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Revision 2
On the use of unpolarized infrared spectroscopy for quantitative analysis of absor bing

speciesin birefringent crystals

ANTHONY C. WITHERS
Department of Earth Sciences, University of Minnesota, 108 Pillsbury Hall, Minneapolis,
Minnesota 55455, U.S.A.

e-mail: withers@umn.edu

ABSTRACT

There is an understandable desire to use simple unpolarized infrared analysis of unoriented
anisotropic samples to extract quantitative information, rather than using more demanding
polarized techniques. Owing to the fact that unpolarized infrared absorbance in birefringent
media deviates from the Beer-Lambert law, previous studies have either warned against using
unpolarized spectroscopy for quantitative purposes, or have used flawed error analysis to justify
using simple averages of integrated absorbance of multiple absorbance bands as a proxy for total
integrated polarized absorbance in the principal spectra. It is shown here that unpolarized
infrared absorbance is correctly calculated by averaging in the transmission domain. The errors
in estimates of principal absorbance by averaging of unpolarized absorbance spectra are
evaluated using correct theory of unpolarized infrared transmission. Correction schemes for
integrated absorbance based on linear-absorbance error calculations are shown to be
inappropriate. A theory is developed that allows the sum of the polarized principal absorbance
spectra to be estimated from multiple unpolarized measurements of randomly oriented samples.

The systematic errors that arise when averaging in the absorbance domain are avoided by use of
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exact theory rather than an approximation. Numerical simulation shows that applying the new
procedure to 10 unpolarized measurements of OH stretching bands in olivine results in
convergence of the estimated total integrated principal polarized absorbance to within 10% of the
true value for a sample size of 10 measurements, but the technique is limited to spectral regions
that do not contain absorption bands that are simultaneously intensely absorbing and strongly
anisotropic.

Keywords: Infrared spectroscopy, unpolarized, quantitative, hydroxyl, olivine

INTRODUCTION

Infrared (IR) spectroscopy performed in the most commonly used transmission geometry
enables the quantitative analysis of absorbing species by application of the Beer-Lambert law. A
common application in the Earth sciences is the measurement of hydroxyl, often at trace
concentrations in nominally anhydrous minerals (e.g., Rossman 1996). One drawback to such
measurements is that birefringent crystals can have strongly anisotropic absorption, leading to
large differences in absorbance as a function of the direction of light propagation through the
crystal. In such cases, it has been shown that the Beer-Lambert law applies only when the
absorbance is measured as the sum of polarized absorbances with the directions of polarization
parallel to each of the principal axes of the absorption indicatrix (e.g., Libowitzky and Rossman
1996). Consequently, several authors have emphasized that unpolarized infrared spectroscopy
cannot be used to make quantitative measurements in anisotropic materials (e.g., Libowitzky and
Rossman 1996; Bell et al. 2003). However, a robust determination of the errors associated with
unpolarized analysis would enable the use of unpolarized spectroscopy for quantitative
measurement in cases where polarized measurement of oriented samples is impractical.

Sambridge et al. (2008) and Kovacs et al. (2008) developed a theory where the average
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unpolarized absorbance is used as a proxy for total polarized absorbance. In calculating the
errors associated with the approximation, Sambridge et al. (2008) developed an alternative
theory for unpolarized absorbance that differs from that given by Libowitzky and Rossman
(1996). Here I will show that the theory originally presented in Libowitzky and Rossman (1996)
is, in fact, correct. The errors associated with unpolarized measurements will be calculated for

some specific examples.
THEORY

The intensity of light, |, measured at a distance d after passing through an absorbing medium

is described by the relationship
| =1pe™™, (1)

where | is the intensity of light entering the medium, o is the molar absorption coefficient and ¢
is the concentration of the absorbing species. The dimensionless quantities transmittance (T) and

absorbance (A,) are defined as

T=1/lg )
and
A, = -In(T) = acd. )

By convention, the decadic absorbance, A, is used for many practical applications:

A=-log;o(T) = ecd, 4)

where ¢ is the decadic molar absorption coefficient, such that
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| =10 107, (5)

The natural absorbance (A,) and corresponding molar absorption coefficient () differ from the
base 10 equivalents (A and g, respectively) by a constant factor of In(10). Since the latter are used
in the commercial software provided by the manufacturers of Fourier transform infrared (FTIR)
spectrometers and by convention are preferred in many fields of quantitative analysis,
absorbance hereafter will refer to base 10 absorbance. The choice of logarithm base has no effect
on any of the results presented here.

The Beer-Lambert law, which is expressed in Equation 4, states that absorbance is
proportional to the product of concentration and sample thickness. It is important to note here
that absorbance (the exponent in Eq. 5) cannot be measured directly: the physical measurements
made in IR absorption spectroscopy are of the intensities of light, detected either after
transmission through the sample (I), or without a sample in place as a measurement of the
‘background’ intensity (lp). The FTIR spectrometer allows the analyst to measure the intensity of
light as a function of frequency, resulting in a spectrum that may be displayed in units of
transmittance or absorbance. The measurement, however, is made in the transmission domain.

Unpolarized light can be thought of as a mixture of plane waves with linear polarizations
whose vibration directions are uniformly distributed in the plane perpendicular to the
propagation direction. When an unpolarized beam of intensity |y is incident on an absorbing
birefringent crystal, light of a given frequency is split into two polarized rays that can in general
be considered as orthogonal, linearly polarized waves (e.g., Sambridge et al. 2008). The incident
light intensity in each of the wave vibration directions then is equal to l¢/2. The intensity of light

emerging from the crystal after travelling along either one of these ray paths may be measured by
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inserting a polarizer into the beam path. Transmittance as a function of polarization direction is

given by:
T(0) = Timaxc0820 + Tinsin’o), ©)

where Toax and T, are the maximum and minimum transmittance values measured as the
polarizer is rotated, and 0 is the angle between the direction of polarization during the
measurement and the polarizer orientation where T = Tyax (Libowitzky and Rossman 1996;
Sambridge et al. 2008). This relationship was derived elegantly by Sambridge et al. (2008) and
can be extended to calculate T for any vibration direction as a function of the values of T for
vibration directions parallel to the 3 principal axes of the absorption indicatrix (e.g., Asimow et
al. 2006; Sambridge et al. 2008).

Combining Equations 2 and 6, for any two mutually perpendicular polarization directions 6 =

& and 0 = £+90°, the total intensity of the recombined light emerging from the crystal will be
| =10/2 % (TinaxC0SE + TininSIN*E + Tinaxc0s*(E190°) + Trninsin®(E+90°)) = 10/2 X (Trnax + Tmin) ~ (7)

Thus, the intensity of the recombined light emerging from the crystal with no polarizer in place

leads to an unpolarized transmittance (Tynpol) Of
Tunpol = (Tmax + Tmin)/ 2. (8)

The value of A calculated from the measured light intensity is therefore:

Aunpol = - 10810 (@) (9)
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This theoretical development arrives at a result identical to Libowitzky and Rossman (1996),
who stated that Tynpo1 is the average value of transmittance for all vibration directions in the plane

of the sample, given by integration of Equation 6:
1 p2 (Tmax+Tmin)
Tunpol = Zfo "T(0)do = R, (10)

The foregoing theory is in contrast, however, to the suggestion of Sambridge et al. (2008)
that Aunpol should be calculated by integration of A(0), rather than T(0). The formulation of
Sambridge et al. (2008) has been adopted by Kovacs et al. (2008), who claim that Libowitzky
and Rossman (1996) are incorrect in their statement of Equation 10. The justification given by
Sambridge et al. (2008) for their alternative theory of unpolarized absorption is that
“spectroscopic measurements of IR radiation are often carried out using absorbance, A, rather
than transmittance, T”. As I have shown in the preceding theoretical development, the reverse is
true: when a measurement is made with unpolarized light it is the absorbances in the directions
of the electric vectors of the two rays that determine the intensity of light transmitted through the
crystal, but the unpolarized absorbance spectrum is calculated (via the commercial software
provided with the spectrometer) from the measured intensity of transmitted light. In other words,
the intensity of light transmitted through the crystal is correctly calculated by addition in the
transmission domain.

Note that Equations 7 and 8 imply that the sum of light intensities measured sequentially
with any two perpendicular polarizer orientations is equal to the intensity measured without the
polarizer in place. In contrast, the theory of Sambridge et al. (2008) contravenes this physical
expectation. Consider, also, the case of a highly polarizing sample where Tnax approaches 1 and

Tmin approaches 0 (As A—oo, 10”—0). Clearly, Equation 8 in this extreme case returns the
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expected result of Tynpo=0.5 and hence 1=l¢/2, while integration of A implies Tynpo=0.25, i.e.,
|=lo/4. The analytical solution leading to this result is presented in the Appendix.

The principal aim of Sambridge et al. (2008) and the companion paper, Kovacs et al. (2008),
is to show the conditions under which averages of unpolarized infrared spectra make a good
approximation to the total polarized absorbance, and to evaluate the errors associated with that
approximation. Adopting an inaccurate expression for calculating Aynpor leads to underestimation
of errors. In the following section I will demonstrate the correctness of the theory outlined above
by comparison with measured spectra from the literature, and then use the correct theory to
reevaluate the errors associated with unpolarized infrared spectroscopy. Finally, a new protocol

is developed for estimating the sum of principal polarized absorbances from unpolarized spectra.

RESULTS

Comparison with measured spectra

When an infrared measurement is made in transmission mode, the absorbance measured
using unpolarized infrared light is close to the average of the maximum and minimum values for
polarized absorption only when the maximum absorption intensity is sufficiently small (e.g.,
Sambridge et al. 2008). The extent of deviation of the unpolarized absorption from the average
of maximum and minimum polarized absorbances was calculated by Sambridge et al. (2008)
using an inaccurate formulation for unpolarized absorption, as expressed in the appendix of that
paper. In order to illustrate that the expressions for unpolarized absorbance given by Libowitzky
and Rossman (1996) and in Equations 8 and 9 of this study are consistent with observation, and
to show the real deviation of unpolarized absorption from the average polarized absorption, it is
necessary to compare polarized and unpolarized measurements. The ideal sample for this

purpose would exhibit strongly anisotropic absorbance and high maximum absorbance values,
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while remaining within the realm of analysis conditions that are applied to real samples. One of
the most common applications of FTIR spectroscopy in Earth sciences is the measurement of H
in olivine, a mineral that exhibits exactly these properties. Figure 1 compares polarized and
unpolarized FTIR measurements in the OH stretching region of an olivine crystal from Kohlstedt
et al. (1996). In this case, where the olivine is oriented such that the direction of light
propagation is parallel to the crystallographic b axis, the maximum and minimum transmittance
values at each frequency are always observed with the polarizer oriented parallel to either the a
or C axis. The unpolarized absorbance, according to Libowitzky and Rossman (1996), is then

given by:

10—Aa+10—Ac)
b

Aunpol = _10810 (f (1 1)

where Ay and Ac are the absorbance values for polarization directions parallel to crystallographic
a and c axes, respectively. Note that the absorbance spectra in Figure 1 are normalized by sample
thickness. Owing to the fact that unpolarized absorbance does not scale linearly with thickness,
the values of Ay and A; used in the calculation are those recorded from the original 126 pum thick
sample (the sample thickness is recorded in the electronic data file provided by David Kohlstedt)
and can be read from the right axis of Figure 1. The unpolarized absorbance according to

Sambridge et al. (2008) is calculated as

1 2
Aynpol = Zfo ”A(Q) ao, (12)
where

A(0) = —logo(1074a cos? @ + 10™4csin? ), (13)
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and 0 is the angle between the a axis and the vibration direction. A Gaussian quadrature
algorithm was used for the numerical integration of A(9).

The measured unpolarized spectrum is matched exactly by the unpolarized spectrum
calculated from the measured polarized spectra using Equation 11. In contrast, the alternative
theory of Sambridge et al. (2008) overestimates the measured spectrum significantly in the
region between 3570 and 3620 cm™ where the maximum and minimum absorbances are strongly
offset. Note also that for much of the OH stretching region, the unpolarized absorption in this
example is indeed close to the average of the polarized values, suggesting that the difference
between integrated unpolarized absorbances and average polarized absorbances may be smaller
than the difference in the linear absorbances close to the maxima. A similar verification of
Equation 11 is demonstrated in Figure 6 of Libowitzky and Rossman (1996), using a calcite
section that displays even more intensely anisotropic absorption bands than does the olivine in

Figure 1.

Variationswith orientation and thickness

The usefulness of unpolarized spectra from randomly oriented anisotropic samples for
quantitative analysis is determined principally by two factors: the convergence of the unpolarized
absorbance to a single value, which determines the precision, and the deviation of that value
from the polarized absorbance, which detracts from the accuracy of the measurement. To address
each of these sources of uncertainty, large populations of unpolarized spectra have been
calculated from a set of reference polarized spectra.

The reference spectra used for most of the following calculations are taken from Withers et
al. (2011), and consist of principal polarized spectra covering the OH stretching region from an

olivine that was hydrated in a high-pressure hydrothermal experiment, resulting in the
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incorporation of 0.2 wt.% H,O as structurally bound OH groups (Withers et al. 2012). Owing to
the high concentration of OH, the sample exhibits intense absorption bands (Figure 2). The
highest-frequency peaks at 3612, 3598 and 3579 cm™ have strong absorbance in the E|ja
spectrum and weak absorbance in the other principal axis spectra. Another sharp peak at 3566
cm’ appears prevalently in the E||c spectrum, while the broader absorption band centered around
3550 cm' has strongest absorption in the E||b spectrum, and shows less anisotropy than the
higher-frequency peaks. This pattern of relative absorption intensity in the principal polarized
absorbance spectra is typical of olivines from high-pressure hydrothermal experiments (e.g.,
Lemaire et al. 2004; Mosenfelder et al. 2006; Smyth et al. 2006; Litasov et al. 2007), but quite
distinct from many natural and lower-pressure experimental samples (e.g., Miller et al. 1987; Bai
and Kohlstedt 1993; Bell et al. 2003).

The principal polarized spectra shown in Figure 2 are normalized to a thickness of 1 cm.
Because principal polarized (but not unpolarized) absorbance follows the Beer-Lambert law
(Libowitzky and Rossmann 1996), the spectra can be scaled to any thickness (or concentration)
of interest. The following describes how unpolarized spectra are then calculated from the
principal axis spectra.

A spherical coordinate system with azimuthal angle y and polar angle ¢ is defined such that
for an olivine crystal the crystallographic ¢ direction corresponds to =0, and a and b directions
correspond to (y, ¢) = (n/2, 0) and (n/2, n/2), respectively. Taking the principal polarized
absorbances A,;, A, and A: as inputs, Sambridge et al. (2008) derive an equation that describes
Aunpol as a function of incident light direction (their Eq. 60). In the derivation of that equation, an
approximation is made whereby the functional form that describes the orientational dependence

of transmittance is used for absorbance. Because unpolarized absorbance is correctly calculated
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by integration in the transmission domain, it is valid simply to replace A with T in the Sambridge
et al. (2008) equation, leading to an exact description of Tuypo as a function of incident light

direction. The unpolarized absorbance for incident direction of (y, @) then is given by:

Aynpor (P, @) = —logy, (%(Ta(cos2 @ cos?P + sin? ) + Ty (cos? ¢ sin? Y + cos? P) +

T, sin? (,b)) (14)

Choosing any two orthogonal vibration directions in the plane of the sample and calculating
T from the equation that describes the three dimensional transmission indicatrix (e.g., Asimow et
al. 2006; Sambridge et al. 2008) and then applying Equations 8 and 9 leads to the same result as
Equation 14. The unpolarized spectrum is calculated from the reference spectra by applying
Equation 14 at each frequency of the IR spectrum.

A pseudo-uniform distribution of 10,242 incident light directions was calculated by recursive
icosahedral subdivision with projection onto a spherical surface. For a given scaling of the
reference spectra, an unpolarized spectrum was calculated for each of the 10,242 directions of
incident light. Each of the unpolarized spectra shown in Figure 2 represents the average of
10,242 spectra calculated in this way. With increasing absorbance (i.e., increasing thickness or
concentration), absorbance bands that are strongly anisotropic in the principal polarized spectra
decrease in intensity in the unpolarized spectrum relative to more isotropic absorption bands.
Thus, in Figure 2 the highest peak in the 30 pm spectrum corresponds to the most intense but
most strongly anisotropic 3612 cm™ peak in the principal spectra, while at 50 pm the 3612 and
3579 cm™ peaks have equal height, and in the 100 pm spectrum the maximum absorbance is
found at 3566 cm™, the position of the absorption band that is strongest in the E||c principal

spectrum, but which is convolved with the broader but more isotropic absorption band centered
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around 3550 cm™. When multiple absorption bands are convolved, as is usually the case for OH
bands in olivine, it is convenient to use integrated absorbance, which will be denoted by JA, as a
measure of their combined absorbance. Figure 2 illustrates how it is the general degree of
anisotropy over all of the absorption bands in the spectrum that determines how far the integrated
absorbance of the unpolarized spectrum deviates from the average integrated principal spectra.
Thus, in an unpolarized spectrum that consists principally of absorption bands related to highly
anisotropic peaks such as the high-frequency peaks in the reference spectra in this example, the
average integrated unpolarized absorbance (fAunpoL av) Will deviate strongly from the average of
the integrated principal polarized absorbances (JAo/3), while a spectrum that includes a
significant component of more isotropic absorbance, like the broader absorbance peaks at lower
frequency in the example spectra, will have fAunpol, av closer to fAmt/3.

Figure 3 shows histograms of fAunpol for the three populations of unpolarized spectra
corresponding to 30, 50 and 100 pum thicknesses of the olivine represented by the reference
spectra in shown in Figure 2. With increasing absorbance in the reference spectra, fAunpol, av
deviates further from [A/3. For this example, at 30 um thickness the maximum linear
absorbance in the unpolarized spectra is in the range of 0.13-0.27 absorbance units, and IAunpol, av
is within 8% of [Ay/3. In this particular case, even though the analytical conditions are such that
the maximum linear polarized absorbance is greater than the limit of 0.3 absorbance units
proposed by Kovacs et al. (2008), fAunpol, av does in fact provide a reasonable estimate of IAtot/3.
As the total absorbance increases, fAunpol, av provides a progressively inaccurate estimate of
IAtot/3. The entire population of IAunpol for unpolarized spectra calculated for 100 um thick
samples is lower than fAtot/3, and fAunpol, v underestimates |Aw/3 by 19%. The maximum linear

absorbance in the unpolarized spectra varies between 0.39 and 0.60 absorbance units which,
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while higher than ideal, is within the range of values of published measurements of strongly H-
enriched olivines from high-pressure experiments (e.g., Kohlstedt et al. 1996). Many such
olivines, even when prepared with the minimum practicable sample thickness, have sufficiently
strong absorbance in the region of OH stretching that fAunpOl, av must depart significantly from
[Ao/3 (e.g., Mosenfelder et al. 2006; Smyth et al. 2006; Litasov et al. 2007). If unpolarized
measurements of strongly absorbing samples could be corrected to allow accurate estimation of
total absorbance the ease of measurement would be greatly reduced. The merits of one such

method of correction are discussed below.

Corrections based on linear absorbance

It has been proposed that the maximum linear absorbance observed in unpolarized spectra
may be used to calculate a correction factor to account for the divergence of fAunpol, ay from fAmt/ 3
when non-ideal analytical conditions result in high absorbance values in the regions where strong
absorption bands occur (Kovacs et al. 2010). A measure of linear absorbance, however, contains
no information about absorbance bands in other regions of the spectrum that do not extend to the
frequency of the linear measurement. As I have demonstrated above, fAunpoL av becomes closer to
[Awi/3 when a significant proportion of the spectrum is more isotropic in nature, so basing a
correction on a maximum linear absorbance value that is influenced principally by a strongly
absorbing and highly anisotropic absorbance band can lead to overestimation of the correction
factor. When the correct theory of unpolarized measurement is used for the calculation of linear
absorbance, the two-dimensional linear-absorbance error estimates of Kovacs et al. (2008) and
Kovécs et al. (2010) increase by about a factor of 2 (Note that in the plots of linear-absorbance
errors calculated using the A-integral theory for unpolarized measurement shown in Figures 1

and 10 of Kovacs et al. 2008, in the electronic supplement to that paper, and also in the
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Appendix of Sambridge et al. 2008, several of the contours are wrongly labeled). The correction
for integrated absorbance, on the other hand, would be significantly overestimated by use of a
linear-absorbance error estimate. This is illustrated in Figure 4, wherein the correction factor,
defined as the ratio of fAtot to 3XfAunp0L av,» 18 plotted against the average maximum linear
absorption for the entire population of calculated unpolarized spectra with a given thickness. The
curve labeled ‘experimental’ is defined by the reference spectra shown in Figure 2. Note the
point of inflection in the curve at maximum linear unpolarized absorbance of 0.24, which
corresponds to the point at which the maximum linear unpolarized absorbance switches from
3612 cm™ to lower-frequency peaks (see also Fig. 2). The correction factors calculated from the
average of calculated unpolarized spectra are valid only for the specific principal polarized
spectra that were used to calculate the unpolarized spectra. When the same calculation is
performed using the principal polarized spectra of a natural olivine (KLV23 of Bell et al. 2003),
the correction factors fall on a different curve to that defined by the experimental sample (Fig. 4).
Other samples with different relative populations of OH species would each have their own
sample-specific correction scheme. For example, the Pakistani olivine of Kovacs et al. (2008),
which has very strong absorbance in E||a and E||b spectra relative to the E||C spectrum over much
of the range of OH absorbance, would be expected to have a very large correction factor for high
absorption intensities. Of course, in a natural olivine with low H concentrations the sample
thickness may be reduced to limit the peak absorption intensities. The purpose of the calculation,
however, is to illustrate how the correction factor varies as the absorption profiles of the
reference spectra change. The different trends in Figure 4 show that, even though the correction
factor does appear to change somewhat systematically with the average maximum linear

unpolarized absorbance, the relationship varies from one sample to another.
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While unpolarized olivine spectra with maximum polarized absorbances that do not exceed
0.3 absorbance units provide good estimates for fAm/3, it is difficult to estimate the maximum
polarized absorbance from unpolarized spectra. Indeed, for a very strongly polarized band that
has a minimum polarized absorbance of 0 in the plane of the sample, the unpolarized absorption
cannot exceed 0.3 absorbance units (Eq. 9), regardless of the maximum value of polarized
absorbance, and how correspondingly large a correction factor would be needed. It is
consequently difficult to make a general recommendation for an acceptable level of unpolarized
absorbance (Fig. 4).

The important point is that correction factors based on empirical correlations with a linear
absorbance are not transferrable between samples. In the following section a protocol is
described that allows the estimation of JA, from multiple unpolarized spectra, without need for

empirical correction.

Estimation of JAi: from unpolarized measurements

Despite the offset between fAunpol, v and [Ay, it is theoretically possible to estimate A from
unpolarized measurements provided that one works in the transmission domain. The technique
described by Sambridge et al. (2008) for estimating JA from unpolarized measurements is
based on the approximation of describing the absorbance indicatrix with the equation that
correctly describes the transmittance indicatrix. By working in the transmission domain, and
using the correct theory of unpolarized absorbance (Eq. 8 and 9), it is possible to estimate [A.
without approximation. The following theoretical development follows that set out in Sambridge
et al. (2008) for absorbance, i.e., the equations applied as an approximation in the absorbance

domain are in fact applicable without approximation in the transmission domain.
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As established previously (Eq. 14), unpolarized transmittance, Tunpol, 1S related to the

principal polarized transmittances as:
Tunpot (W, @) = (T, (cos® @ cos® P + sin® ) + Ty (cos? ¢ sin® P + cos? ) + T sin* @) (15)

Following the same reasoning that Sambridge et al. (2008) used to estimate Aunpol, the principal
polarized transmittances can be related to the maximum, minimum and average unpolarized
transmittance (Tunpol, max> Tunpol, min, ANd Tunpol, av, Trespectively). By integrating Equation 15 over
all angles (y,¢) one obtains Tuspolay = Y3( Tmax +TineT Tmin), Where Tmax, Tine and Ty are principal
polarized transmittance and Tp.>Tine>Tmin. By differentiation of Equation 15 with respect to
and ¢ the maximum and minimum unpolarized transmittances, Tunpol, max, aNd Tunpol, min, are

shown to be equal to Y2(TmaxtTint) and Y2(TmintTine), respectively. Thus,

Tonin = 3Tunpol, av - 2Tunpol, max (16a)
Tint = 2(Tunp01, min T Tunpol, max) - 3Tunpol, av (16b)
Tmax = 3Tunp01, av -~ 2Tunpol, min (16C)

Given a sufficiently large number of unpolarized spectra, the total polarized absorbance can
be estimated. Note that simply averaging in the transmission domain does not provide an
estimate of [Ae. The average polarized absorption cannot be derived from Tunpol, av, Which is
unfortunate, since the latter can be estimated relatively precisely. By applying Equations 16a-
16¢c, each of the three principal polarized absorbances can be estimated, though at a given
frequency it is not possible to assign those absorbances to particular principal spectra, since the

distribution of relative absorbances varies with frequency. The sum of the principal absorbances
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(Ast) then is given by addition in the absorbance domain, so that an estimate of fAtot can be

obtained in the following way:

1. Collect multiple unpolarized FTIR spectra from randomly oriented samples with ideally
constant, or else near-constant, thickness. Small variations in sample thickness may be
corrected in the absorbance domain.

2. Determine the average (Tunpolav), maximum (Tynpolmax) and minimum (Tynpormin) transmittance
at each recorded frequency.

3. Create a total absorbance spectrum by calculating absorbance at each frequency as:

Atot == 10glO ((3Tunpol,av - 2Tunpol,max)(ZTunpol,min + 2Tunpol,max - 3Tunpol,av)(3Tunpol,av

- 2Tunpol,min)) (17)
4. Integrate the total absorbance spectrum to obtain an estimate of fAtot.

Unfortunately, the errors in estimated JA.: tend to be much greater than those calculated by
Sambridge et al. (2008) for absorbance domain calculations. In fact, when measuring spectra
with strongly anisotropic absorbance, it is possible in a small sampling of unpolarized
measurements for 2T,npol, max t0 €xceed 3Tunpol, av 10 the region of the most intense absorption
bands, in which case Equation 17 fails. In these cases adding further measurements may allow
the calculation to succeed, but reducing the sample thickness is more likely to improve the
estimate of Ay In general, unpolarized measurements of samples where the maximum principal

polarized linear absorbance does not exceed 1 absorbance unit are unlikely to succumb to this
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limitation. Under such conditions, though, simply averaging the integrated unpolarized
absorbance is likely to provide an acceptable estimate for [A:. Applying Equation 17 removes
the bias toward underestimation of areas, but for a realistically low number of measurements it is
doubtful that the new theory improves significantly over taking an average of integrated

unpolarized absorption.

Conver gence of unpolarized measurements

The number of spectra required for convergence of fAunpOL av can be estimated through a
numerical simulation (Fig. 5). Random directions of incidence with spherical coordinates 6 = mn
and ¢ = cos”(n), where m and n are random variates on [0,2) and [1,-1], respectively, were
chosen using the linear congruential generator by L'Ecuyer with added Bayes-Durham shuffle
(Press et al. 2007). For each incident direction, an unpolarized spectrum was calculated from the
reference spectra shown in Figure 2 after normalization to a thickness that varied randomly
between 45 and 55 um. Thickness was corrected to 50 pm in the absorbance domain, which adds
a small source of simulated measurement error owing to deviation from the Beer-Lambert
relationship, and normally distributed noise with a standard deviation equivalent to 0.001
absorbance units was added in the absorbance domain. Convergence of fAunpol, av 18 shown in
Figure 5a. In this example, 3><IAunpol, av converges to 70.9 cm'l, which underestimates fAmt by
12%, in agreement with the population average calculated in the preceding section (cf. Fig. 2).
Using Equation 17 to estimate fAmt, on the other hand, results in convergence to within 0.5% of
the expected value of 80.2 cm™ (Fig. 5b). Note, though, that there is a tradeoff between the
standard error resulting from Equation 17 and the systematic error of averaging absorption (Fig.
5). Thus, with realistic numbers of measurements (n<30), [A; estimated by Equation 17 offers

only a minor improvement over the average of integrated unpolarized absorbances.
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Uncertainties associated with unpolarized measurements

Without knowledge of the principal polarized spectra, it is impossible to know how far a
measurement of unpolarized absorbance at any particular frequency deviates from the average
principal polarized absorbance. This is nicely illustrated by the unpolarized spectrum shown in
Figure 1, where unpolarized absorbance measured in the region around 3600 cm™ deviates
strongly from the average of Ay and A¢, while the same measured absorbance values at ~3560
cm™ are very close to the average of A, and A.. Using multiple measurements to estimate the
total principal polarized absorbance by way of Equation 17 can lead to large errors over the
frequency ranges where principal absorbance is strongly anisotropic. This is because anisotropic
principal absorbance can lead to a long tailed and potentially skewed distribution of Tynpo1, from
which it is difficult to estimate maximum, minimum and average values with a small sampling.
Moreover, with no knowledge of the principal polarized spectra and a small sampling of
unpolarized measurements, the uncertainty in Ay estimated using Equation 17 cannot be
assessed. Thus, using unpolarized measurements to estimate [Ay;, either by applying Equation 17
or by averaging integrated absorbance, relies on the unknown principal polarized spectra having
an acceptable degree of anisotropy. For this reason, incircumspect application of Equation 17 is
to be avoided.

Partial polarization of unpolarized beams within the spectrometer can provide an additional
source of uncertainty that is not considered in the foregoing theoretical calculations. The effects

of partial polarization and polarizer efficiency are discussed by Libowitzky and Rossman (1996).
CONCLUSIONS

1. Unpolarized absorbance is equal to the logarithm of the average of any two perpendicular

measurements of transmittance with polarization directions in the plane of the sample, as
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previously stated by Libowitzky and Rossman (1996). The systematic deviation of linear
unpolarized absorbance from the average principal polarized absorbance is consequently
underestimated by alternative theories of unpolarized absorbance (Sambridge et al. 2008;
Kovacs et al. 2008; Kovacs et al. 2010).

There is no theoretical justification for applying a correction based on the deviation of a
linear absorbance in one part of the spectrum from the average polarized absorbance at that
frequency to the integral of multiple absorbance bands. The correction scheme proposed by
Kovacs et al. (2010), while based on an underestimation of the correction factor for linear
unpolarized absorbance, results in over-correction when applied to integrated unpolarized
OH absorption bands in the olivines considered here.

Based on calculations of unpolarized spectra in the OH-stretching region from natural and
hydrothermally annealed olivines, averages of >10 unpolarized spectra where the maximum
linear absorbance does not exceed 0.3 absorbance units are expected to give a reasonable
estimate of [Aw. This conclusion is valid only for samples where the average degree of
anisotropy in the principal polarized spectra is not significantly greater than that of the
examples used in the simulations.

Multiple unpolarized spectra of randomly oriented samples can be used to estimate [Aq by
application of Equation 17. Given a sufficient number of measurements, the new theory
reproduces [A.; without systematic bias, but is limited by sensitivity to the shape of the
unpolarized transmittance distribution. For reasonably low numbers of measurements, the
new procedure is not a significant improvement over averaging integrated unpolarized

absorbance.
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5. The error of an estimate of fAmt based on unpolarized measurements varies with the degree of
anisotropy of the principal polarized spectra, and cannot be estimated accurately from a small

sampling of unpolarized spectra.
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FIGURE CAPTIONS

Figurel

Comparison between measured and calculated unpolarized infrared spectra of olivine in the OH
stretching region. Polarized and unpolarized spectra from an olivine that was hydrothermally
annealed at 5 GPa and 1100 °C are from Kohlstedt et al. (1996) and were measured in a 126 um
thick section that was oriented such that the direction of light propagation was parallel to the b
axis. Polarized spectra recorded with the directions of polarization parallel to the a and C axes are
labeled E||a and E||c, respectively, and the unpolarized spectrum is plotted as a dashed line.
Unpolarized spectra were calculated from the E||a and E||C spectra using the ‘A integral’ theory
of Sambridge et al. (2008) and the ‘T integral’ theory of Libowitzky and Rossman (1996). The
average of the E||a and E||C spectra, corresponding to the ‘A-theory’ approximation of Sambridge
et al. (2008), is shown for comparison. Absorbance values read from the right axis are for a

sample thickness of 126 um.

Figure2

Calculation of average unpolarized absorbance spectra for olivine in the OH stretching region.
Following the method described in the text, unpolarized spectra were calculated from the
principal polarized spectra of an olivine containing 0.2 wt. % H,O (M475 of Withers et al. 2011),
shown in the inset. For each sample thickness labeled on the plot, 10* unpolarized spectra were
synthesized for evenly distributed directions of light propagation. Averages of calculated spectra

are shown.

Figure3
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Histograms of integrated absorbance in the range 3100-3800 cm™ for populations of unpolarized
spectra calculated with 10* evenly distributed directions of light propagation in an olivine. The
polarized absorbance spectra used in the calculation (see Fig. 2) were scaled to the equivalent of
30, 50 and 100 pm thicknesses of olivine with 0.2 wt. % H,O (or equivalent products of
thickness and concentration). Unpolarized absorbances were normalized to 1 cm sample
thickness for comparison with the average integrated absorbance of the normalized principal

polarized spectra, indicated by the vertical dashed line.

Figure4

Correction factors, defined as the ratio of the average integrated absorbance of principal
polarized spectra (fAmt/3) to the average integrated unpolarized absorbance (fAunpol’ av). Unbroken
curves represent averages of large (10%) populations of calculated spectra with evenly distributed
light propagation directions (see text for details). The population-average correction factors are
plotted against the average maximum linear absorbance in the unpolarized spectrum. The
calculation is unique to a set of principal polarized spectra. Spectra from an experimental sample
(M475, shown in Fig. 2) and a natural sample (KLV23 of Bell et al. 2003) are used to create two
examples. These correction factors are not transferrable between samples that have different
patterns of principal polarized absorption. The correction scheme described by Kovacs et al
(2010), which is based on the linear-absorbance error estimates of Sambridge et al. (2008)
calculated using the ‘A integral’, is also shown. The grey hatched area falls outside of the space
of possible population-average correction factors for a single absorption band with a Gaussian

shape.

Figure5
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(a) Convergence of averaged integrated absorbance of unpolarized infrared spectra of olivine
(3 XfAunpol), calculated from the reference spectra shown in Figure 2 after normalization to 50 um
thickness. Unpolarized spectra were calculated using Equation 14 for random directions of light
propagation (see text for details). Error bars are standard error of the mean. The total integrated
absorbance of the principal polarized spectra (JAo) is marked by the dashed line. (b)

Convergence of estimated A calculated from unpolarized spectra using Equation 17.
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APPENDIX 1

Calculation of Tunpol for a perfect polarizer by integration of absor bance.
According to the alternative theory of unpolarized absorption, unpolarized absorbance is

given by:
Aumpor = — 5= J; " 10810 (10~4max sin? § + 10~4min cos? 6) do, (18)

where 0 is defined with respect to the direction of minimum absorbance (Sambridge et al. 2008).
For a perfect polarizer, Amax = © and Amin = 0. The term inside the integral then reduces to

loglo(cos2 0):

1 2
Aunpol = =5 Jy " logyo(cos? 6) d6 (19)

The symmetry of the function log;o(cos*(0)) suggests

Aunpol = —%foﬂ/z log,,(sin?0) do (20)
s

= 2 210g,o(sin6) d6 1)

— (e

=—— J, "*In(sin 6) d6. (22)

The solution to the definite integral in Equation 22 is —n/2 In(2) (Euler 1769), so:

Aynpol = 2 logq4(2) = —log,0(47h), (23)

leading to an incorrect value for the transmittance of a polarizer:

1
Tunpol = 7- (24)
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Correction factor = fAtot/(SXJAunpoL av)
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