Si NMR spectra obtained by Christy et al. (1992) shows that there is a

greater degree of short-range order of Al and Si than is apparent from the long-range average site
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occupancies of the structure refinements. This is explained by mixing of local multisite
configurations rather than random mixing on individual sites. The total Si content on T2+T3 is
always > 1 in the structure refinements of Table 1, which implies that there must be a substantial
proportion of T2+T3 pairs that are (SiSi) as in our model for sapphirine-442, despite the
enthalpically unfavourable Si-O-Si link. Christy et al. (1992) note that more Si-rich compositions
are more disordered, which, along with the presence of significant Si on T4 and T6 in some of the
refinements of Table 1, suggest that other ordering variants of the 442 composition, e.g. with (SiSi)
on T2+T6 or on T3+T4, should be considered. To test this possibility, we performed static
calculations on a different 442 configuration, with Si atoms ordered on T2 and T6 instead of T2 and
T3 sites, assuming for simplicity that zero-point correction and thermal contributions were almost
unchanged. The total energy of the former configuration turns out to be ~0.1 kJ/mol lower than the
latter, in agreement with the increased proportion of Al-O-Si linkages in the structure with Si on
T2+T6. Nevertheless, the difference in total energy between these two configurations seems too
small to produce significant changes in the stability relations of sapphirine.

As far as the symmetry is concerned, our calculations focus on the monoclinic 2M polytype
only, since the investigation of the thermodynamic effects of stacking disorder, if any, is far beyond
the aim of this study. Note that the lower simmetry of the 1A polytype results in splitting of the M8
site into distinct M8 and M9 sites (Merlino 1980). Next-nearest neighbors are different for the two
MDO polytypes, which is also likely to cause differences in mixing behaviour. It certainly seems to
be the case that minor substituents like Fe*", Fe'” and Be behave differently in the 1A and 2M
phases, evidenced by their stabilization effects (cf. Christy 1989a; Christy et al. 2002). In particular,
Christy (1989a) pointed out that 2M phase is stabilized by high temperature, and hence is likely to
be the stable alternative on the liquidus at the pressures considered in this study.

Tablel
Full geometry optimization, of both cell-edges and internal coordinates, was carried out with

a symmetry-preserving relaxation procedure implemented in the CRYSTALO9 code (Civalleri et al.

7
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2001; Doll et al. 2004; Dovesi et al. 2009). The agreement between the calculated structural
parameters and the experimental results obtained on natural samples (Moore 1969; Higgins and
Ribbe 1979; Merlino 1980) is satisfactory (Table 1). The <M-O> and <T-O> mean bond distances
listed in Table 2 show that the calculated values agree with those experimentally observed within
1% and 2% respectively, except for M3 and T3 sites which are assumed to be fully occupied either
by Mg/Al or Si/Al atoms in our calculated structures. Nevertheless, the <M3-O> and <T3-O> mean
bond distances refined by Moore (1969), Higgins and Ribbe (1979) and Merlino (1980) fall
consistently within the ab initio values calculated for sapphirine-351 and sapphirine-442 in this
work (Table 2). Furthermore, the <T2-O> and <T4-O> mean bond distances determined by Higgins
and Ribbe (1979) (1.656 A and 1.750 A, respectively) are closer to the ab initio values
(1.642+1.643 A and 1.771+1.773 A) than those refined by Moore (1969) (1.658 A and 1.733 A) and
Merlino (1980) (1.66 A and 1.73 A). This is clearly consistent with the higher degree of Si/Al
ordering on T2 and T4 sites observed by Higgins and Ribbe (1979) in their samples.
Table2

The B3LYP volumes are slightly overestimated with respect to experiments due to the well-
known effect of exchange-correlation functionals based on the generalized gradient approximation
(GGA). The overestimation may be expected within 2-3% for alkali earth oxides and
aluminosilicates (Cora et al. 2004; Demichelis et al. 2010; Ottonello et al. 2009a, 2010a). On the
other hand, the inclusion of some fraction (20%) of non-local exact Hartree-Fock exchange in the
hybrid density functional improves the quality of the calculated vibrational spectra, hence the
thermodynamic accuracy for insulating crystalline solids, as pointed out by several recent
computational works (Demichelis et al. 2010; De La Pierre et al. 2011; Tobbens and Kahlenberg
2011; Kaindl et al. 2012; Prencipe et al. 2012; Ulian et al. 2013).

Fitting the ab initio pressure-volume curves with a 3" order finite strain Birch-Murnaghan
equation of state (BM3-EOS) yields a static bulk modulus Ky = 158.7 = 0.6 GPa and a pressure

derivative K'g = 4.68 £ 0.14 for sapphirine-442, Ky = 172.3 = 0.4 GPa and K’y = 4.28 + 0.09 for
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sapphirine-351 (Figure 1). As far as we know, these are the first determinations made so far and
there are neither experimental nor other computational data to compare with. The ratios &/ay, b/by
and ¢/¢y predicted for sapphirine-442 and sapphirine-351 in the pressure range P = 0 ~ 10 GPa are
reported in Table 3. Both end-members display almost isotropic linear compressibilities, though
minor differences along the a, b, c crystallographic axes may be inferred from the calculated values:
b axis, for instance, turns out to be more compressible and less compressible than a, ¢ axes in the
sapphirine-442 and sapphirine-351 structures, respectively, up to pressures of 10 GPa (Table 3).
Table3

Figurel

Vibrational calculations
The calculation of the phonon frequencies at I' point was performed within the harmonic

approximation diagonalising the central zone (K = 0) mass-weighted Hessian matrix:

B, H,
W, (K =0) = ——— @)

/MM,

where M; and M; are the atomic masses associated with the i,j-th cartesian coordinates and Hj; is the
second derivative of the potential energy, evaluated at equilibrium (U = 0), with respect to the

atomic displacements:

1 m 3)
! 2| du;du; .

In Equation 3, V(X) defines the potential energy surface (PES) of a periodic system with N nuclei

(which is function of vector X of the 3N atomic coordinates), while u; =x, —x; and u =X - xj

define the atomic displacements from the equilibrium positions (x; and x?). The optimized

structure was taken as reference in the vibrational frequencies calculation. In the CRYSTAL code,

first derivatives of the energy with respect to the atomic positions are calculated analytically for all
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u; coordinates (Doll 2001), while second derivatives at U = 0 (where all first derivatives are zero)
are calculated numerically. A more detailed description of the procedure can be found elsewhere
(cf. Pascale et al. 2004).

In both sapphirine-442 and sapphirine-351 monoclinic unit cells there are 136 atoms, hence
408 (= 3 x 136) vibrational modes (405 optic and 3 acoustic). The irreducible representations of the
optic modes at I" point are:

T

opic = 101A +102A, +102B, +100B,  (4)

A total of 201 IR active modes (101 A, + 100 B,) and 204 Raman active modes (102 A, + 102 B,)
is then expected, along with three additional acoustic modes (1 A, + 2 B,) corresponding to rigid
translations of the lattice. The vibrational frequencies obtained in this study for both sapphirine end-
members, along with their relative mode Griineisen parameters (see below) are listed in Tables A1
and A2 of Appendix L.

Integrated intensities for IR absorption (I,) were computed for each n™ vibrational mode by
means of the mass-weighted effective Born charge vector evaluated through a Berry phase approach
(Dall’Olio et al. 1997). A graphical representation of the IR spectrum in the frequency range 0-1200
cm” was obtained as a superposition of Lorentzian functions, one for each mode, assuming a
damping factor of 30 cm™ (see Figure 2, where the IR spectra experimentally measured on natural
samples by Christy et al. 1992 and Hofmeister and Bowey 2006 are also reported for comparison).
The choice of a constant damping factor was made to better appreciate the overall features of the
envelope and to aid a comparison between ab initio computations and experimental measurements,
the latter being unable to resolve the individual vibrational modes due to the large size and low
symmetry of the unit cell. As shown in Figure 2, the calculated IR spectrum of sapphirine-442
reproduce the position of the observed maxima in the experimental envelopes, which are clearly due
to a superposition of several IR-active modes. The weak peaks observed by Hofmeister and Bowey
(2006) in the low-frequency region and assigned to translations of Mg cations in the octahedral sites

of the structure are reproduced by our calculations. The mid- to high-frequency range of the
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spectrum is dominated by internal bending and stretching modes, even though a one-by-one
comparison with the experimental data is not feasible due to the large number and multiple
overlapping of the bands. As pointed out by Hofmeister and Bowey (2006), the peak observed by
Christy et al. (1992) between 1100 and 1200 cm™ is probably a longitudinal optic (LO) mode since
it does not correspond to any calculated frequency.

Figure2

Acoustic and seismic properties

At the long-wavelength limit corresponding to the center of the Brillouin zone (K—0) the first
three solutions of the dispersion relation vanish (Born and Huang 1954). These solutions are
related to the acoustic modes of the crystal and correspond to homogeneous translation of all the
atoms in the structure along the three spatial directions by the effect of a polarized elastic wave.
The phase velocity and polarization of the seismic wave along a given propagation direction are

obtained by solving the well-known Christoffel determinant (Musgrave 1970):

Gy —pV28,[=0  (5)

ijkl "

where V is the phase velocity of the seismic wave, n = n (ny, ny, n,) the unit vector normal to the
wave surface defining seismic propagation into space, cjj.i the elastic constant tensor, p the density
of the crystal and ik a Kronecker delta. The solutions are of two types: a quasi-longitudinal wave
with polarization nearly parallel to the direction of propagation (Vp), and two quasi-shear waves
with polarization nearly perpendicular to n; (Vs; and Vg,, the former propagating faster than the

latter, i.e. Vg1 > Vsz).

The components of the fourth-rank elastic constant tensor (cjx) were computed using
stress-strain relations as the 2™ derivatives of the energy with respect to the strain components,

that is

11
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e b 9°E
!V 0g;0g;
0

(6)

In Equation 6 we adopt a Voigt notation for the indexes (c;; — ¢y, ¢ — €3, €33 — C3, C23 = C3p —
Cs4, C13 = C31 — Cs and ¢ = ¢y — C¢). Calculations were carried out by using an automatic scheme
implemented in the CRYSTALO09 code (Perger et al. 2009) and applying strains up to 0.02 in
magnitude. The thirteen independent elastic stiffnesses (cjj) of sapphirine-442 and sapphirine-351
are listed in Table 4, along with the compliances (sjj); details about the stiffnesses-compliances
conversion can be found in Nye (1957).

Table4

Single-crystal azimuthal seismic anisotropy for longitudinal waves (Ap) and shear waves (As) may

then be obtained as (Karki et al. 2001; Mainprice 2007):

\Y% Y
A, :(M}doo (7.1)
Ve
Vg ax = Vi
A= (ijloo (7.2)
Vs

where Viyax and Vi are the fastest and slowest longitudinal and shear velocities, respectively,
and Ve and Vs are isotropic seismic velocities averaged over all propagation directions (see
below). The obtained results are presented in Figure 3 by means of inverse pole figures plotted on
contoured stereograms using the CAREWARE package (Mainprice 1990) and show that sapphirine
has relatively high Ap (~15-16%) and very high Ag (~32-33%) maximum anisotropies with respect
to other common rock-forming silicates, like, among others, plagioclase (27% for Ap and Ag),
orthopyroxene (17% for Ap and 5% for As), hornblende (24% for Ap and 23% for Ag), cordierite
(7% for Ap and 14% for Ag), sillimanite (23% for Ap and 20% for As), andalusite (21% for Ap and
13% for Ag), diopside (24% for Ap and 14% for Ag), garnet (1% for Ap and Ag). Since sapphirine

it is likely a major consituent of mafic granulites in the lowermost continental crust (cf. Christy et

12
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300 al. 1989b), it may contribute to the seismic velocity anisotropy of lower crust sections (Toohill et
301  al. 1999 and references therein).

302 Figure3

303 Directionally averaged shear and longitudinal velocities may be evaluated through the

304  following scheme (Kieffer 1979a):

305 u; =V py (8.1)
Vo e Vs
306 u, =3\/ S},VRH s,zfle (8.2)
2(VS,VRH + VS,MAX)
VS3,VRH 'u;

307 u, =3 (8.3)
1 (211; - VS3,VRH )

308  where Vsmax is the fastest shear-wave velocity in the single-crystal, while Vpyry and Vgvry are
309 the aggregate Voigt-Reuss-Hill longitudinal and shear seismic velocities (VRH; Hill 1952),

310  obtained from the aggregate elastic moduli (bulk modulus and shear modulus) as follows:

311 K, :éx(c' +2¢") (9.1

312 K, =(s4+2s")" (9.2)
— 1

313 Kyr = E(Hv +MR) 9.3)

1

314 iy :Ex(c' —c"+3¢") (10.1)

315 W, =15%(4s'—4s"+3s") " (10.2)
_ 1

316 Hyen =y +1e ) (10.3)

317 VS,VRI—I = HVR% (11)

4 _
— KVRH +§XMVRH
318 Vevra = (12)

13
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Ky (and pv), Kg (and pg) in the above equations are the Voigt and Reuss bounds for bulk modulus
(and shear modulus), respectively; p is the density; ¢’ = ¢} + ¢ + ¢33 and ¢’’’ = Caq + Cs5 + Cg6 are
obtained by summing up the diagonal terms of the stiffness tensor; ¢’ = ¢1, + €13 + €23 is the sum of
the non-diagonal terms of the stiffness tensor; s” = s;; + sy + 833 and s”7° = s44 + Ss55 + Sg6 are
obtained by summing up the diagonal terms of the compliance tensor; s>’ = s + 13 + Sp3 is the sum
of the non-diagonal terms of the compliance tensor.

As a proof of the internal consistency of the procedure one must verify that the static bulk

modulus (Ky) obtained by fitting the P-V values with a BM3-EOS is not much dissimilar from the

aggregate bulk modulus (K, ) obtained through the Voigt-Reuss-Hill averaging procedure. We

calculated K., = 159.76 GPa (to be compared with K, = 158.73 GPa) for sapphirine-442 and

Ky = 173.02 GPa (to be compared with Ko = 172.33 GPa) for sapphirine-351.

Young’s modulus (E) and Poisson’s ratio (vp) are respectively:

E — ZKVRHHZRH (13)
3I<VRH + MVRH

V. = 3KVRH B 2HVRH
P == —
2x (3KVRH *+ Hlygy )

(14)

The maximum frequency of each acoustic branch was obtained from the directionally averaged

seismic velocities by applying:

Y
6mN,,
o _Vi( i j (15)

where the term in brackets (knax) defines the Brillouin zone boundary (i.e. the radius af a sphere
with the same volume of the Brillouin zone, cf. Kieffer 1979¢). Conversion of the obtained seismic

velocities to linear frequencies yields the following results: v, = 62.0 cm™, v, = 68.9 cm™, v; =

111.1 cm™ for sapphirine-442; v, = 63.5 em’, va=714cm’, v3=114.9 cm™ for sapphirine-351.

14
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All the relevant thermophysical properties calculated for sapphirine-442 and sapphirine-351
(i.e. single-crystal, directionally averaged and aggregate elastic moduli and seismic velocities) are
summarized in Table 5.

Table5

Thermodynamic properties

Due to the large size and low symmetry of the unit cell of sapphirine, a modified Kieffer’s
model (Kieffer 1979a, 1979b, 1979¢) was adopted to evaluate the optic and acoustic mode
contributions to thermodynamic functions stemming from ab initio phonon frequencies and
directionally averaged seismic velocities, respectively. Several studies proved that revisited
versions of the Kieffer’s model based on first principles and/or lattice dynamics calculations are a
valid alternative to full phonon dispersion calculations for crystals with large unit cells, providing
excellent results for different kind of minerals, such as silicates, carbonates, oxides and phosphates
(Fleche 2002; Ottonello et al. 2009a, 2009b, 2010a, 2010b; Prencipe et al. 2011; Ungureanu et al.
2012; Jacobs et al. 2013; Belmonte et al. 2013).

Thermoelastic properties can be obtained from the quasi-harmonic expression of the oKt

product:

R 3n X X 2
oK. =— e’ ! 16
. ngv, (eXa_J (16)

where R is the gas constant, V is the molar volume, Z is the number of formula units in the unit
cell, n is the number of atoms in the unit cell and X; is the undimensionalized frequency of the i
vibrational mode (X; = hwy/KT, where h and k represent, respectively, Planck and Boltzmann
constants and « is the radial frequency). The mode Griineisen parameters (y;) define the volume
dependence of the 3n vibrational modes of the lattice in the framework of the quasi-harmonic

approximation (QHA), being expressed as:

15
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where v; is the wavenumber of the vibrational frequencies (expressed in cm™). The numerical
values of the mode Griineisen parameters, obtained by fitting the results of phonon calculations at
different compressed states with second-order polynomials, are listed in Tables Al and A2 of
Appendix I.
The product oKt attains a fairly constant value at high temperature, averaging 0.0044 GPa/K for
sapphirine-351 and 0.0042 GPa/K for sapphirine-442 in the range T = 1000 - 3000 K. Following
the guidelines developed in our previous works (see for instance Ottonello et al. 2010a), we
obtained (0K1/0T)p = —210 bar/K for sapphirine-442 and (0K1/0T)p = —188 bar/K for sapphirine-
351. The calculated values for thermal expansivity are well reproduced by the following
polynomial function:
oy (T)=o,T+o, +o, T+, T2+, T (18)

The obtained coefficients are o = 9.0302x107; oy = 1.0411x107; o = 14.0340x107; a3 =
-6.4469; ou = 814.288 (R?=0.9999) for sapphirine-442 and ¢ = 6.0817x107; oty = 1.5709x107; o,
= 8.2836x107; 03 = -4.3554; oy = 547.232 (R*=1.0000) for sapphirine-351. As far as we know,
there are no experimental data for thermal expansion of sapphirine. The thermal expansion
coefficients calculated at ambient conditions (T=298.15 K, P = 1 bar) for sapphirine-442 (095,15 =
1.84 x 10 K™") and sapphirine-351 (a05.15 = 1.70 x 10™ K™', respectively) are rather different from
the semi-empirical estimates taken from various thermodynamic assessments (008,15 = 2.50 x 107
K! according to Gottschalk 1997; az98.15 = 2.06 % 10°K! according to Kelsey et al. 2004; 09515 =
2.05 x 107 K™ according to Holland and Powell 2011).

In the harmonic approximation the isochoric heat capacity of one mole of a substance can be

expressed as

3 X, 2~ 2 XdX 3n A 2
C, = ( j -!-[arcsm X/X, X R (e X, J (19)

~ 1/2( _1>2 7 1:46
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The first term on the right of Equation 19 is the acoustic contribution at Ky, represented in terms
of a sine-wave dispersion relation (Kieffer 1979a, 1979b, 1979c), while the second term is the
contribution of all the remaining (optic) modes. The computed isochoric heat capacity attains the
Dulong-Petit limit (3nR) at high temperature, as expected from QHA.
Using the standard relation between C,, and C,, i.e.:
C, =C, +TV,0 K, (20)
we evaluated C, and translated its T-dependency into the polynomial expression commonly
adopted in metallurgy (cf. Ottonello et al. 2013):
Cp=a+bXT+cXT? +dxT ™" +exT> +fxT> +gxT° (1)

Regression coefficients, valid between 298.15 and 3000 K, are as follows: a = 791.61; b =
0.065455; ¢ = -18.175x10% d = -481.63; e = -0.91576x10°; f = 0.34196x10”; g = -2.0517x10” for
sapphirine-442; a = 789.73; b = 0.0603; c = -9.1751x10% d = -782.10; e = -3.1847x10°; f =
1.327x107%; g = -5.1473x10” for sapphirine-351. The calculated heat capacities show a good
agreement with the calorimetric results of Kiseleva and Topor (1975) and Kiseleva (1976), which
are reproduced within 2% over the range T = 298.15 + 1000 K (Figure 4). The inset of Figure 4
shows as the difference between the Cp values of the two sapphirine end-members are small (less
than 14 J/molxK in the temperature range from 298.15 K to 3000 K).
Figure4

In the absence of configurational disorder, the entropy of one mole of a crystalline substance

reduces to:

_3R(2 '3t aresin(X/X, ) XdX  3R(2)' & f [aresin X/X ) x
S‘?(EJ = !(x2 x) (e -1) Z ( j I )" nl-e7 i+

B 22)
R 3n Xi ) R
E;(exi -1 —ll’l(l—e N )j+21n(Qe)+‘([VT KTOC-f—dT

The first two terms on the right side of Equation 22 are the sine-wave dispersion contributions

(acoustic modes) of the Kieffer’s model, the third term is the contribution of the remaining 3n-3

17
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(optic) modes, the fourth term is the electronic contribution arising from spin multiplicity (here
identically equal to zero) and the last term is the anharmonic contribution to the entropy of the
substance. It must be stressed that, since ay was derived in the framework of QHA, the estimate of
the last integral in Equation 22 is a quasi-harmonic estimate as well. The standard state entropy
attains a value of Sozgg = 397.6 J/(molxK) for sapphirine-351 and 80298 = 407.0 J/(molxK) for
sapphirine-442. Kiseleva (1976) gives a value of S’ys = 412.0 J/(molxK) for a synthetic sapphirine
with the same composition of sapphirine-442. It may be argued that the slightly higher value
reported by Kiseleva (1976) is likely due to a configurational contribution related to some
structural disorder in the synthetic sample (cf. Christy et al. 1992). This kind of contribution is
absent in our end-member compositions. If an ideal mixing of Mg and Al atoms in the M3
octahedral sites and Al and Si atoms in the T3 tetrahedral sites is considered, the configurational

contribution to entropy will be expressed by:

m|xmg RZ N; ( i In Xi,j ) (23)

where N; is the number of sites of type i per formula unit and Xj; is the molar fraction of site i
occupied by the atomic species j (in our case i = M3, T3; j = Mg, Al, Si). According to Equation
23, the configurational entropy attains a maximum value of 11.53 J/(molxK) in the case of a totally
random distribution of cations on M3 and T3 sites, a value which is consistent with the difference
between our calculated and the experimental 80298 of sapphirine-442.

In the harmonic approximation the internal energy of a solid is given by:

3RT(2) & | larcsin(X/X, )]2XdX RT
U=EB3LYP,crystal +7(;) Z'([ ( 2 XZ)I/Z (e ) IZX(

where the second and third terms on the right-hand side of Equation 24 represent the thermal

1) (24)

correction to U (AU, including the zero-point energy). Knowing U and S, the absolute enthalpy of
a substance (H) and the absolute values of its Helmholtz and Gibbs free energies (F and G,

respectively) may be obtained by the usual thermodynamic relations (H=U+PV; F=U-TS; G=H-

18
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TS). These absolute values should not be confused with the enthalpy and free energy of formation
of a substance from the elements or oxides, that are the magnitudes usually provided by
thermodynamic tabulations. The calculation of the ab initio enthalpy of formation of a substance

from the elements at standard state requires the assessment of a thermochemical cycle of the type:
n/Z n/Z
170
Hiog15 = (AU298,15—0 + PAV2984IS—O)_ D, + Znin,A,,o - ZniAHelemem,,o%ﬂ)s.ls (25)
i=1 i=1
where the term in brackets is the thermal correction to the enthalpy at T =298.15 K, H; 5 , 1s the

enthalpy of formation of the i gaseous atom from the stable element at T = 0 K, P = 1 bar (with the

summation extended to the n/Z atoms in the molecule; see Table 6), AH ey 0520815 18 the

enthalpy difference between T = 298.15 K and T = 0 K for the monatomic elements (Table 7) and

Dy is the zero point dissociation energy of the gaseous molecule into gaseous atoms at 0 K:

n/Z

D, = z nE, - (E B3LYP.erystal T E 2pE crystal ) (26)
P

corresponding to the difference between the sum of the electronic energies of the gaseous
atoms at 0 K and the electronic + zero point energy of the crystal (Table 7). The level of accuracy of
the thermochemical procedure has been discussed in details in previous works (see for instance
Ottonello et al. 2010a). As a rule of thumb, the procedure allows to reproduce enthalpies of
formation within 1-2% of uncertainty with respect to experimental data, essentially due to the
difficulty in estimating appropriate electronic energies for the isolated gaseous atoms (E4; terms in
Equation 26). In the case of sapphirine, Ea; values have been optimized in order to reproduce the
correct heat content of the constituent oxides at standard state, taking as reference the Hof’zgg_l s of
periclase, corundum and quartz as defined by Robie and Hemingway (1995), Ditmars et al. (1982)
and Richet et al. (1982), respectively. Even though a direct comparison with observations is not
straightforward due to the non-negligible effect of structural disorder, the calculated values are in
reasonable agreement with those obtained by high-temperature solution calorimetry and the more

endothermic character of sapphirine-442 with respect to sapphirine-351 is consistent with the
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calorimetric results produced so far on natural and synthetic samples (Charlu et al. 1975; Kiseleva
1976; Christy et al. 1992) (see Table 7). Enthalpies of formation of sapphirine-351 and sapphirine-
442 were raised within the limits of the theory in the thermodynamic modeling of MAS ternary
system (by 0.6% and 1.6%, respectively; see Table 7) in order to reproduce the ternary peritectic
points which define the primary field of crystallization of this mineral at 1-bar pressure. This is a
common practice in thermodynamic optimizations (e.g. Jung et al. 2004), especially when first
principle calculations are coupled with internally-consistent thermodynamic data assessed on
experimental phase equilibria (like those of Berman 1988). Since the MAS phase topology turns out
to be rather insensitive to the standard state molar volumes adopted for sapphirine, the ab initio
values were retained, although slightly overestimated (see Table 1).
Table6
Table7

The thermodynamic properties and thermophysical parameters of the two sapphirine end-
members investigated in this study are summarized in Table 8 and compared with literature data in
Table 9.
Table 8

Table9

IMPLICATIONS
Sapphirineasa" liquidus' phasein petrogenetic systems

Ternary liquidus projections of the MAS system calculated for four different pressures are
given in Figure 5. For simplicity, the sapphirine solid solution is approximated by a mechanical
mixture of fixed-composition 351 and 442 end-members. Since a true solid solution will have a
lower free energy than the mechanical mixture of end-members, the stability field for sapphirine
calculated here represents necessarily a lower stability limit. At P = 1 bar, the thermodynamic

properties calculated in this work for sapphirine-351 are consistent with a small field of primary

20

Always consult and cite the final, published document. See http://www.minsocam.org or GeoscienceWorld



485

486

487

488

489

490

491

492

493

494

495

496

497

498

499

500

501

502

503

504

505

506

507

508

509

510

This is a preprint, the final version is subject to change, of the American Mineralogist (MSA)
Cite as Authors (Year) Title. American Mineralogist, in press.
(DOI will not work until issue is live.) DOI: http://dx.doi.org/10.2138/am.2014.4833 3/6

crystallization matching experimental observations (Foster 1950; Keith and Schairer 1952; Osborn
and Muan 1960; Smart and Glasser 1976) (see Figure 5a). Raising the pressure to 5 kbar, both the
442 and 351 end-members becomes stable and the primary field of crystallization of sapphirine
considerably widens at the expenses of that of cordierite (Figure 5b). At P = 10 kbar, the field of
cordierite disappears and sapphirine persists as stable phase in the system (Figure 5c). Between 10
and 20 kbars, the field of sapphirine progressively shrinks up to disappear above P = 21 kbar. At
this pressure a primary phase field of pyrope garnet appears in the MAS system (Figure 5d). The
liquidus phase relations inferred by our thermodynamic modeling shed new light onto the P-T-X
effects on sapphirine stability giving a rationale to the few existing experimental results. First of all,
the experimental evidence that increasing pressure seems to stabilize less aluminous compositions
so that the Tschermak-type subsitution of (MgSi) for (AlAl) would be favoured by high pressure
conditions (Schreyer and Seifert 1969a; Taylor 1973; Seifert 1974; Bishop and Newton 1975;
Higgins et al. 1979) is here confirmed by the relative stability of sapphirine-351 and sapphirine-442
end-members in MAS system between 1 bar and 21 kbars. Secondly, the possibility to form
sapphirine by decomposition of cordierite (Schreyer and Seifert 1969b; Newton 1972) and/or
pyrope (Boyd and England 1959; Schreyer 1968; Schreyer and Seifert 1969a; Ackermand et al.
1975) is perfectly compatible with our modelled liquidus phase relations. Finally, the survival of a
noticeably large primary field of crystallization of sapphirine in MAS system up to relatively high-
pressure conditions (i.e. at least to P = 20 kbar) strengthens the hypothesis that sapphirine can be a
primary liquidus phase in basaltic magmas at high pressure, as already supported by some
experimental works (Taylor 1973; Liu and Presnall 1990, 2000; Milholland and Presnall 1998). The
recent discovery of igneous sapphirine as a product of melt-peridotite interaction at high pressure (~
1.1 GPa) in the Finero Phlogopite-Peridotite Massif of the Western Italian Alps (Giovanardi et al.

2013) is a natural evidence supporting this possibility.
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FIGURE CAPTIONS

Figure 1: Pressure-volume curves calculated for sapphirine-442 (open squares) and sapphirine-351
(open circles). Ko and K’y are the static bulk modulus and its pressure derivative at T=0 K,

respectively.

Figure 2: Comparison between calculated and experimental IR spectra of sapphirine. Ab initio
results refer to the sapphirine-442 end-member composition (MgsAlgSi»Oy). Experimental data of
Hofmeister and Bowey (2006) and Christy et al. (1992) refer to natural samples with Si = 1.6 apfu

and Si = 1.8 apfu, respectively.

Figure 3: Inverse pole figures of longitudinal seismic velocities (Vp) and quasi-shear wave velocities
(Vs1 and Vgy) calculated for (a) sapphirine-442 and (b) sapphirine-351 using the elastic tensors
obtained in this study. Single-crystal seismic anisotropies (Ap and Ag, in %) are also reported at the
bottom of each stereogram. X1, X2 and X3 are the reference axes, with X1 along [100], X2 along

[010] and X3 along [001] crystallographic directions. Contour lines are in Km/s.

Figure 4: Ab initio isobaric heat capacities of sapphirine-442 and sapphirine-351, compared with
the experimental data of Kiseleva and Topor (1975). The assessed values of Holland and Powell
(2011) are also plotted for comparison. The inset shows the absolute difference between the Cp

values calculated for the two sapphirine end-members.

Figure 5: MAS liquidus surface calculated at a) P =1 bar, b) P = 5 kbar, ¢) P = 10 kbar and d) P =
21 kbar. Abbreviations for minerals as in Whitney and Evans (2010): Trd = tridymite (Si0O,); Crs =
cristobalite (Si0O;); Qz-p = quartz-beta (SiO;); Mul = mullite (AlsSi,O;3); Crd = cordierite

(Mg»Al4Si50,3); En = enstatite (MgSiOs); Fo = forsterite (Mg,Si04); Spl = spinel (MgAl,04); Per =
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periclase (MgO); Crn = corundum (Al,O3); Spr-351 = sapphirine-351 (Mg3Al;0Si0y); Spr-442 =

sapphirine-442 (Mg4AlgSi,05); Sil = sillimanite (Al,Si0s); Prp = pyrope (MgzAlSi3013).
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Table 1. Site occupancies and structural parameters of the investigated sapphirine-2M end-members (Mg,AlgSi,O, and Mg3Al;(Si0,), compared with

experimental results.

Site Mg35Al90Si15020 M g3 7Fen2Alg3Si18020 M g3.15F€1 05Al8.05511.75020 M da0Alg0Si20020 Md30Al100Si110020
M1 Al Mg .04Alo.96 Feg.10Alo.90 Al Al
M2 Al Mgo.06Al0.04 Feg 10Alo.90 Al Al
M3 Mg 50Alo.50 Mg 56Alo.44 Mgo 70Fe0.30 Mg Al
M4 Mg Mg Mg ssFeo1s Mg Mg
M5 Mg Mg Mgy s0Feo.20 Mg Mg
M6 Mg Mg Mg soFeo.20 Mg Mg
M7 Al Al Al Al Al
M8 Al Mg 1oAl gg Al Al Al
T1 Al Sig.0sAlg.02 Al Al Al
T2 Sip75Alp2s Sig99Alo .01 Sip75Alo.2s Si Si
T3 Sip s0Alo.s0 Sig 49Alg 51 Sip s0Alo.s0 Si Al
T4 Sip2sAlo.7s Sip.0sAl.92 Sip2sAlo.7s Al Al
T5 Al Al Al Al Al
T6 Al Sig27Alg 73 Sig25Alg 75 Al Al
a(Ad) 11.266(12) 11.286(3) 11.31(1) 11.363 11.375
b (A) 14.401(70) 14.438(2) 14.48(1) 14.610 14.461
cAd) 9.929(10) 9.957(2) 9.99(1) 9.903 9.875
B 125.4(5) 125.4(2) 125.4(2) 124.289 124.285
Vear (A7) 1311(3) 1322.52 1333.59 1358.4 13422
a/b 0.7823 0.7817 0.7811 0.7778 0.7866
c/a 0.8813 0.8822 0.8833 0.8715 0.8681
Reference Moore (1969) Higgins and Ribbe (1979) Merlino (1980) this work this work

Notes: Ab initio results refer to T = 0 K and P = 0, experimental data to ambient conditions (T = 298.15 K and P =1 bar). Experimental data have been
obtained by single-crystal X-ray diffraction (Moore 1969; Merlino 1980) or neutron diffraction (Higgins and Ribbe 1979).
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Table 2. Mean bond distances calculated for sapphirine-442 (Mg,;AlgSi,O4) and sapphirine-351 (Mg3Al;;SiOy), in comparison with
experimental data.

Mean bond distances (A) i\;[gg;e): Higgir(li ;?S)Ribbe h(/[legr;ig)o Sa(;;ﬁihsirvivlz-kél)n Sagﬁiir‘jvri)er-s)Sl
<M1-0> 1.926 1.932 1.94 1.936 1.934
<M2-0> 1.930 1.938 1.94 1.934 1.935
<M3-0> 1.988 2.001 2.02 2.085 1.946
<M4-0> 2.078 2.080 2.10 2.105 2.090
<M5-0> 2.120 2.120 2.13 2.150 2.132
<M6-0> 2.115 2.118 2.13 2.147 2.132
<M7-0> 1.921 1.929 1.92 1.927 1.934
<M8-0> 1.930 1.938 1.94 1.942 1.937
<T1-0> 1.771 1.757 1.78 1.778 1.776
<T2-0> 1.658 1.656 1.66 1.643 1.642
<T3-0> 1.700 1.711 1.70 1.646 1.759
<T4-0> 1.733 1.750 1.73 1.773 1.771
<T5-0> 1.755 1.758 1.78 1.787 1.790
<T6-0> 1.736 1.735 1.73 1.788 1.787

Table 3. Ab initio axial and volume compression data of sapphirine-442 (Mg;AlgSi,0,0) and sapphirine-351 (Mg;Al;(SiO,p),
calculated in the pressure range P =0 + 10 GPa.

Sapphirine-442 Sapphirine-351
P (GPa) a/ay b/by Cc/Cy B V/V, a/ay b/by c/Cy B () VIV,
0.0 1.0000 1.0000 1.0000 124.289 | 1.0000 1.0000 1.0000 1.0000 124.285 1.0000

0.5 0.9990 0.9989 0.9989 124.275 | 0.9969 0.9990 0.9990 0.9990 124.277 0.9971

1.0 0.9980 0.9978 0.9978 124.264 | 0.9939 0.9980 0.9981 0.9980 124.268 0.9943

1.5 0.9970 0.9966 0.9967 124.250 | 0.9908 0.9971 0.9971 0.9970 124.261 0.9915

2.0 0.9961 0.9955 0.9957 124.239 | 0.9879 0.9961 0.9962 0.9960 124.248 0.9888

3.0 0.9942 0.9934 0.9936 124.216 | 0.9821 0.9942 0.9944 0.9941 124.235 0.9834

4.0 0.9924 0.9913 0.9916 124.200 | 0.9766 0.9924 0.9925 0.9923 124.222 0.9780

5.0 0.9905 0.9892 0.9896 124.176 | 0.9710 0.9905 0.9909 0.9904 124.203 0.9731

7.0 0.9871 0.9853 0.9859 124.143 | 0.9605 0.9871 0.9874 0.9869 124.177 0.9631

10.0 0.9822 0.9801 0.9808 124.100 | 0.9463 0.9820 0.9828 0.9819 124.135 0.9494

Table 4. Ab initio B3LYP stiffnesses (c;;) and compliances (s;j) calculated for sapphirine-442 (Mg,AlgSi,059) and sapphirine-351
(Mg3Al,6Si0y).

Sapphirine-442 Sapphirine-351

¢ij (GPa) s;; (GPa)” cii (GPa) s;; (GPa)”

Ci1 300.86 S11 398.02 x 1075 Ci1 302.78 S11 411.93 x 1075
o 300.91 2 390.27x10°  cx» 333.89 2 359.56 x 107
33 336.66 S33 329.88 % 10° ¢33 360.38 S33 309.31 %107
Cas 86.62 Sas 1267.95x 10°  cyy 91.16 Sus 1194.06 x 107
Css 98.86 Sss 1061.60 x 10°  css 105.53 Sss 1002.42 x 107
(773 109.34 S66 1004.53 % 10_5 Ce6 124.73 Se6 872.74 x 10-5
i 94.35 S ~114.02%x10° ¢p» 111.39 S12 -127.79x 107
Ci3 91.41 Si3 —87.44x10°  cy3 95.55 Si3 ~86.69 x 10
o3 66.65 $23 —43.46x 107 ¢y 74.25 23 -36.53 x 10
Cis ~11.45 Sis 87.04x 1075 ¢y5 -18.89 Sis 116.76 x 107
Cas 29.73 S2s —127.26 X 10°  cys 27.56 S2s -112.72x 107
Css 7.52 S35 —22.15x 107 ¢s5 11.73 S35 —40.37 x 10
Cas 29.12 S46 —337.72x 107 cy46 30.41 S46 -291.12x 107
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Table 5. Ab initio single-crystal, directionally averaged and
aggregate seismic properties of sapphirine-442 (MgyAlgSi,0,)
and sapphirine-351 (Mgz;Al;(Si0y).

Sapphirine-442 Sapphirine-351

VS.MIN (Km/s) 4.45 VS‘MIN (Km/S) 4.63
VS,MAX (Km/s) 6.21 VS,MAX (Km/s) 6.46
u, (Km/s) 521 u; (Km/s) 5.32
u, (Km/s) 5.79 u, (Km/s) 5.98
u; (Km/s) 934  u;(Km/s) 9.62
VS.VRH (Km/s) 5.47 VS.VRH (Kl’n/s) 5.61
VP,VRH (Km/s) 9.34 VP,VRH (Km/s) 9.62
Kv (GPa) 16036 Ky (GPa) 173.27
Kg (GPa) 159.16  Kg (GPa) 172.78
Kvry (GPa) 159.76  Kypu (GPa) 173.02
wy (GPa) 10470 py (GPa) 112.01
1z (GPa) 97.06  pg (GPa) 103.20
Ly (GPa) 10088  pvrn (GPa) 107.60
E (GPa) 24997  E(GPa) 267.32
p 0239 v 0.243
po (g/cm’®) 3.370 po (g/cm’®) 3.419

Notes: Vgmm, Vsmax = single-crystal slowest and fastest shear-
wave velocities; uj, u, = directionally averaged shear-wave
velocities, u3; = directionally averaged longitudinal-wave
velocity; Vs vru, Vpvrn = Voigt-Reuss-Hill aggregate shear and
longitudinal seismic velocities; Ky, Kg, Kyry = Voigt, Reuss
and Voigt-Reuss-Hill bulk moduli; py, pg, kvry = Voigt, Reuss
and Voigt-Reuss-Hill shear moduli; E = Young’s modulus; vp =
Poisson’s ratio; po = density at the athermal limit (i.e. P = 0 GPa
and T=0K).

Table 6. Thermochemical reference data for the atoms
of interest in this study.

Species  H’taio  AHelementio—298.15 Eai
(kJ/mol) (kJ/mol) (hartree)
Si 445.668 3.2180 -289.293670
(0] 246.790 4.3415 —75.057906
Mg 145.900 4.9980 -200.014400
Al 327.300 4.5390 —242.283402

Notes: H’ = enthalpy of formation of the gaseous
atom from the stable element at T = 0 K, P = 1 bar
(NIST-JANAF Tables; Chase 1998). AHejement,i0—298.15
is the enthalpy difference between T = 298. 15 K and
T = 0 K for the monoatomic element (NIST-JANAF
Tables; Chase 1998). E,; is the electronic energies of
the gaseous atoms yielding a correct heat content of
the constituent oxides at standard state in the
compositional system MgO-Al,05-SiO,: the results
obtained by Robie and Hemingway (1995) for
periclase, Ditmars et al. (1982) for corundum and
Richet et al. (1982) for quartz-a are taken as reference
values (see Table 7).
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Table 7. Thermochemical data for heat content calculation of sapphirine-442 (Mg4AlgSi,04) and sapphirine-321

(Mg3Al(Si0x).

QI
Substance Do Eo crystal EzpEcrysal  Huvib,208.15 Hof,298.15 /B3LYP  H°; g5/ Expt. §»{Rz_f
(kJ/mol) (hartree) (kJ/mol)  (kJ/mol) (kJ/mol) (kJ/mol) 375 )
MgO (periclase) 989.8  —275.454828 14.5 19.5 —601.4 —601.6 162
a-ALOs (corundum) ~ 3058.7  —710.922481 44.6 54.6 -1675.7 1675712 g73.4
0a-SiO, (quartz) 1845.0  —440.123389 29.4 36.3 -910.7 -910.7 8786
0-Mg,SiO, 879
(forsterite) 38834  —991.055720 59.1 75.7 21727 —-2173.0 gg?z
Mg, AlsSi>050 ~11158.0 b g
(sapphirine.442) 20113.5 —4825.844937  298.7 374.6 (11088,0)° ~11005 +33.5 g %7
Mg;AlSiOy ~11335.3 . g
1o 20351.7 —4821.194682  299.5 374.1 . ~11106 + 8.0 7
(sapphirine-351) (-11203.3)" 884
885

Notes: (1) this work; (2) Robie and Hemingway (1995); (3) Ditmars et al. (1982) ; (4) NIST-JANAF Tables (Chase 1998);
(5) Ottonello et al., (2009b); (6) Richet et al. (1982); (7) Kiseleva (1976). * Optimized value according to MAS phase
topology (see text for details). ® Value measured on a synthetic disordered sample of formula Mg,AlgSi,Os. © Value
measured on a natural ordered sample of formula Mgj; sAly ¢Si; sOy.
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893 Table 8. Ab initio B3LYP thermodynamic and thermophysical
894 data for sapphirine-442 (MgyAlgSi,Oyy) and sapphirine-351
895  (Mg;AlL,SiOy).

896
Sapphirine-442 Sapphirine-351
V%05 (cc/mol) 204.879 202.387
S5 (J/moIxK) 407.0 397.6
AH 05 (kIJ/mol) -11088.0 -11203.3
K, (GPa) 158.73 172.33
K/ 4.68 428
(dK/dT)p (bar/K) -210.2 -188.0
< 10° 9.0302 6.0817
0,x10° 1.0411 1.5709
0,x10° 14.0340 8.2836
03 —6.4469 —4.3554
o 814.288 547.232
a 791.61 789.73
bx10? 65.455 60.300
cx107 ~181.750 —-91.751
d -481.63 ~782.10
ex10 -9.1576 —31.847
x10° 3.4196 13.270
gx10° -2.0517 ~5.1473
897
898 Notes: Vozgg = molar volume at standard state (T=298.15 K and P
899 = lbar); Sozgg = standard state entropy; AfH%g = enthalphy of

900 formation from the elements at standard state; K, = static bulk
901 modulus; K'y = pressure derivative of bulk modulus; (dK/dT), =
902 isobaric temperature derivative of bulk modulus; ay, a;, o, 03, 04 =
903 numerical coefficients of the polynomial function for thermal
904 expansion (see Eq. 18); a, b, ¢, d, e, f, g = numerical coefficients of

905 the polynomial function for isobaric heat capacity (Cp) (see Eq.
906  21).

907
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911
912
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Table 9. Standard state thermodynamic properties of sapphirine end-members at 1 bar, 298.15 K.

Mg, AlgSi, 0y 0 0 0
(sapphirine-442) AH 508 (kJ/lTlOl) S"08 (J/mOlXK) V08 (cc/mol)
this work ~11088.028 406.975 204.879
Kiscleva (1976) ~11005.6 + 33.5 411.7056 -
Holland & Powell (1998) _11014.08 440.00 198.70
Logvinkov et al. (2001) 11107497 390.34172 -
Kelsey et al. (2004) ~11003.38 450.00 199.05

; _11018.469° 413.75° 198.61°
Podlesskii et al. (2008) (~11003.035)° (425.32)° (198.61)°
Holland & Powell (2011) 1102240 425.50 199.00
Mg;Al;S102

(sapphirine-351)

AH 05 (kJ/mol) S0%45 (J/moIxK)

Vs (cc/mol)

this work
Kelsey et al. (2004)
Podlesskii et al. (2008)

Holland & Powell (2011)

~11203.294 397.575
~11138.46 420.00
—11168.243° 379.67°
(-11181.724)° (367.94)°
~11135.69 419.50

202.387

197.51

196.67*
(196.51)°

197.50

Notes: Vs = molar volume at standard state (T=298.15 K and P = 1bar); 8%, = standard state
entropy; AfH®g = enthalphy of formation from the elements at standard state; a = end-member
properties for the ideal solid solution; b = end-member properties for the non-ideal solid solution.
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Table 1. Site occupancies and structural parameters of the investigated sapphirine-2M end-members (Mg;AlgSi,O,y and Mg3Al;(Si0,), compared with
experimental results.

Site M35Al90Si15020 M3 7Fen2Alg3Si18020 M3 15F€1 05Al8055i1.75020 Md40Alg0Si20020 Md30Al100Si10020
M1 Al Mgo.04Alp.96 Feg.10Alp.90 Al Al
M2 Al Mgy .06Al0.94 Feg.10Alp 90 Al Al
M3 Mgj.s0Alo.50 Mg s6Alo.a4 Mg 70Feo30 Mg Al
M4 Mg Mg MgossFeors Mg Mg
M5 Mg Mg Mg soFeo.20 Mg Mg
M6 Mg Mg MgosoFeo.20 Mg Mg
M7 Al Al Al Al Al
M8 Al Mgy 12Al g5 Al Al Al
T1 Al Sig.08Alg.02 Al Al Al
T2 Sig.75Alo25 Sig.99Alp o1 Sig.75Alo.2s Si Si
T3 Sips0Alo.s0 Sig 49Alo5) Sig s0Alo.s0 Si Al
T4 Sip2sAlo.7s Sip.0sAlg.02 Sip25Alo.7s Al Al
T5 Al Al Al Al Al
Té6 Al Sip27Alg.73 Sip2sAlo.7s Al Al
a(d) 11.266(12) 11.286(3) 11.31(1) 11.363 11.375
b (A) 14.401(70) 14.438(2) 14.48(1) 14.610 14.461
c(A) 9.929(10) 9.957(2) 9.99(1) 9.903 9.875
B (°) 125.4(5) 125.4(2) 125.4(2) 124.289 124.285
Vear (A% 1311(3) 1322.52 1333.59 1358.4 1342.2
a/b 0.7823 0.7817 0.7811 0.7778 0.7866
c/a 0.8813 0.8822 0.8833 0.8715 0.8681
Reference Moore (1969) Higgins and Ribbe (1979) Merlino (1980) this work this work

Notes: Ab initio results refer to T = 0 K and P = 0, experimental data to ambient conditions (T = 298.15 K and P =1 bar). Experimental data have been
obtained by single-crystal X-ray diffraction (Moore 1969; Merlino 1980) or neutron diffraction (Higgins and Ribbe 1979).



Table 2. Mean bond distances calculated for sapphirine-442 (Mg,AlSi,Ox0) and sapphirine-351 (MgzAl10SiO), in comparison with
experimental data. Values in parenthesis are the deviations of experimental mean bond distances from calculated results for
sapphirine-442 (round brackets) and sapphirine-351 (square brackets).

) Moore Higgins and Ribbe Merlino Sapphirine-442 Sapphirine-351
Mean bond distances (A) (1969) (1979) (1980) (thiswork) (thiswork)
1.926 1.932 1.94
<M1-O> (-0.010) (-0.004) (0.00) 1.936 1.934
[-0.008] [-0.002] [+0.01]
1.930 1.938 1.94
<M2-O> (-0.004) (+0.004) (+0.01) 1.934 1.935
[-0.005] [+0.003] [0.00]
1.988 2.001 2.02
<M3-0> (-0.097) (-0.084) (-0.06) 2.085 1.946
[+0.042] [+0.055] [+0.07]
2,078 2.080 2.10
<M4-O> (-0.027) (-0.025) (0.00) 2.105 2.090
[-0.012] [-0.010] [+0.01]
2.120 2.120 213
<M5-O> (-0.030) (-0.030) (-0.02) 2.150 2132
[-0.012] [-0.012] [0.00]
2115 2.118 213
<M6-O> (-0.032) (-0.029) (-0.02) 2.147 2132
[-0.017] [-0.014] [0.00]
1.921 1.929 1.92
<M7-O> (-0.006) (+0.002) (-0.01) 1.927 1.934
[-0.013] [-0.005] [-0.01]
1.930 1.938 1.94
<M8-O> (-0.012) (-0.004) (0.00) 1.942 1.937
[-0.007] [+0.001] [0.00]
1771 1.757 1.78
<T1-O0> (-0.007) (-0.021) (0.00) 1.778 1.776
[-0.005] [-0.019] [0.00]
1.658 1.656 1.66
<T2-0> (+0.015) (+0.013) (+0.02) 1.643 1.642
[+0.016] [+0.014] [+0.02]
1.700 1711 1.70
<T3-0> (+0.054) (+0.065) (+0.05) 1.646 1.759
[-0.059] [-0.048] [-0.06]
1.733 1.750 1.73
<T4-O> (-0.040) (-0.023) (-0.04) 1.773 1771
[-0.038] [-0.021] [-0.04]
1.755 1.758 1.78
<T5-O> (-0.032) (-0.029) (-0.01) 1.787 1.790
[-0.035] [-0.032] [-0.01]
1.736 1.735 173
<T6-O> (-0.052) (-0.053) (-0.06) 1.788 1.787

[-0.051] [-0.052] [-0.06]




Table 3. Ab initio axial and volume compression data of sapphirine-442 (Mg4AlgSi,O,) and sapphirine-351 (Mg3Al;(SiOxy),
calculated in the pressure range P =0 + 10 GPa.

Sapphirine-442 Sapphirine-351
P (GPa) ETEN b/b, c/Cy B VIV, a/ay b/by (o) B(°) V/V,
0.0 1.0000 1.0000 1.0000 124.289  1.0000 1.0000 1.0000 1.0000 124.285 1.0000

0.5 0.9990 0.9989 0.9989 124.275  0.9969 0.9990 0.9990 0.9990 124.277 0.9971
1.0 0.9980 0.9978 0.9978 124.264  0.9939 0.9980 0.9981 0.9980 124.268 0.9943
1.5 0.9970 0.9966 0.9967 124250 0.9908 0.9971 0.9971 0.9970 124.261 0.9915
2.0 0.9961 0.9955 0.9957 124.239  0.9879 0.9961 0.9962 0.9960 124.248 0.9888
3.0 0.9942 0.9934 0.9936 124.216  0.9821 0.9942 0.9944 0.9941 124.235 0.9834
4.0 0.9924 0.9913 0.9916 124.200  0.9766 0.9924 0.9925 0.9923 124.222 0.9780
5.0 0.9905 0.9892 0.9896 124.176 ~ 0.9710 0.9905 0.9909 0.9904 124.203 0.9731
7.0 0.9871 0.9853 0.9859 124.143  0.9605 0.9871 0.9874 0.9869 124.177 0.9631
10.0 0.9822 0.9801 0.9808 124.100  0.9463 0.9820 0.9828 0.9819 124.135 0.9494




Table 4. Ab initio B3LY P stiffnesses (¢;) and compliances (s;) calculated for sapphirine-442 (Mg,AlgSi,O,) and sapphirine-351
(MgsAl10SiOy).

Sapphirine-442 Sapphirine-351

Gij (GPa) 5 (GPa)* Gij (GPa) 5. (GPa)*

Cin 300.86 Su 398.02x 10° ¢y 302.78 Su 411.93% 10°
Coo 300.91 S» 390.27x10° cp 333.89 S» 359.56 x 10°°
Cas 336.66 S 329.88x 10°  Cg 360.38 S 309.31 % 10°
Cas 86.62 Su 1267.95% 10° Cu 91.16 Su 1194.06 x 10°
Css 98.86 S5 1061.60 x 10° g5 105.53 S5 1002.42 x 10°°
Ces 109.34 S5 1004.53x 10°  cgg 124.73 Ss6 872.74x 10°
Ci 94.35 S —114.02x 10° ¢y, 111.39 Si -127.79x 10°®
Ci3 91.41 Si3 —87.44x10° i3 95.55 Si3 —86.69 x 10°°
Co3 66.65 S —43.46x10°  Cp 74.25 S —-36.53x 10°
Ci5 —11.45 Sis 87.04x10° ¢ -18.89 Sis 116.76 x 10°
Cos 29.73 S5 —127.26x 10°  Cy5 27.56 Sps —112.72x 10°
Cas 752 S5 —2215x10° ¢y 11.73 Sz —40.37 x 10°
Cap 29.12 Sg —337.72x 10°  Cy 30.41 Sug —291.12 x 10°




Table 5. Ab initio single-crystal, directionally averaged and
aggregate seismic properties of sapphirine-442 (Mg4AlgSi;0,)
and sapphirine-351 (Mg3Al,SiOx).

Sapphirine-442 Sapphirine-351

VS.MIN (Km/s) 4.45 VS.MIN (Km/s) 4.63
VS,MAX (Km/s) 6.21 VS,MAX (Km/s) 6.46
u; (Km/s) 5.21 u; (Km/s) 5.32
u, (Km/s) 5.79 u, (Km/s) 5.98
u3 (Km/s) 9.34 u3 (Km/s) 9.62
Vs.vry (Km/s) 5.47 Vs.vru (Km/s) 5.61
VP.VRH (Km/s) 9.34 VP‘VRH (KII]/S) 9.62
Ky (GPa) 160.36 Ky (GPa) 173.27
Ky (GPa) 159.16 Ky (GPa) 172.78
Kyry (GPa) 159.76 Kyry (GPa) 173.02
wy (GPa) 104.70 wy (GPa) 112.01
ur (GPa) 97.06 ur (GPa) 103.20
HUVRH (GPa) 100.88 HUVRH (GPa) 107.60
E (GPa) 249.97 E (GPa) 267.32
Vp 0.239 Vp 0.243
po (g/cm’) 3370 po(g/em’) 3.419

Notes: Vgmm, Vsmax = single-crystal slowest and fastest shear-
wave velocities; uj, u, = directionally averaged shear-wave
velocities, u; = directionally averaged longitudinal-wave
velocity; Vs vru, Vevru = Voigt-Reuss-Hill aggregate shear and
longitudinal seismic velocities; Ky, Kg, Kyry = Voigt, Reuss
and Voigt-Reuss-Hill bulk moduli; py, pr, kv = Voigt, Reuss
and Voigt-Reuss-Hill shear moduli; E = Young’s modulus; vp =
Poisson’s ratio; py = density at the athermal limit (i.e. P = 0 GPa
and T=0K).



Table 6. Thermochemical reference data for the atoms
of interest in this study.

Species  H'taio AHeiementiio—295.15 Eai
(kJ/mol) (kJ/mol) (hartree)
Si 445.668 3.2180 —289.293670
(0] 246.790 4.3415 —75.057906
Mg 145.900 4.9980 —200.014400
Al 327.300 4.5390 —242.283402

Notes: Hom = enthalpy of formation of the gaseous
atom from the stable element at T = 0 K, P = 1 bar
(NIST-JANAF Tables; Chase 1998) AHelemem,i,O—»ZQX.lS
is the enthalpy difference between T = 298. 15 K and
T = 0 K for the monoatomic element (NIST-JANAF
Tables; Chase 1998). E,; is the electronic energies of
the gaseous atoms yielding a correct heat content of
the constituent oxides at standard state in the
compositional system MgO-Al,05-Si0O,: the results
obtained by Robie and Hemingway (1995) for
periclase, Ditmars et al. (1982) for corundum and
Richet et al. (1982) for quartz-a are taken as reference
values (see Table 7).



Table 7. Thermochemical data for heat content calculation of sapphirine-442 (Mg4AlgSi,040) and sapphirine-351
(Mg3Al14Si0y).

Do Eo crystal EzpEcrysal  Huvib,208.15 Hof,298.15 /B3LYP  H°; g5/ Expt.
Substance (kJimol)  (hartree)  (kJ/mol)  (kJ/mol) (kJ/mol) (kJ/mol) Ref.
MgO (periclase) 989.8  -275.454828 14.5 19.5 —601.4 ~601.6 1,2
a-ALO; (corundum) 30587  —710.922481 44.6 54.6 ~1675.7 1675712 1,3,4
a-Si0, (quartz) 18450  —440.123389 29.4 36.3 29107 -910.7 1,5,6
0-Mg,8iO, 38834  —991.055720 59.1 75.7 2172.7 2173.0 1,2
(forsterite)
Mg4AIBSi2020 —-11158.0 b
(samphirine-442) 20113.5 -4825.844937 2987 374.6 110880y ~11005+£33.5° 1,7
Mg3A11031020 —11335.3 -~ ¢
(saaphisine-351) 203517 -4821.194682  299.5 374.1 112033 11106 +8.0° 1,7

Notes: (1) this work; (2) Robie and Hemingway (1995); (3) Ditmars et al. (1982) ; (4) NIST-JANAF Tables (Chase 1998);
(5) Ottonello et al., (2009b); (6) Richet et al. (1982); (7) Kiseleva (1976). * Optimized value according to MAS phase
topology (see text for details). ® Value measured on a synthetic disordered sample of formula Mg,AlgSi,Os. ¢ Value
measured on a natural ordered sample of formula Mgj; sAly ¢Si; sOy.



Table 8. Ab initio B3LYP thermodynamic and thermophysical
data for sapphirine-442 (MgyAlgSi,Oy9) and sapphirine-351
(Mg3Al;SiOy).

Sapphirine-442 Sapphirine-351

V%505 (cc/mol) 204.879 202.387
S5 (J/molxK) 407.0 397.6
AH 05 (kI/mol) -11088.0 ~11203.3
K, (GPa) 158.73 172.33
K' 4.68 428
(dK/dT)p (bar/K) -210.2 -188.0
0yx10° 9.0302 6.0817
o,x10° 1.0411 1.5709
,%10° 14.0340 8.2836
03 —6.4469 —4.3554
oy 814.288 547.232
a 791.61 789.73
bx10° 65.455 60.300
ex107 ~181.750 -91.751
d —481.63 —782.10
ex10 -9.1576 —31.847
x10° 3.4196 13.270
gx10° -2.0517 —5.1473

Notes: V%5 = molar volume at standard state (T=298.15 K and P
= lbar); S%,¢ = standard state entropy; AfH%9s = enthalphy of
formation from the clements at standard state; K, = static bulk
modulus; K'y = pressure derivative of bulk modulus; (dK/dT), =
isobaric temperature derivative of bulk modulus; ay, o, oy, o3, 04 =
numerical coefficients of the polynomial function for thermal
expansion (see Eq. 18); a, b, ¢, d, e, f, g = numerical coefficients of
the polynomial function for isobaric heat capacity (Cp) (see Eq.
21).



Table 9. Standard state thermodynamic properties of sapphirine end-membersat 1 bar, 298.15 K.

MgsAlgSi;0x

(sapphirine-442) AfH%g5 (kJ/mol) L5 (JMoIxK) V%% (cc/mol)
this work -11088.028 406.975 204.879
Kiseleva (1976) -11005.6 + 33.5 411.7056 -
Holland & Powell (1998) -11014.08 440.00 198.70
Logvinkov et a. (2001) —11107.497 390.34172 -
Kelsey et al. (2004) ~11003.38 450.00 199.05

y ~11018.469% 413.75% 198.61°
Podlesskii et al. (2008) (~11003.035)° (425.32)° (198.61)°
Holland & Powell (2011) -11022.40 425,50 199.00
MgsAl,SIO
(Sagpaghll:)l ne_§051) AfHozgg (kJ/mOI) Sozgg (J/mOl XK) Vozgg (CC/mOl)
this work ~11203.294 397.575 202.387
Kelsey et al. (2004) -11138.46 420.00 197.51

y -11168.243 379.67% 196.67
Podlesskii et dl. (2008) (-11181.724)° (367.94)° (196.51)°
Holland & Powell (2011) ~11135.69 419.50 197.50

Notes: V%qs = molar volume at standard state (T=298.15 K and P = 1bar); S = standard state
entropy; AsH®,0g = enthalphy of formation from the elements at standard state; a = end-member
properties for the ideal solid solution; b = end-member properties for the non-ideal solid solution.
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